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and C. Poli
6. Cenff/Yug-a/PL/mp C//n/c, Igor J. Karassik
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/or L/se /h De5/yn, A7anu/actM/7hg', and/nspect/on, James D. Meadows
97. /4n /nfrodt/cf/on to tne Des/grn and #enay/or o^ 6o/ted Jo/nts. 7n/rd Ed/-

f/on, /?ev/sed and Expanded, John H. Bickford
98. Snaff /!//grnmenf /Vand&oo/r/ Second Ed/f/on, P,et//!sed and Expanded,

John Piotrowski
99. Compivfer'/t/dedDes/yn of*Po//me/*-Mafr/x Compos/fe Sfwcforê , edited
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Preface

The title of this book was specifically chosen as Fu'rufamenfâ ' o/
LĤ 'hcâ on, rather than the more general title of 7HM<x/y, since fluid film lu-
brication is the book's primary emphasis. Fluid Rim lubrication occurs when
opposing bearing surfaces are completely separated by a lubricant film. Hydro-
dynamic and elastohydrodynamic lubrication are modes of fluid film lubrication
and are emphasized throughout this text, whereas boundary lubrication is given
lesser treatment. The reason for this slant of the book is that fluid film lubri-
cation has been the focal point of research throughout the authors' professional
careers.

It has been almost ten years since the first edition of the text was pub-
lished. During the intervening years significant developments have occurred
in some areas that were covered in the first edition. The second edition re-
flects these developments. Specifically, the methodology used in the chapters
on Hydrodynamic Thrust and Journal Bearings - Numerical Solutions has been
altered. Also, material in general has been updated.

In addition, the second edition adds the following pedagogical devices to
improve understanding

* Symbols lists are given in each chapter, defining the symbols within the
chapter and giving their units for use in unit checks within equations.
The first edition had a symbols list for the entire text at the front of the
text

* Worked examples are presented when a new concept is introduced to
reinforce understanding. The first edition had 25 examples while the
second has significantly more. Each example uses a consistent problem-
solving format.

* End of chapter problems - the second edition uses significantly more prob-
lems to solidify understanding of the chapter material and stimulate think-
ing and creativity. The problems range from simple to complex.

In order to keep the text the same length as the first edition four chapters had
to be eliminated in the second edition.

The organization of the text is such that it is divided into three parts. The
first part covers the fundamentals required in understanding fluid film lubrica-
tion. That is, an understanding of surface characterization (Chapter 3), lubri-
cant properties (Chapter 4), bearing materials (Chapter 5), viscous flow (Chap-
ter G), and the Reynolds equation (Chapter 7) is important in understanding
fluid film lubrication. The second part of the book then covers hydrodynamic
lubrication (Chapters 8 to 16), and the third part covers elastohydrodynamic
lubrication (Chapters 17 to 23).
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Hydrodynamic lubrication can be achieved by sliding motion (as discussed
in Chapters 8 to 11), by squeeze motion (as discussed in Chapter 12), and by
external pressurization (as discussed in Chapter 13). Generally, in hydrody-
namic lubrication, oil is the lubricant. However, as discussed in Chapters 14
and 15, gas can be an effective lubricant in certain applications.

The treatment of elastohydrodynamic lubrication begins with the consid-
eration of elasticity effects in Chapters 17 and 18. Elastohydrodynamic lubri-
cation of rectangular conjunctions is considered in Chapter 19 and of elliptical
conjunctions in Chapter 20. Film thicknesses for different fluid film lubrica-
tion regimes are presented in Chapter 21. In Chapters 22 and 23 the theory of
lubrication is applied to a range of lubricated conjunctions: in roller and ball
beaj'ings: between a ball and a Hat plate; between concave and convex surfaces;
in power transmission devices such as involute gears and variable-speed drives;
between a railway wheel and wet or oily rails; in manufacturing operations; and
finally, in synovial joints.

Throughout the book emphasis is given to deriving formulas from basic the-
ory and providing physical understanding of these formulas. Although at times
this proves to be lengthy, the authors believe it is important that the reader
develop a firm understanding of how information provided in design charts has
been obtained. Also the importance and influence of the assumptions made in
all derivations based on the theory are discussed. The assumptions emphasize
the limits to which the results of the derivations are valid and applicable. The
application of the theory to the design of machine elements that use fluid film
lubrication helps the development of the material of the text. It is, however,
not intended to consider all types of machine element and all types of bearing
within this text. Rather I hope that the understanding gained from this book
will enable the reader to properly analyze any machine element that uses fluid
film lubrication. The material in this book in its entirety is best suited for a
one-semester course (15 weeks of 3 hours of lecture per week), but a somewhat
shortened version can be given in a one-quarter course (10 weeks of 3 hours of
lecture per week). The book was written for senior undergraduate and graduate
engineering students. Engineers who encounter machine elements that use fluid
film lubrication should also find this book useful.

This book was typeset in fATgXusing the package TexShop by Richard
Koch, et al., (http://darkwing.uoregon.edu/ koch/texshop/texshop.html) on a
Macintosh computer. All graphics were prepared using the graphics program
Adobe Illustrator.
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Chapter 1

Introduction

Symbols

E modulus of elasticity, Pa % absolute viscosity at p = 0 and
E' effective elastic modulus, constant temperature, Pa-s

/I —i/2 i_y2\*i ^ coefficient of sliding friction
( ^ g ^ 7̂ ) ' ^ Poisson's ratio

JYs Hersey number w/p $ pressure-viscosity coefficient,
/t film thickness, m rn /N
p pressure Pa ^ rotational speed, rad/s
Pt, ambient pressure, Pa
ps supply pressure, Pa
R curvature sum, m Subscripts
M velocity, m/s
tUm squeeze velocity, m/s " solid a
u!z normal load component, N & solid o
2, y, z Cartesian coordinate system, m max maximum
2 coordinate in film direction, m min minimum
n viscosity, Pa-s ^,y<^ Cartesian coordinate

system, m

1.1 Introduction

In 1966 with the publication in England of the "Department of Education and
Science Report," sometimes known as the "Jost Report," the word "tribology"
was introduced and denned as the science and technology of interacting surfaces
in relative motion and of the practices related thereto. A better definition
might be the lubrication, friction, and wear of moving or stationary parts.
The "Department of Education and Science Report" (1966) also claimed that
industry could save considerable money by improving their lubrication, friction,
and wear practices.

1
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Rolling
Outer element^

Journal-. ^ing-.

\ ŷ̂ ^̂ - ^_^^
^Sleeve ring

Figure 1.1: Conformal Surfaces. Figure 1.2: Nonconformal Sur-
[.R"om RamroeA; ana* /lna*er.9on faces. fFro?n RantroeA; awcf

This book focuses on the fundamentals of fluid Aim lubrication. Fluid Him
lubrication occurs when opposing bearing surfaces are completely separated by
a lubricant Rim. The applied load is carried by pressure generated within the
fluid, and frictional resistance to motion arises entirely from the shearing of
the viscous fluid. The performance of fluid film bearings can be determined by
applying well-established principles of fluid mechanics, usually in terms of slow
viscous flow.

Boundary lubrication, where considerable contact between the surfaces oc-
curs, uses less established principles but is still commonly encountered.

1.2 Conformal and Nonconformal Surfaces

Conformal surfaces fit snugly into each other with a high degree of geometrical
comformity so that the load is carried over a relatively large area. For example,
the lubrication area of a journal bearing would be 2?r times the radius times
the length. The load-carrying surface area remains essentially constant while
the load is increased. Fluid film journal bearings (Fig. 1.1) and slider bearings
have conformal surfaces. In journal bearings the radial clearance between the
journal and the sleeve is typically one-thousandth of the journal diameter; in
slider bearings the inclination of the bearing surface to the runner is typically
one part in a thousand.

Many machine elements that are fluid film lubricated have surfaces that do
not conform to each other well. The full burden of the load must then be carried
by a small lubrication area. The lubrication area of a nonconformal conjunction
is typically three orders of magnitude less than that of a conformal conjunc-
tion. In general, the lubrication area between nonconformal surfaces enlarges
considerably with increasing load, but it is still smaller than the lubrication
area between conformal surfaces. Some examples of nonconformal surfaces are
mating gear teeth, cams and followers, and rolling-element bearings (Fig. 1.2).
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1.3 Lubrication Regimes

A lubricant is any substance that reduces friction and wear and provides smooth
running and a satisfactory life for machine elements. Most lubricants are liquids
(such as mineral oils, synthetic esters, silicone fluids, and water), but they may
be solids (such as polytetrafluoroethylene, or PTFE) for use in dry bearings,
greases for use in rolling-element bearings, or gases (such as air) for use in gas
bearings. The physical and chemical interactions between the lubricant and
the lubricating surfaces must be understood in order to provide the machine
elements with satisfactory life. As an aid in understanding the features that
distinguish the four lubrication regimes from one another, a short historical
perspective is given, followed by a description of each regime.

