APPENDIX A

A.1 TENSOR FIELDS
A field is a point function that describes the property of a

material body. In general, a field is continuous no matter how small s
volume of the body is considered. Discontinuity may occur in a field where
there are shock waves, dislocations, etc. On either side of the
discontinuity, the property of the field remains to be in effect. Some
examples of fields are

(1) scaler fields--tensor of zeroth rank; mass density p,
temperature T, etc.

(2) vector fields--tensor of first rank; displacement u, velocity
v, acceleration 5, etc.

(3) tensor fields--tensor of second and higher ranks, stress o,
strain ?, etc.

These fields can be denoted in Gibbs notation as p,v,o, etc.

or

in Cartesian tensor notation p, Vi aij' etc. The tensor of the nth
rank carries "n" distinct subscripts and its components are properly-

ordered 3"-numbers.

Summation Convention, Special Tensors

(1) Summation convention: any repeated subscript denotes a sum
over that subscript from 1 to 3 unless indicated otherwise. Some
examples are

3

(a) Aii - Z A, =A

(-1 i n’ A

20 * A33 (A.1-1)
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(b) Aiij -1EIAiJBJ = Allnl + &1252 + A1333 (A.1-2)

The repeated indices reduce the rank of the tensor to one less
and is called a contraction in the rank.
(2) Special tensors:

(a) identity tensor or isotropic tensor

1 if 1]
P (A.1-3)
5 o tf 1w
511 - 611 + 622 + 633 - 3 (A.1-4)

(b) alternative tensor or permutation tensor

+1 if i,],k is even permutation

of 1,2,3
eijk - 0 if any indices repeated (A.1-5)
-1 if 1,j,k is odd permutation
of 1,2,3
*15kpak ™ *1p85q” S1q%sp S
eijkepjk - 261p (A.1-7)
LTI 6 (A.1-8)

o
Cas
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Tensor Operations: laws of tensor

(1) Algebra of tensor

(a)

(b)

(c)

(d)

(e)

multiplication by a constant: “(Aij) - aAij (A.1-9)
addition: Aij+ Blj- Cij (A.1-10)
multiplication: AijBk - Cijk (A.1-11)
contraction - make two subscripts the same:

AgiBy = Cy (A.1-12)
AB, = 4 (A.1-13)

isomers - by exchanging order of two subscripts, if
tensor is symmetric in i and j then

Aijk____- njik__‘ (A.1-14)
and if tensor is anti-symmetric or skew-symmetric in i
an j then

Aijk... - 'Ajik... (A.1-15)

(2) Calculus of tensor: differentiation and integration of

tensors

(a)

del operator V: V = eia/axl— eial (A.1-16)
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(b) grad ¢ = V ¢ = aé

(¢) div v = Vev = aivi or v

i,

i

(d) curl v = 9 x v = eijkajvk or ® 5k, §

2 ..
(e) V ¢ = VVg = aii¢ or é.ii

(f) dual operation: if wy o= eijijk‘ then

T
Pq

- wleipq/z - -T

(g) Stokes’ Theorem, Fig.1l.1-1.

§ F-ax = [[ n-(UxF) ds -

§cFidxi - ffs N ek rk.J ds

(h) Gauss’ Theorem, Fig. A.1l-1.

15, a%/a% av = [ Tenas

Iy Y%, o

(i) Green's Theorem in two-dimension,

f, (Raxsqay) = ff, @2 - %F ) axay

ax

- Jf ny Typ

ay

qp

Fig.A.1-2.
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where D is simply connected and bounded by a closed contour c.
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(j) Green’'s Theorem in three-dimension, Fig.A.1-3

- EE ) cos(n,x)

J (Px+Qdy+Rdz) = [,f i
ax dz

aqQ a4

oE EE ) cos (n,y) + (" - _E ) cos (n,z))ds

+* ("
dz ax ax a3y

where d is simply connected region on a surface S bounded by a closed

contour c.

*Orthogonal Transformation, Orthogonality Conditions: Fig.A.l-4
(1) Orthogonal transformation

L r

X, = fi( Xy xz, x3) i =] 2. 3 (A.1-25)

X ™ Bl Ry 5 Xy Xg) - (A.1-26)

where fi' g; are single-valued, continuous functions and they possess

continuous first partial derivatives in the region, and

J = Iaijl - det ]aij] = 0 (A.1-27)
j L
aij = e; = cos aij - cos (xi,xj) (A.1-28)
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(2) Orthogonality conditions

51 ki T Ejk

Law of Transformation for Cartesian Tensors

(1) scaler: ¢' = ¢

(2) vector: A! = a

(3) second rank tensor: B’ = a, a. B..
Pq 1p Jq 1)

(4) higher rank tensor: C!

Second Rank Tensor: T — Ti

J

(1) symmetry: Tij(i) - Tji(i), X = position vector

(2) skew-symmetry: Tij(i) - -rji(i)

(3) invariants I, II, III of Tij

I.=T

T ii

I~ (T

T~ (TgeTy5°T4yT500/2

111~ ITi:[ - det T,

(4) deviator tensor: t..=T

ij- "ij° Tkk5ij/3
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pqr... - aipajqakr"'cijk"'
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(5) spherical part of tensor: T = (Txx+ Tyy+ TZZ)/B (A.1-41)

Second Rank Tensor: Principal Values, Principal Directions.

Consider

Dy =-Hggly (A.1-42)

Q; = AP, (A.1-43)

From Eq.(A.1-42) and Eq.(A.1-43) the following is obtained:

AR, - Aiij or (Aij-;\sij)?j- 0 (A.1-44)

The wvectors PJ satisfying this equation are called eigen vetors or

principal vectors. For non-trivial solution the determinant must
vanish:
Bgedi gy A3
det (Aij- ASIJJ - A21 A22-A AZB -0 (A.1-43)
A3 Ay Ayynd

Expanding the above we obtain the characteristic equation:

13 = I A2 + II A - III - O (A.1-46)
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where 1, IT, IT1 are the invariants for the tensor Ai. as defined in

Eqs.(A.1-37) to (A.1-39). The roots of Eq.(A.1-45) or (A.l-46) are

called eigen values or principal values. For symmetric second rank

tensor, the three roots are always real but not necessarily distinect

and the corresponding eigen vectors are mutually orthogonal.

Fip.all-l

Gauss theorem



Fig.A.1-2 Green's theorem: two dimensions

Fig.A.1-3 Creen's theorem: three dimensions
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Fig.A.l1-4 Direction cosines of unit vectors in primed
system