1.3.1 Historical Perspective

By the middle of the 20th century two distinct lubrication regimes were gen-
erally recognized: hydrodynamic lubrication and boundary lubrication. The
understanding of hydrodynamic lubrication began with the classic experiments
of Tower (1885), in which the existence of a Rim was detected from measure-
ments of pressure within the lubricant, and of Petrov (1883), who reached the
same conclusion from friction measurements. This work was closely followed
by Reynolds' (1886) celebrated analytical paper in which he used a reduced
form of the Navier-Stokes equations in association with the continuity equation
to generate a second-order differential equation for the pressure in the narrow,
converging gap between bearing surfaces. This pressure enables a load to be
transmitted between the surfaces with extremely low friction, since the surfaces
are completely separated by a nuid film. In such a situation the physical prop-
erties of the lubricant, notably the dynamic viscosity, dictate the behavior in
the conjunction.

The understanding of boundary lubrication is normally attributed to Hardy
and Doubleday (1922a,b), who found that extremely thin films adhering to
surfaces were often sufficient to assist relative sliding. They concluded that
under such circumstances the chemical composition of the Huid is important,
and they introduced the term "boundary lubrication." Boundary lubrication is
at the opposite end of the lubrication spectrum from hydrodynamic lubrication.
In boundary lubrication the physical and chemical properties of thin films of
molecular proportions and the surfaces to which they are attached determine
contact behavior. The lubricant viscosity is not an influential parameter.

In the last 50 years, research has been devoted to a better understanding
and more precise definition of other lubrication regimes between these extremes.
One such lubrication regime occurs between nonconformal surfaces, where the
pressures are high and the surfaces deform elastically, in this situation the
viscosity of the lubricant may rise considerably, and this further assists the
formation of an effective fluid film. A lubricated conjunction in which such
effects are found is said to be operating "elastohydrodynamically." Significant
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progress has been made in understanding the mechanism of elastohydrodynamic
lubrication, generally viewed as reaching maturity.

Since 1970 it has been recognized that between fluid film and boundary
lubrication some combined mode of action can occur. This mode is generally
termed "partial lubrication" or is sometimes referred to as "mixed lubrication."
To date, most of the scientific unknowns lie in this lubrication regime. An inter-
disciplinary approach will be needed to gain an understanding of this important
lubrication mechanism. Between conformal surfaces, the mode of lubrication
goes directly from hydrodynamic to partial as the lubricant film thins. For
nonconformal surfaces, the mode of lubrication goes from elastohydrodynamic
to partial as the lubricant thins. A more in-depth historical development of
lubrication, or tribology in general, can be obtained from Dowson (1998).

1.3.2 Hydrodynamic Lubrication

Hydrodynamic lubrication (HL) is generally characterized by conformal sur-
faces. A positive pressure develops in a hydrodynamically lubricated journal
or thrust bearing because the bearing surfaces converge and the relative mo-
tion and the viscosity of the fluid separate the surfaces. The existence of this
positive pressure implies that a normal applied load may be supported. The
magnitude of the pressure developed (usually less than 5 MPa) is not generally
large enough to cause significant elastic deformation of the surfaces. It is shown
later that the minimum film thickness in a hydrodynamically lubricated bearing
is a function of normal applied load M^, velocity Mb of the lower surface, lubri-
cant viscosity 770, and geometry (Â  and 7̂). Figure 1.3 shows some of these
characteristics of hydrodynamic lubrication. Minimum film thickness /tmin as a
function of M{,, and û  for sliding motion is given as

2
(1.1)

The minimum Rim thickness normally exceeds 1 /̂ m.
In hydrodynamic lubrication the films are generally thick so that opposing

solid surfaces are prevented from coming into contact. This condition is often
referred to as "the ideal form of lubrication," since it provides low friction and
high resistance to wear. The lubrication of the solid surfaces is governed by
the bulk physical properties of the lubricant, notably the viscosity, and the
frictional characteristics arise purely from the shearing of the viscous lubricant.

For a normal load to be supported by a bearing, positive-pressure profiles
must be developed over the bearing length. Figure 1.4 illustrates three ways
of developing positive pressure in hydrodynamically lubricated bearings. For a
positive pressure to be developed in a slider bearing (Fig. 1.4a) the lubricant
film thickness must be decreasing in the sliding direction. In a squeeze film
bearing (Fig. 1.4b) the squeeze action with squeeze velocity û  has the bearing
surfaces approach each other. The squeeze mechanism of pressure generation
provides a valuable cushioning effect when the bearing surfaces approach each
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Cortformal surfaces
p^ - 5 MPa
/Imin = ̂z. ̂ - Tlo. Rx'
No elastic effect

Figure 1.3: Characteristics of hy-
drodynamic lubrication.

other. Positive pressures will be generated only when the film thickness is
diminishing. In an externally pressurized bearing, sometimes referred to as "a
hydrostatic bearing" (Fig. 1.4c), the pressure drop across the bearing supports
the load. The bad-carrying capacity is independent of bearing motion and
lubricant viscosity. There is no surface contact wear at starting and stopping
as there is with the slider bearing.

1.3.3 Elastohydrodynamic Lubrication

Elastohydrodynamic lubrication (EHL) is a form of hydrodynamic lubrication
where elastic deformation of the lubricated surfaces becomes significant. The

(a) (b)

i
';<!.: .

Figure 1.4: Mechanisms of pressure development for hydrodynamic lubrication,
(a) Slider bearing; (b) squeeze Aim bearing; (c) externally pressurized bearing.
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Nonconformal surfaces
High-elastic-modulus material (e.g., steel)
Pmax - 1 GPa
f* j. = '(";. "b. TIC' R*. Ry. F, 9 > 0.1 HH1
Bastic and viscous effects both important

Figure 1.5: Characteristics of hard
elastohydrodynamic lubrication

Nonconformal surfaces (e.g., nitrile rubber)
P^-1MPa
/î  = f(u',,t/,,,iio,R,.Ry,f)-''nm
Elastic effects predominate

Figure 1.6: Characteristics of soft
elastohydrodynamic lubrication

features important in a hydrodynamically lubricated shder bearing (Fig. 1.4a)
- converging fitm thickness, sliding motion, and a viscous fluid between the
surfaces - are also important here. Elastohydrodynamic lubrication is normally
associated with nonconformal surfaces. There are two distinct forms of EHL.

Hard EHL

Hard EHL relates to materials of high elastic modulus such as metals. In this
form of lubrication the elastic deformation and the pressure-viscosity effects are
equally important. Figure 1.5 gives the characteristics of hard elastohydrody-
namicaHy lubricated conjunctions. The maximum pressure is typically between
0.5 and 3 GPa; the minimum Rim thickness normally exceeds 0.1 ̂tm. These
conditions are dramatically different from those found in a hydrodynamically
lubricated conjunction (Fig. 1.3). At loads normally experienced in nonconfor-
mal machine elements the elastic deformations are several orders of magnitude
larger than the minimum film thickness. Furthermore, the lubricant viscosity
can vary by as much as 10 orders of magnitude within the lubricating con-
junction. The minimum film thickness is a function of the same parameters as
for hydrodynamic lubrication (Fig. 1.3) but with the additions of the effective
elastic modulus E" and the pressure-viscosity coefficient $ of the lubricant.

rv (1.2)

The relationships between the minimum film thickness and the normal ap-
plied load and speed for hard EHL, as obtained from Hamrock and Dowson
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(1977) are
J°'°̂  (1.3)

Comparing the results for hard EHL [Eqs. (1.3) and (1.4)] with those for
hydrodynamic lubrication [Eq. (1.1)] yields the following conclusions:

1. The exponent on the normal applied load is nearly seven times larger for
hydrodynamic lubrication than for hard EHL. This implies that the Aim
thickness is only slightly affected by load for hard EHL but significantly
affected for hydrodynamic lubrication.

2. The exponent on mean velocity is slightly higher for hard EHL than for
hydrodynamic lubrication.

Some of the important results are presented in this chapter and substanti-
ated in subsequent chapters. Engineering applications in which elastohydrody-
namic lubrication is important for high-elastic-modulus materials include gears,
rolling-element bearings, and cams.

Soft EHL

Soft EHL relates to materials of low elastic modulus such as rubber. Figure
1.6 shows the characteristics of soft-EHL materials. In soft EHL the elastic
distortions are large, even with light loads. The maximum pressure for soft
EHL is typically 1 MPa, in contrast to 1 GPa for hard EHL (Fig. 1.5). This
low pressure has a negligible effect on the viscosity variation throughout the
conjunction. The minimum Him thickness is a function of the same parame-
ters as in hydrodynamic lubrication with the addition of the effective elastic
modulus. The minimum film thickness for soft EHL is typically 1 /̂ m. Engi-
neering applications in which elastohydrodynamic lubrication is important for
low elastic-modulus materials include seals, human joints, tires, and a number
of lubricated machine elements that use rubber as a material. The common fea-
tures of hard and soft EHL are that the local elastic deformation of the solids
provides coherent fluid films and that asperity interaction is largely prevented.
This implies that the frictional resistance to motion is due to lubricant shearing.

1.3.4 Boundary Lubrication

Because in boundary lubrication the solids are not separated by the lubricant,
fluid Him effects are negligible and there is considerable asperity contact. The
contact lubrication mechanism is governed by the physical and chemical prop-
erties of thin surface films of molecular proportions. The properties of the bulk
lubricant are of minor importance, and the friction coefficient is essentially in-
dependent of fluid viscosity. The frictional characteristics are determined by the
properties of the solids and the lubricant film at the common interfaces. The
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Boundary film

Bulk lubricant

(c)

Figure 1.7: Film conditions of lubrication regimes, (a) Fluid film lubrication -
surfaces separated by a bulk lubricant film; (b) partial lubrication - both bulk
lubricant and boundary Aim play a role; (c) boundary lubrication - performance
depends entirely on boundary Him.

surface films vary in thickness from 1 to 10 nm, depending on the molecular
size.

Figure 1.7 illustrates the film conditions existing in fluid film and boundary
lubrication. The surface slopes in this figure are greatly distorted for purposes
of illustration. To scale, real surfaces would appear as gently rolling hills rather
than sharp peaks. The surface asperities are not in contact for fluid Rim lubri-
cation but are in contact for boundary lubrication.

Figure 1.8 shows the behavior of the friction coefficient in the different
lubrication regimes. In boundary lubrication, although the friction is much
higher than in the hydrodynamic regime, it is still much lower than for unlubri-
cated surfaces. The mean friction coefficient increases a total of three orders of
magnitude in going from the hydrodynamic to the elastohydrodynamic to the
boundary to the unlubricated regime.

Figure 1.9 shows the wear rate in the various lubrication regimes as deter-
mined by the operating load. In the hydrodynamic and elastohydrodynamic
regimes there is little or no wear, since there is no asperity contact. In the
boundary lubrication regime the degree of asperity interaction and the wear
rate increase as the load increases. The transition from boundary lubrication
to an unlubricated condition is marked by a drastic change in wear rate. As
the relative load is increased in the unlubricated regime, the wear rate increases
until scoring or seizure occurs and the machine element can no longer operate
successfully. Most machine elements cannot operate long with unlubricated
surfaces. Together Figs. 1.8 and 1.9 show that the friction and wear of unlu-
bricated surfaces can be greatly decreased by providing boundary lubrication.

Boundary lubrication occurs when the film thickness is very small, typically
less than the composite surface roughness. However, it should be noted that this
corresponds to the mean separation of the surface; the minimum film thickness
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Figure 1.8: Bar diagram showing friction coefficient for various lubrication con-
ditions.

in the boundary regime is on the order of molecular dimensions. Hence, effective
boundary lubrication requires the presence of materials that satisfy the many
functions of a lubricant with only one or two molecular layers.

Boundary lubricants are present to some extent in most natural oils and
petroleum lubricants, but are often purposefully added to a formulation to
improve performance. The effect of the additive on the viscous properties of
the oil is fairly minimal, since the typical boundary additive content in an
industrial lubricant is 0.1-0.5%. While this may seem to be an insignificant
amount, it should be recognized that this is sufficient for the formation of

Seizure)

Severe wear

Unlubricated
.-Hydrodynamic
' -Elastohydro-
i i dynamic Figure 1.9: Wear rates for various

lubrication regimes. [From Reer-

Relative load
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continuous protective layers on surfaces.
Boundary lubrication as discussed in this chapter is focused upon tradi-

tional machine design and manufacturing applications of fluid fUm lubrication.
Applications in the MEMS area are still applicable to many of the issues dis-
cussed in this chapter, but the surfaces are so smooth in these applications that
the devices can still be considered to operate in the partial or full film regimes.

Boundary lubrication is a very multi-disciplinary field, drawing heavily on
chemistry, materials science and engineering. Of the lubrication regimes, it is
the most empirical, with the few existing models merely serving as qualitative
guides to designers. Many theories are fairly controversial, and only a broad
outline of the art and science of boundary lubrication is contained here. Further
information can be found in Bhushan (2002), Ku (1970), Lockwood and Bridger
(1987) or Williams (1994).

There are a large number of mechanisms through which boundary films
act, and a wide variety of chemicals are known to be advantageous with respect
to boundary lubrication. However, it is a common practice among lubricant
formulators to classify additives as either organic or inorganic additives. This
is somewhat misleading, since generally they are all organic molecules in the
true sense of the word to ensure solubility in lubricants. The distinction arises
in the particular chemical groups that are used to provide boundary lubrication.

Organic Boundary Lubricants

Organic boundary lubricants, also referred to simply as boundary lubricants, are
typically fatty acids and esters. As discussed further in Chapter 4, an ester is a
compound of an organic acid and an alcohol. Thus, these two classes of lubricant
behave similarly, since the esters break down and release the acid under elevated
temperature. The effectiveness of fatty acid content in a lubricant is shown in
Table 1.1. Both acids and esters are long chain molecules with a polar end that
bonds to metal surfaces, and therefore provides some protection against direct
contact between asperities.

There is evidence that the effectiveness of a boundary lubricant depends
on its chain length. Figure l.lOa shows some results from Bowden and Tabor

Table 1.1: Fatty acids in oil as lubricants. [From Dcrmson awe! Lttdema

Speed, cm/s

0.017
0.034
0.051
0.085
0.169
0.254

Coefficient of friction
Stearic acid, mol/1000 g
0.126
0.131
0.132
0.133
0.135
—

0.078
0.085
0.088
0.091
0.094
0.095

Laurie acid, mol/1000 g
—

0.141
0.145
—
—
—

—
0.116
0.123
0.126
0.130
—

—
0.109
0.115
0.120
0.126
—
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Figure 1.10: Effect of chain length on the effectiveness of a boundary lubricant,
(a) Critics,! temperature as a function of chain length [From Bowden and Tabor
(1950)]; (b) friction coefficient as a function of chain length.

(1950), showing a decrease in friction coefficient with an increase in the molecu-
lar weight of a parafHnic hydrocarbon or a fatty acid. Figure l.lOb shows results
from Zisman (1959), where friction decreases to a threshold value when there
are approximately fifteen carbon atoms in the molecular chain. This suggests
that the effectiveness of a boundary lubricant can be improved by increasing
its molecular weight, but that there is a limit to this trend.

There is some evidence that organic boundary lubricants will stack up in
multilayers, but the mechanisms are still not well understood. For example, it is
possible to study the effect of multilayers through the Langmuir-Blodgett (L-B)
technique, wherein an insoluble monolayer on the surface of water is transferred
to a solid through successive dippings. Bowden and Tabor (1950) examined the
effects of stearic acid on a stainless steel surface slid against an unlubricated
surface at 10 mm/s. Their results are shown in Figure 1.11 and demonstrate
that the lubricating effectiveness increases with an increasing number of bound-
ary films. As discussed by Bhushan (2002), such multilayers are not entirely
equivalent to self-forming films, but did result in stearic acid films that were
closely packed and regularly oriented with the polar group initially in the wa-
ter surface and then transferred to the metal surface. The main drawback to
boundary lubricants such as fatty acids and esters is that they tend to decom-
pose at temperatures above 200°C and lose their effectiveness. Fatty acids and
esters are sometimes called "oiliness additives" because of their effectiveness at
low temperature.
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Figure 1.11: Effect of boundary
lubricant thickness on friction for
Langmuir-Blodgett Alms.

and

Inorganic Boundary Lubricants

Inorganic boundary lubricants, also referred to as extreme pressure (EP) lubri-
cants, are inorganic molecules that provide good lubrication at elevated tem-
peratures and pressures. As discussed below, the dominant mechanisms for
inorganic additives are temperature driven, so "extreme pressure" is a mis-
nomer. The label is an artifact from the early experiments that demonstrated
the value of inorganic additives for highly loaded bearings.

Inorganic additives traditionally involve compounds of chlorine, phospho-
rus, sulfur and iodine, although there has been a significant effort to eliminate
these additives for environmental reasons and also because these materials are
often carcinogenic. This has been difficult because of performance reasons,
but also for practical reasons. For example, sulfur compounds are present in
small amounts in petroleum-based lubricants and would require elaborate and
expensive refining techniques for their removal.

Chlorine-containing materials react with metals. For example, copper alloys
will form CuCl or CuCl2 on their surfaces, providing some protection against ad-
hesive wear and low friction up to 800° C. Chromium and chromium-containing
stainless steels will form chromium chloride, CrCla, which provides effective
boundary lubrication up to around 700°C.

Sulfur and phosphorus are common additives for iron and steel. They
form complex compounds, as will be discussed later, and provide good lubrica-
tion up to around 400° C. A common example is zinc dialkyl dithiophosphate
(ZDDP), a very common additive for automotive engine oils. Iodine is of inter-
est for titanium (forming Tî ), which works well up to around 400°C. Given the
widespread use of titanium alloys in aerospace applications, it is not surprising
that it has specialized use in this area.
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Figure 1.12: Physisorption of of n-hexadecane molecules to a metal surface.
[From ̂

Mechanisms of Boundary Lubrication

A number of surface film formation mechanisms have been described, a general
review of which is given by Ku (1970). The most important of these are the
following:

1. P/tystcâ  a^sorpiton, or p/n/sMorpMon. This occurs most under very mild
sliding conditions, and is defined from a chemical standpoint as a bond-
ing interaction that is less than 40 kJ/mol (Buckley 1981). Figure 1.12
shows a typical example of physisorption, where n-hexadecane molecules
are attracted to a metal surface. Note that no special additives are needed
for physisorption, and that all of the lubricants (petroleum or synthetic)
have some potential for forming boundary films by this mechanism. Under
light loads and low temperatures, this is sufficient to provide some pro-
tection, but these materials are easily displaced under more demanding
applications.

2. CAewMca/ acfsorp̂ o?!, or c^emMorp^on. In chemisorption, the bonding
energies are much greater than in physisorption, and are in excess of 40
kJ/mol (Buckley 1981). Fatty acids can react with metals to form metal
soaps which may or may not be attached to a surface. Figure 1.13 shows
stearic acid molecules adhering to an iron or iron oxide surface (through
physisorption) and then bonding to the iron to form iron stearate. Notice
that the iron remains in its lattice position on the surface, and the iron
stearate is strongly attached to the surface. With polar and parafHnic
(that is, linear) molecules, chemisorbed lubricants can be very closely
packed on a surface.

The straight chain molecules such as stearic acid depicted in Fig. 1.13
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Figure 1.13: Chemisorption of stearic acid to an iron-containing surface to form
iron stearate.

are common as boundary lubricants and are widely applied, as they are
much more effective than ring or cross-linked molecules. There are a
number of explanations for this trend, as discussed above. Clearly, these
parafRnic molecules can pack efficiently on a surface, which is one feature
desired in a boundary lubricant. Beltzer and Jahanmir (1988) noted that
the most effective boundary lubricants combine a chemical reaction with
the surface and a cohesive interaction between the lubricant species, a
circumstance that is achieved by parafRnic acids.

3. C%e?7Mca/ reactions no^ mw/umy ̂ Ae stt&s&n̂ e. Especially with phosphorus-
containing compounds, the solubility in lubricants is very low. The so-
lution is to provide the phosphorus in a soluble carrier molecule, which
degrades at elevated temperatures. The phosphorus then separates from
the lubricant and plates a film onto the metal surface, usually in the form
of phosphorus soaps.

4. C^ewMca/ reaĉ ons %/te stthŝ râ e. Figure 1.14 depicts the forma-
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Figure 1.14: Formation of sulfide layers on steel, an example of boundary lu-
brication through chemical reactions involving the substrate.

tion of su!fide layers on steel. The lubricious sulfide compounds provide
low friction and good adhesive wear resistance.

It should be noted that this mechanism can be considered to be active on almost
all metal surfaces exposed to oxygen. For example, with iron or steel surfaces,
a persistent oxide layer can exist to depths of up to 100 /mi; this layer consists
of the oxides FeO, FeaC^, and Fe2Os in varying concentrations through the
thickness. Since the oxide layer prevents direct metal-to-metal contact in steel-
on-steel contacts, it reduces wear and provides boundary lubrication through
this mechanism.

Chemisorbed films are restricted to one molecular layer in thickness, whereas
the films resulting from other mechanisms can be multiple layers. The mech-
anisms listed here are in order of increasing film stability and durability, that
is, physisorbed layers are less durable than chemisorbed layers, which are less
durable than chemical reaction films, etc.

Chemical-Mechanical Effects

The methods through which a protective surface layer can be developed have
been described above. An additional mechanism thought to occur in some
circumstances are chemical-mechanical effects [Opalka, et al. (1999); Westwood
and Lockwood (1982); Lockwood et at. (1989)]. There is some evidence that a
reduction in surface energy is accompanied with a reduction in hardness (and
hence surface flow strength) for many materials, including oxidized metals, and
will also result in a reduction in wear [see, for example, Moore (1975)]. A
reduction in surface hardness would result in reduced adhesive and abrasive
friction, but could potentially have detrimental effects on wear.

Often it is difficult to separate the effects of chemical-mechanical effects,
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Figure 1.15: Thermal activation of a boundary lubricant during the initial
thermal cycle.

which change the material properties just below the surface, to surface Alms,
which leave the substrate unchanged. It should be noted that a film such as
shown in Fig. 1.14 will display a chemical-mechanical effect and is not strictly
a surface phenomenon.

Thermal Activation

Many organic and inorganic boundary lubricants are ineffective until one or both
surfaces in the tribopair have been elevated in temperature. For example, the
observations shown in Fig. 1.15 have been noted for a ball bearing lubricated
by a naphthenic mineral oil with an inorganic additive that is subjected to one
thermal cycle. At initial low temperature, the friction is initially very high, but
as the temperature increases, the inorganic additive forms a protective layer,
eventually leading to lower friction and wear coefficients. Upon cooling, and
indeed during the next thermal cycle, the protective film that has been formed is
still present and good lubrication persists. Thus, an inorganic additive becomes
effective only after exposed to elevated temperatures, a phenomenon referred
to as "thermal activation".

Similar effects can be seen with organic additives. This is usually attributed
to the formation of a soap at elevated temperatures, which solidifies and adheres
to the metal surface as temperature is reduced. The soap persists for subsequent
thermal cycles, and therefore an effective boundary lubricant can be maintained
at higher temperatures.
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1.3.5 Partial Lubrication

If the pressures in elastohydrodynamically lubricated machine elements are too
high or the running speeds are too !ow, the lubricant film will be penetrated.
Some contact will take place between the asperities, and partial lubrication
(sometimes referred to as "mixed lubrication") will occur. The behavior of
the conjunction in a partial lubrication regime is governed by a combination of
boundary and fluid film effects. Interaction takes place between one or more
molecular layers of boundary-lubricating films. A partial fluid film lubrication
action develops in the bulk of the space between the solids. The average film
thickness in a partial lubrication conjunction is less than 1 and greater than
0.01 ̂ m.

It is important to recognize that the transition from elastohydrodynamic
to partial lubrication does not take place instantaneously as the severity of
loading is increased, but rather a decreasing proportion of the load is carried
by pressures within the fluid that fills the space between the opposing solids. As
the load increases, a larger part of the load is supported by the contact pressure
between the asperities of the solids. Furthermore, for conformal surfaces the
regime of lubrication goes directly from hydrodynamic to partial lubrication.

1.3.6 Stribeck Curve

A useful concept for the understanding of the role of different regimes of lu-
brication is the Stribeck curve as shown in Fig. 1.16 (Stribeck, 1902). Histor-
ically, the Stribeck curve was first widely disseminated because of Stribeck's
systematic and definitive experiments that explained friction in journal bear-
ings, a topic that had been the source of considerable confusion. The ordinate
in Fig. 1.16 is the coefficient of friction under steady state conditions. The
abscissa in Fig. 1.16 is a dimensionless number, sometimes referred to as the
Hersey number, and is given as

R-^ (1.5)

where
?7 = absolute viscosity, Pa-s
t*j = rotational speed, rps
p = pressure, Pa

A high Hersey number usually means a relatively thick lubricant film, whereas
a small number results in a very thin film. The regimes of lubrication have
been indicated on Fig. 1.16 and can be inferred from the friction behavior of
the bearing system. At an extremely low Hersey number, no real lubricant film
can develop and there is significant asperity contact, resulting in high friction.
This high friction value is persistent with increasing Hersey number until a
first threshold value is reached. This represents the dominance of boundary
lubrication in determining load transfer and friction between surfaces. As the
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Figure 1.16: A Stribeck curve, showing the effects of Hersey number
friction coefficient.

Hersey number increases, a noticeable and rapid decrease in friction values
is observed. This is explained by an increasing lubricant film thickness and
shared load support between the surface asperities and the pressurized liquid
lubricant present in the conjunction. In this regime, widely varying friction
values can be measured and are strongly dependent on operating conditions.
With a further increase in Hersey number, friction reaches a lower plateau value,
corresponding to the onset of hydrodynamic lubrication. At this point, the
surfaces are effectively separated by the liquid lubricant, and asperity contact
has negligible effect on load support and friction.

Figure 1.16 shows a slight increase in friction with respect to Hersey number
in the hydrodynamic regime. This is a common occurrence for certain bearing
geometries, such as journal bearings, where film thickness is limited by geomet-
ric influences and not operating conditions. Increased friction can be attributed
to increased redundant work in the lubricant or to increases in shear strength,
but these are seen to be relatively minor effects. Similarly, the plateau value
of friction in the boundary regime may not be present if the lubricant does not
contain the proper chemistry, and the friction may continue increasing with
decreasing film thickness.

A further distinction is often made between elastohydrodynamic and full
film lubrication in a Stribeck curve. This is useful for some bearing types, gears
or cams, but it should be recognized that conformal contacts do not encounter
elastohydrodynamic lubrication. Therefore, this regime may or may not be
identified in the Stribeck curve, depending on the source.
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1.4 Closure

In this chapter conformal and nonconformal surfaces were defined. Conformal
surfaces fit snugly into each other with a high degree of geometric conformity
so that the load is carried over a relatively large area and the load-carrying
surface area remains essentially constant as the load is increased. Nonconfor-
mal surfaces do not geometrically conform to each other well and have small
lubrication areas. The lubrication area enlarges with increasing load but is still
small in comparison with the lubrication area of conformal surfaces.

The development of understanding of a lubricant's physical and chemical
action within a lubricated conjunction was briefly traced, and four lubrica-
tion regimes were described: hydrodynamic, elastohydrodynamic, partial, and
boundary. These are most clearly demonstrated through a Stribeck curve. Hy-
drodynamic lubrication is characterized by conformal surfaces. The lubricating
Aim is thick enough to prevent the opposing solids from coming into contact.
Friction arises only from the shearing of the viscous lubricant. The pressures
developed in hydrodynamic lubrication are low (usually less than 5 MPa) so
that the surfaces may generally be considered rigid and the pressure-viscosity
effects are small. Three modes of pressure development within hydrodynamic
lubrication were presented: slider, squeeze, and external pressurization. For
hydrodynamic lubrication with sliding motion the minimum film thickness is
quite sensitive to load, being inversely proportional to the square root of the
normal applied load.

Elastohydrodynamic lubrication is characterized by nonconformal surfaces,
and again there is no asperity contact of the solid surfaces. Two modes of elas-
tohydrodynamic lubrication exist: hard and soft. Hard EHL is characterized
by metallic surfaces, and soft EHL by surfaces made of elastomeric materials.
The pressures developed in hard EHL, are high (typically between 0.5 and 3
GPa) so that elastic deformation of the solid surfaces becomes important as
do the pressure-viscosity effects of the lubricant. As with hydrodynamic lubri-
cation, friction is due to the shearing of the viscous lubricant. The minimum
film thickness for hard EHL is relatively insensitive to load because the contact
area increases with increasing load, thereby providing a larger lubrication area
to support the load. For soft EHL the elastic distortions are large, even for
light loads, and the viscosity within the conjunction varies little with pressure
because the pressures are relatively low and the elastic effect predominates.
Both hydrodynamic and elastohydrodynamic lubrication are Huid film lubri-
cation phenomena, in that the film is thick enough to prevent opposing solid
surfaces from coming into contact.

In boundary lubrication considerable asperity contact occurs, and the lu-
brication mechanism is governed by the physical and chemical properties of
thin surface films that are of molecular proportion (from 1 to 10 nm). The
frictional characteristics are determined by the properties of the solids and the
lubricant film at the common interfaces. Partial lubrication (sometimes referred
to as "mixed lubrication") is governed by a mixture of boundary and fluid film

Copyright © 2004 Marcel Dekker, Inc.
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effects. Most of the scientific unknowns lie in this lubrication regime.

1.5 Problems

1.1 Describe at least three applications for each of the four lubrication regimes.

1.2 Describe the differences between conformal and nonconformal surfaces.

1.3 Determine which of the following contact geometries is conformal and
which is non-conformal:

(a) Meshing gear teeth

(b) Ball and inner race of a ball bearing

(c) Journal bearing

(d) Railway wheel and rail contact

(e) Car tire in contact with the road

(f) Egg and egg cup

(g) Eye and socket

(h) Golf ball and club

(i) Human hip joint

1.4 A hydrodynamic journal bearing is loaded with a normal load û  and
rotating with a surface velocity M^. According to Eq. (1.1) find how much
higher rotational speed the bearing needs to maintain the same minimum
Him thickness if the load M^ is doubled.

1.5 A ball bearing lubricated with a mineral oil runs at 3000 rpm. The bearing
is made of AISI 52100 steel and is loaded to a medium-high level. Find
how much thinner the oil film will be if the load is increased 10 times.
How much must the speed be increased to compensate for the higher load
while keeping the oil film constant?
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Chapter 2

Bearing Classification and
Selection

2.1 Introduction

Design is a creative process aimed at finding a solution to a particular problem.
In all forms of design a particular problem may have many different solutions,
mainly because design requirements can be interpreted in many ways. For
example, it may be desirable to produce:

* The cheapest design

* The easiest to build with available materials

* The most reliable

* The one that takes up the smallest space

* The one that is lightest in weight

* The best from any of a whole variety of possible standpoints

The task of the designer is therefore not clearcut, because he or she has to choose
a reasonable compromise between these various requirements and then has to
decide to adopt one of the possible designs that could meet this compromise.
The process of bearing selection and design usually involves these steps:

1. Selecting a suitable type of bearing

2. Estimating a bearing size that is likely to be satisfactory

3. Analyzing bearing performance to see if it meets the requirements

4. Modifying the design and the dimensions until the performance is near to
whichever optimum is considered the most important

23
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24 FUNDAMENTALS OF FLUID FILM LUBRICATION

The last two steps in the process can be handled fairly easily by someone who
is trained in analytical methods and understands the fundamental principles of
the subject. The first two steps, however, require some creative decisions to
be made and for many people represent the most difficult part of the design
process.

2.2 Bearing Classification

A bearing is a support or guide that locates one machine component with
respect to others in such a way that prescribed relative motion can occur while
the forces associated with machine operation are transmitted smoothly and
efficiently. Bearings can be classified in several ways: according to the basic
mode of operation (rubbing, hydrodynamic, hydrostatic, or rolling element),
according to the direction and nature of the applied load (thrust or journal), or
according to geometric form (tapered land, stepped parallel surface, or tilting
pad). There is much to be said for classification according to the basic mode
of operation, with subdivisions to account for different geometric forms and
loading conditions. That classification is used in this book.

2.2.1 Dry Rubbing Bearings

In dry rubbing bearings the two bearing surfaces rub together in rolling or slid-
ing motion, or both, and are lubricated by boundary lubrication. Examples of
dry rubbing bearings are unlubricated journals made from materials such as
nylon, polytetraftuoroethylene, and carbon and diamond pivots used in instru-
ments. The load-carrying and frictional characteristics of this class of bearings
can be related directly to the basic contact properties of the bearing materials.

2.2.2 Impregnated bearings

In this type of bearing a porous material (usually metal) is impregnated with a
lubricant, thus giving a self-lubricating effect. The porous metal is usually made
by sintering (heating to create a coherent mass without melting) a compressed
metal powder (e.g., sintered iron or bronze). The pores serve as reservoirs for
the lubricant. The load-carrying and frictional characteristics of the bearing
depend on the properties of the solid matrix and the lubricant in conjunction
with the opposing solid. The lubricant may be a liquid or a grease.

In general, the application of impregnated bearings is restricted to low
sliding speeds (usually less than 1 or 1.5 m/s), but they can carry high mean
pressures (often up to 7 to 15 MPa). A great advantage of these bearings is that
they are simple and cheap, just like rubbing bearings, and they are frequently
used in low-speed or intermittent-motion situations such as automobile chassis,
cams, and oscillating mechanisms.

Impregnated separators for small ball bearings such as those used in pre-
cision instruments are sometimes used as lubricant reservoirs for the rolling
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elements when a minimum amount of lubricant is required. In this case the
porous material is generally a plastic (e.g., nylon).

It is usually doubtful that the impregnated bearing operates in true hy-
drodynamic fashion owing to the small amount of lubricant that is present.
The behavior can be described as partial hydrodynamic lubrication, therefore
implying partial lubrication. The bearing's hydrodynamic performance can be
analyzed by assuming that a full film exists in the clearance space and that the
lubricant flow within the porous material is covered by Darcy's law as pointed
out, for example, in Cameron (1976). Darcy's simple formula for porous bear-
ings relates the pressure gradient to the How within a porous material while
neglecting inertia! effects and assuming that there is no relative surface veloc-
ity. A simultaneous solution of the Reynolds equation and the flow equation for
a porous matrix yields How patterns, pressure distributions, and load-carrying
capacities that can be used to construct design charts. Satisfactory design
procedures, however, usually embody a considerable amount of experimental
information and operating experience to supplement the hydrodynamic analy-
sis. Difficulty in qualifying the separate actions that govern bearing behavior
reflects the partial hydrodynamic operation of many bearings in this class.

2.2.3 Conformal Fluid Film Bearings

The opposing surfaces of hydrodynamic Huid Him bearings are completely sep-
arated by a lubricant Him. The lubricant may be a liquid or a gag, and the
load-carrying capacity derived from the pressure within the lubricating Rim
may be generated by the motion of the machine elements (self-acting or hydro-
dynamic bearings) or by external pressurization (hydrostatic) or hydrodynamic
squeeze motion, or by a combination of these actions. In all cases the frictional
characteristics of the bearings are governed by the laws of viscous How. The
load-carrying capacities are similarly dictated by hydrodynamic action, but the
properties of the bearing materials have to be considered (e.g., the fatigue life
or low friction properties) at extremely low speeds.

The methods of feeding lubricant to a conformal Huid Him bearing vary
considerably. At low speeds and modest loads a simple ring-oiler that draws oil
up to the bearing from a reservoir by means of viscous lifting might suffice, but
in many modern machines the oil is supplied to the bearing under pressure to
ensure adequate HHing of the clearance space. Externally pressurized, or hydro-
static, bearings require elaborate lubricant supply systems, and the lubricant
enters the bearing under a pressure of the order of a megapascal. This type of
bearing is particularly useful at high loads and low speeds or when Him stiffness
perpendicular to surface motion is important.

A simple subdivision of conformal Huid Him bearings that accounts for the
nature of the lubricant, the mode of operation, the direction of motion, the
nature of the load, and the geometric form of the bearing is shown in Fig. 2.1.
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Conforms! fluid film bearings

Nature of
lubrication

Liquid

Mode of operation Hydrodynamic
I

Direction of load Journal
I

I I
Squeeze Hydrostatic

! I

Combined

Gas

Hybrid
_J

Thrust
I

Nature of load

Geometric form
(e.g. partial or
complete journal
bearings)

Steady
I

Geometric form

Dynamic
I

Figure 2.1: Divisions of conforma! fluid film bearings.
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Rolling-element bearings

Nature of
lubrication

r
Oil
L

Grease
]

r
Mode of operation Ball

Roller
(including
needle)

Direction of load Thrust Angular
. contact .

Nature of load

Geometric form

Steady

[_

Dynamic

!

Single row Double row

Figure 2.2: Divisions of rolling-element bearings.

2.2.4 Rolling-Element Bearings

The machine elements in rolling element bearings are separated by elements
in predominately rolling motion. Figure 2.2 shows the subgrouping of rolling-
element bearings. The rolling elements might be balls, rollers, or needles (rollers
with large width-to-diameter ratios). Relative motion between the machine ele-
ments is permitted by replacing the sliding action with a motion that is mainly
rolling. Normally some slipping, sliding, or spinning also takes place, and the
friction characteristics are determined by the relative motion, the loading con-
ditions, and the lubricant properties. Rolling-element bearings may be lubri-
cated by liquids (mineral oils or synthetic lubricants) or greases. The lubricant
(normally a grease) is sometimes sealed into the bearing assembly, or it may
be applied in a mist of fine droplets. There are innumerable types of rolling-
element bearings designed to meet the varied operating conditions encountered
in industry.

Copyright © 2004 Marcel Dekker, Inc.



28 FUNDAMENTALS OF FLUID FILM LUBRICATION

2.3 Bearing Selection

The designer is often confronted with decisions on whether a rolling-element or
hydrodynamic bearing should be used in a particular application. The follow-
ing characteristics make rolling-element bearings more desirable than hydrody-
namic (conformal Quid Aim) bearings in many situations: (1) low starting and
good operating friction, (2) the ability to support combined radial and thrust
loads, (3) less sensitivity to interruptions in lubrication, (4) no self-excited in-
stabilities, (5) good low-temperature starting, and (6) the ability to seal the
lubricant within the bearing. Within reasonable limits, changes in load, speed,
and operating temperature have but little effect on the satisfactory performance
of rolling-element bearings.

The following characteristics make rolling-element bearings less desirable
than hydrodynamic (conformal fluid film) bearings: (1) Unite fatigue life sub-
ject to wide fluctuations, (2) larger space required in the radial direction, (3)
low damping capacity, (4) higher noise level, (5) more severe alignment re-
quirements, and (6) higher cost. Each type of bearing has its particular strong
points, and care should be taken in choosing the most appropriate type of bear-
ing for a given application. Useful guidance on the important issue of bearing
selection has been presented by the Engineering Sciences Data Unit (ESDU).
The ESDU documents (1965, 1967) are excellent guides to selecting the type of
journal or thrust bearing that is most likely to give the required performance
when considering the load, speed, and geometry of the bearing.

Figure 2.3, reproduced from ESDU (1965), shows the typical maximum
load that can be carried at various speed, for a nominal life of 10,000 h at room
temperature, by various types of journal bearings on shafts of the diameters
quoted. The heavy curves indicate the preferred type of journal bearing for a
particular load, speed, and diameter and thus divide the graph into distinctive
regions. The applied load and speed are usually known, and this enables a
preliminary assessment to be made of the type of journal bearing most likely
to be suitable for a particular application. In many cases the shaft diameter
will already have been determined by other considerations, and Fig. 2.3 can be
used to find the type of journal bearing that will give adequate load-carrying
capacity at the required speed.

These curves are based on good engineering practice and commercially
available parts. Higher loads and speeds or smaller shaft diameters are pos-
sible with exceptionally high engineering standards or specially produced ma-
terials. Except for rolling-element bearings the curves are drawn for bearings
with widths equal to their diameters. A medium-viscosity mineral oil lubricant
is assumed for the hydrodynamic bearings.

Considerations other than the load and speed may often have an overriding
importance in bearing selection. Table 2.1 gives the advantages and limitations
of various bearings in relation to environmental conditions and particular re-
quirements. It is emphasized that Fig. 2.3 and Table 2.1 are only intended as
guides.
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5 10"=- z
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— Rubbing bearings
Oil-impregnated porous metal bearings
Rotling-element bearings
Hydrodynamic oi! film bearings

10'

*§
Ŝ 10*

L ^10'

10

Shaft
diameter,
m (in.)
0.5 (20).'

ŷ  L'<3
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Figure 2.3: General guide to journal bearing type. Except for rolling-element

bearings, curves are drawn for bearings with width equal to diameter. A

medium-viscosity mineral oil is assumed for hydrodynamic bearings. [.From
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Table 2.1: Conceded

Wetness
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Radiation

Low start-
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material
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Table 2.2: Advantages and limitations of thrust bearings. [From ESDU (1967).]

Condition

High tem-
perature

Low tem-
perature

Externat
vibration

Space re-
quirements

Dirt or dust

Vacuum

Genera! com-
ments

Attention to
differentia]
expansions and
their effect

upon axiat

clearance is

necessary

Attention to

differentia!
expansions
and starting

torques is
necessary

Attention to

the possibility

of fretting

essary (except
for hydrostatic
bearings)

Thrust bearing type

Rubbing
bearings

Normally
satisfactory
depending on

material

Oil-
impregnated
porous metal
bearings

Attention

to oxidation

resistance
of lubricant

necessary

Lubricant may

impose limita-
tions; consider-

ation of start-

ing torque is
necessary

Normally satisfactory except
when peak of impact load ex-
ceeds load carrying capacity

Small radial extent

mĝ Uaget̂ '̂ ''

Excellent

Rolling-element bear-
ings

Up to 100 °C no
limitations; from 100
to 250 °C stabilized

bearings and special
lubrication proce-
dures are probably
required

Below -30 °C spe-

cial lubricants are re-

quired; consideration
of starting torque is

necessary

May impose limita-
tions; consult manu-

facturer

Bearings of many dif-
ferent proportions are
available

Sealing is important

Hydrodynamic
Huid film bearings

Hydrostatic
Huid Him
bearings

Attention to oxidation resis-

tance of lubricant is necessary

Lubricant may
impose limitations;

consideration of
starting torque is

necessary

Satisfactory

Lubricant

may im-

pose limita-

tions

Excellent

Small radial extent but total

space requirement depends on
the lubrication feed system

t̂̂ rtanf'°"°""'"

Lubricant may impose limitations

Self-acting

gas bear-

ings

Externally

pressurized
gas bearings

Excellent

Excellent; thorough dry-
ing of gas is necessary

Normally

satisfactory

Small
radial

extent

p.r̂ "*

Not nor-
mally

Excellent

Small radial
total space

requirement
depends on

gas feed
system

Satisfactory
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10=

S 10"

E

E

10

10"

-9 10"

10

***** Rubbing bearings
Oil-impregnated porous metal bearings
Rolling-element bearings
Hydrodynamic oil film bearings

Diameter,
m (in.)
0.5(20) ,

. — — —\ ^ - Approximate bursting
"̂  ^̂  speed, steel disks

.25(10)

Approximate maximum
speed, rubbing bearings-

-Approximate maximum
speed, rolling-element
bearings

J-L ! i h l
1 10 10'
Frequency of rotation, rps

10* 2x10"
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Frequency of rotation, rpm

Figure 2.4: General guide to thrust bearing type. Except for roHing-element
bearings, curves are drawn for typical ratios of inside diameter to outside di-
ameter. A medium-viscosity mineral oil is assumed for hydrodynamic bearings.
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Similarly, Fig. 2.4, reproduced from ESDU (1967), shows the typical max-
imum load that can be carried at various speeds, for a nominal life of 10,000 h
at room temperature, by various types of thrust bearings on shafts of the di-
ameters quoted. The heavy curves again indicate the preferred type of bearing
for a particular load, speed, and diameter and thus divide the graph into major
regions. Considerations other than load and speed are given in Table 2.2 for
thrust bearings.

2.4 Closure

This chapter began with a general discussion of the process of bearing design.
The four primary steps used in bearing design are selecting a suitable type,
estimating bearing size, analyzing performance, and modifying or fine-tuning.
It was pointed out that the first two steps are the most difficult and require
creative decisions, whereas the last two steps can be handled fairly easily by
a person trained in analytical methods. After considering several options, it
was decided that bearings would best be classified by considering their modes
of operation. The four primary classes of bearing that were considered were
dry or rubbing bearings, which use boundary lubrication if any; impregnated
bearings, which use partial lubrication; rolling-element bearings, which use elas-
tohydrodynamic lubrication; and hydrodynamic fluid film bearings, which use
hydrodynamic lubrication. The Engineering Sciences Data Unit documents can
be used as guides in selecting the type of journal or thrust bearing most likely to
give the required performance when considering its load, speed, and geometry.
Considerations other than load and speed are important in bearing selection.
Thus, tables are presented that give the advantages and limitations of various
bearings in relation to environmental conditions and particular requirements.
It should be recognized that information on bearing selections given in this
chapter is intended to be a guide to selecting a suitable type of bearing and to
estimating a bearing size that is likely to be satisfactory.

2.5 Problems

2.1 Figures 2.3 and 2.4 show the relationship between load and speed for four
different types of bearings. How would you use these figures to help you
select the appropriate bearing for your particular application?

2.2 Suggest suitable types of bearing to meet the following situations: (a)
High load, very low speed, very low friction; (b) Light load, very high
speed, no liquid lubricant; (c) Light load, low speed, no liquid lubricant.

2.3 Explain why gas-lubricated bearings are appealing. Describe the limiting
features of this type of bearing.
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Chapter 3

Surface Topography

Symbols

intercepton2axis,m
difference in two methods of
evaluating 2, m
friction force, N
film thickness, m
minimumfilm thickness, m
bearing length, m
Ttth moment of distribution
curve ̂(2) about mean
slope
number of measurements
centerline average or arith-
metic average, m
root-mean-square (rms) sur-
face roughness, m
maximum peak-to-valley
height, m
normal load component, N
Cartesian coordinate in the
direction of sliding, m

z Cartesian coordinate in the
directionoffilm,m

ot skewness
/? kurtosis
A dimensionless film parameter
/̂  coefficient of sliding friction
Ph autocorrelation
f? standard deviation, m
?/; probability density function,

Subscripts

a solida
b solidh
a:,y,z coordinate

3.1 Introduction

Increasing production speeds and new manufacturing methods, such as plasma
cutting, spark erosion, chemical-mechanical polishing, and laser cutting, change
the characteristics of machined surfaces. Requirements with regard to surface
accuracy and surface refinement have also greatly increased. The importance
of a fine-scale surface description is well demonstrated in tribology. The break-
down of lubrication layers of oil in engine cylinders or in bearings can be caused
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Actual surface profile Error of form Waviness Roughness

Figure 3.1: Geometric characteristics of solid surfaces [From

by improper microlevel surface shape.
Although bearing design theory relies heavily on fluid mechanics and kine-

matics, it is still ultimately a problem of two surfaces that are either in contact
or separated by a thin fluid film. In either case the surface texture can be
important in ensuring proper lubrication.

The first step in gaining insight into the lubrication of solid surfaces is to
examine the surface profile, or topography. Smooth surfaces are not flat on an
atomic scale. The roughness of manufactured surfaces used in lubrication is
between 0.01 and 10 /mi, whereas typical atomic diameters are between 0.0001
and 0.001 /̂ m. Even a highly polished surface, when examined microscopically
or with a profilometer, has an irregular nature. The surface consists of high
and low spots. The high spots, or protuberances, are called "asperities."

Surface texture measurement and evaluation can be quite complex; only a
few surface parameters and measurement issues are discussed here. Standard-
ized nomenclature is contained in industry standards ASME B46.1 (ASME,
1995a) and ASME Y14.36M (ASME, 1995b).

A word of caution should be given that terms such as "rough", "fine",
"smooth" and "super-smooth" should be avoided in describing the surface to-
pography since the meaning is relative to the application being used. For exam-
ple, a surface with Rq = 40 nm is considered "very rough" by people working
in the field of optics, whereas a R^=40 nm is considered "very smooth" for a
machined surface.

3.2 Geometric Characteristics of Surfaces

The geometric characteristics, or texture, of surfaces as shown in Fig. 3.1 may
conveniently be divided into three main categories:

1. Error o//orm. The surface deviates from a well-deAned pattern because
of errors inherent in the manufacturing process.

2. Wawness. Relatively long waves in a surface profile are often associated
with unwanted vibrations that always occur in machine tool systems.

3. RoM<?/mess. Irregularities, excluding waviness and error of form, are in-
herent in the cutting and polishing process during production.

In the study of lubricated surfaces, roughness is the geometric variation that is
generally of interest. Although often no sharp distinction can be drawn between
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(b)

Figure 3.2: Difficulty in interpreting profllometer traces, (a) Surface profile;
(b) surface asperity.

these categories, roughness simply concerns the horizontal spacing (wavelength)
of the surface features. From a practical point of view, in characterizing surfaces
used in tribology both the vertical direction (or amplitude parameter) and the
horizontal direction (or wavelength) are important.

3.3 Contacting Measurement Methods

Two general classes of hardware are commonly used for measuring surface finish:
contacting methods using stylus techniques and noncontacting methods. Con-
tacting measurements are discussed in this section. Contacting measurements
are based on transforming the vertical motion of a stylus tip as it traverses a
surface into an electrical analog voltage. This voltage is then processed either by
using analog circuitry or by converting it to digital information for processing.
The method was introduced by Abbot and Firestone in 1933

3.3.1 Stylus ProRlometry

Stylus profilometry is by far the most common method of measuring surface
roughness because of the flexibility and comparatively low cost of proRlometers.
The stylus is normally made of diamond and has a tip radius of 2 ̂ tm and a
static load of less than 0.0007 N (0.00256 oz). The tip radius is relatively targe
in comparison with the typical roughness. Therefore, it is often difficult to
obtain a true picture of a surface from a stylus measurement. Features that
appear to be asperity peaks on a single profile may in fact be local ridges on the
Hank of a true summit, as shown in Fig. 3.2. Moreover, many real surfaces of
practical interest to tribologists have highly anisotropic surface textures. Thus,
profiles taken in different traverse directions look quite different.

However, the main limitation of stylus measurements is the finite size of the
stylus tip, which distorts the surface profile, as shown in Fig. 3.3, broadening
peaks and narrowing valleys. The magnification in the vertical direction is
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Stylus Stylus
Profile

Figure 3.3: Error due to stylus radius.

X' V

Figure 3.4: True (a) and compressed (b) profile. [From T/tomas

generally 100 to 100,000 and that in the horizontal direction is 10 to 5000.
A typical ratio of vertical to horizontal magnification is 50:1. It is therefore
important to take into account this difference in magnification. This is often
not done, and thus a false impression of the nature of surfaces has become
prevalent. Figure 3.4 attempts to illustrate this. In Fig. 3.4 the shape of a
real surface is shown in the (a) portion of the figure and is compared with
profilometer readings of the same surface in the (b) portion of the figure at a
magnification ratio (vertical to horizontal) of 25:1.

Profilometers can measure single traces of surfaces, or else they can index
across a surface to obtain a three dimensional contour.

3.3.2 Atomic Force Microscopy

Very smooth surfaces are difficult to characterize by standard stylus profilom-
etry because they lack the vertical resolution and because of stylus size issues.
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An instrument available for the characterization of three dimensional, excep-
tionally smooth surfaces is the atomic force microscope (AFM). There are a
number of AFM designs, but each involves moving the cantilever or specimen
in raster fashion and recording the height distribution of a surface. As shown in
Fig. 3.5, a laser is focused onto the end of the cantilever and then reflected onto
a series of four photodetectors. The position of the cantilever end can then be
accurately measured by comparing the voltage registered by each photodetec-
tor.

There are two common modes for surface measurement in an AFM: contact
mode and tapping mode. In contact mode, the sample and cantilever are dis-
placed relative to one another and the associated cantilever displacement yields
a surface profile. In tapping mode, the cantilever is vibrated to near its natural
frequency, and it is placed close enough to the surface so that it taps the sample.
The surface height profile is then recorded as the maximum vertical deflection
of the cantilever. Typical cantilevers used in AFM surface measurements are
shown in Fig. 3.5b. Further information regarding the utility of AFM operation
can be found in Bhushan (1998, 2002).

3.4 Noncontacting Measurement Devices

The noncontacting methods for determining the characteristics of surfaces use
a number of different measurement principles and devices:

1. Laser-basea* &wces. With these devices, a sample is placed under the
sensor and is accurately positioned and rastered while the sensor transmits
the height data to the measurement control unit. The sensor uses light
focused from a laser diode onto the specimen surface. The reflected light
is directed to a focus detector, which measures deviations from the ideal
focus to within a few nanometers. The deviation in focus generates an
error, which is used to refocus. The position of the objective represents
an absolute measurement of the height.

2. PweumaMc tfewces. This method is based on the measurement of air leak-
age. A flat and finely finished measurement head has an orifice of air.
Measuring the airflow when the head is placed on the surface indicates
changes in surface roughness. Pneumatic devices provide a simple, inex-
pensive, portable, quick, and robust way of assessing surface roughness,
well-suited for use in determining the quality of surfaces on the shop floor.

3. Op^tcaZ a*eMce3. The intensity of reflected laser light defines the surface
texture, producing an average over a surface area. The result is often
called gloss, and attempts to correlate gloss to surface roughness have
been only partially successful. This method is not well established in
terms of the number of people who use it routinely.
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AFM signal
(A+B) - (C+D)

FFM signal
(A+C) - (B+D)

Split-diode
photodetector

^ MDDiode laser
&lens

xyzPZT
tube scanner

(a)

Contact AFM cantilevers
Length = 450 nm
Width = 40 urn
Thickness = 1 -3 nm
Resonant frequency = 6-20 kHz
Spring constant = 0.02-0.66 N/m

Tapping mode AFM cantilevers
Length = 125 urn
Width = 30 urn
Thickness = 3-5 nm
Resonant frequency = 250-400 kHz
Spring constant = 17-64 N/m

Material: Etched single-crystal n-type silicon;
resistivity = 0.01-0.02 ohm/cm
Tip shape: 10 nm radius of curvature, 35° interior angle

Figure 3.5: Schematic illustration of an atomic force microscope, (a) Principle
of operation for an AFM. (b) Typical cantilevers for use in an atomic force
microscope. [6*OMrce; DM?̂ a/ 7n.ŝ wnen̂ s Corp.]
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4. E'Jeĉ ron microscope cieMces. This method offers better resolution and
depth of field than optical methods, chiefly because of the extremely
short wavelength of electron microscope beams in comparison with that
of light. Sherrington and Smith (1988) point out the two types of electron
microscopy:

(a) ThmswMsston eZec^row microscopy (TEM). Electrons are incident on
a thin specimen (less than 10 nm thick) that deflects and scatters
the electrons as they pass through it. A lens system magnifies and
focuses scattered electrons to form an image on a screen or photo-
graphic film. To examine the surface of a metal component by TEM,
it is usually necessary to fabricate a replica of the specimen surface.
TEM is typically able to resolve features down to a separation of
around 0.3 nm and has been used to study the changes in surface
structure during wear.

(b) Re/?eĉ c-K efeĉ ron microscopy (REM). Electrons are scattered from
the surface of the specimen and strike a collector, which generates
an electrical signal. This signal is subsequently processed and used
to form an image representing the specimen surface on a monitor
screen. Scattered electrons are produced by a beam of finely fo-
cused electrons that scans the specimen in a raster pattern, a process
called "scanning electron microscopy" (SEM). Scanning electron mi-
croscopes can be adjusted to have a maximum resolution of about
10 nm, a little less than that available in TEM. However, this disad-
vantage is compensated for by the fact that specimen preparation is
considerably easier.

Besides these noncontacting devices, scanning tunneling microscopy is also
available but beyond the scope of this book. Sherrington and Smith (1988) give
an excellent description of this device as well as describe in general the modern
measurement techniques used in determining the characteristics of tribologica!
surfaces.

Several methods of measuring surface topography have been described in
this section as well as in the preceding section. Of these methods the stylus
measurement device is the most widely used. Table 3.1, obtained from Sher-
rington and Smith (1988) and Stout et al. (1993), summarizes the specifications
of a number of the devices described in this section as well as in the preceding
section. From this table the resolution, the depth of Held, and the measurable
area are described for four different devices.

3.5 Reference Lines

In computing the parameters that define the surface texture all height measure-
ments are made from some defined reference line. Several methods have been
used. They are summarized below and shown graphically in Fig. 3.6.
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Table 3.1: Summary of typical specifications of devices used for surface topography measurement. From
Sherrington and Smith (1988).

Device

Stylus instru-
ment

Optical light
microscope
Transmission
electron mi-
croscope
Scanning
electron mi-
croscope

Resolution

Lateral
Lowest
a

2.5 ̂m

2.5 nm

5 ̂m

Highest
a

0.1 ̂m

0.5 nm

10 nm

Vertical
Lowest
0.5 /tm

b

c

d

Highest
0.25 nm

b

c

d

Vertical measurement
range or depth of field
At lowest
resolution
500 ̂m

42 ̂m

400 nm

1 mm

At highest
resolution
0.25 ̂ m

0.04 ̂ m

80 nm

2 /̂ m

Measurable
area

Depends on tra-
verse length; typi-
cally a few millime-
ters
Depends on magni-
fication
Depends on magni-
fication

Depends on magni-
fication

Not easily denned.
** Not applicable.
^ Approximately the same as the lateral resolution.
Not available.

3

g

c;
O

M
P
O
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Figure 3.6: Comparison of three types of reference line: (a) M system; (b)
ten-point average; (c) least squares.

3.5.1 Mean, or M System

The mean, or M system, method is based on selecting the mean line as the
centroid of the profile. Thus, the areas above and below this line are equal. If
for discrete profiles the area of each profile is a rectangle, this method turns out
to be simply finding the average of the measured heights. This method gives a
"horizontal" reference that does not compensate for errors of form or tilt.

3.5.2 Ten-Point Average

The ten-point average method is based on finding the five highest peaks and
the five lowest valleys. The average of these 10 points gives the reference line.
For deeply pitted surfaces this method can lead to a reference line that is below
the major surface features.

3.5.3 Least Squares

The least-squares method is based on postulating a sloping reference line instead
of a horizontal line as is the case for the M system. Therefore, the major
advantage of this approach is that it can be used to compensate for the linear
error of form, or tilt. The following will attempt to describe mathematically
the least-squares reference lines. From the equation of a line,

2 = mz

where
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m = slope

& = intercept on 2 axis, m

Given a set of points _Pi(a;i,.zi), ̂2(̂ 2; .22); . . . ,̂ (2̂ , 2̂ ) corresponding to each
value of a:, consider two values of 2: (1) 2 measured and (2) 2 obtained from
TTMi + &. Call the difference J such that

The set of all deviations gives a picture of how well the observed data fit a line.
If X̂ iLi ̂i = 0, the fit is perfect. This never occurs in real situations, and that
is where the method of least squares comes in.

Not only is it important to establish a reference line or mean line in the 2
direction, it is also important to establish a sampling length or distance in the
T direction that adequately differentiates between roughness and waviness.

t=l

/ (rrt, 6) = (21 — m,a;i — 5) + (22 — rn22 — &) + ---- h (2̂  — mT^ — &)

Finding the values of m and & that give the smallest / (m, 5) requires finding
values of m and & that satisfy

-
3m db

Solving these two equations for the two unknowns produces the reference line
that gives the slope-intercept form.

Once the method of selecting a reference line is agreed upon, all surface
height measurements are made relative to it. The centroid (or M system) and
the least-squares reference line methods are the easiest to deal with analytically,
because the sum of all the profile height deviations is always zero.

3.6 Computation of Surface Parameters

Measurements made with a stylus instrument are assumed. The reference line
used is obtained by either the M system or the least squares method so that the
average of 2, is zero. Samples taken at uniform length intervals are assumed.
The A is defined as small. Resulting discretized height values are denoted by
2i,! = l,2,.-. ,7V.

Three different surface parameters may be computed:

1. Centerline average (CLA) or arithmetic average (AA), denoted by R^,

1 ̂
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/vwvv\
Figure 3.7: Geometric profites having same
values of arithmetic average.

From 9//d& = 0 it immediately follows that ̂  ̂  = 0 so ̂  = z; — ma;; — b
has zero mean.

2. Root mean square (rms), denoted by Rq,

(3.2)

If a Gaussian height distribution is assumed, the Rq has the advantage of
being the standard deviation of the profile.

3. Maximum peak-to-valley height, denoted by .%,

.% = max(̂ ) — min(2) (3.3)

In general,

Also for a simple sine distribution the ratio of 7L to R^ is

D ^
= 1.11 (3.5)

Table 3.2 gives typical values of the arithmetic mean Ra for various pro-
cesses and components. Figure 3.7 shows six different surface profiles, all with
the same 7?a, or arithmetic average roughness. The R^ is thus an ambiguous
parameter, since it does not indicate whether the Ra value is the mean of many
small deviations from the mean value or of a few large ones. For this reason
tribologists seek additional surface parameters that are rather more informative.

Thus far, the discussion of surface roughness has been on defining the profile
in the 2 direction. To incorporate the length of the asperities, the bearing length
is introduced. The profile bearing length is obtained by cutting the profile peaks
by a line parallel to the mean line within the sampling length at a given section
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Table 3.2: Typical arithmetic averages for various processes and components.

Arithmetic average Ra
/̂ m în.

Processes
Sand casting; hot rolling
Sawing
Planing and shaping
Forging
Drilting
Milting
Boring; turning
Broaching; reaming; cold rolling; drawing
Die casting
Grinding, coarse
Grinding, fine
Honing
Polishing
Lapping

12.5-25
3.2-25
0.8-25
3.2-12.5
1.6-6.3
0.8-6.3
0.4-6.3
0.8-3.2
0.8-1.6
0.4-1.6
0.1-0.4
0.1-0.8
0.05-0.4
0.025-0.4

500-1000
128-1000
32-1000
128-500
64-250
32-250
16-250
32-128
32-64
16-64
4-16
4-32
2-16
1-16

Components
Gears
Plain bearings - journal (runner)
Plain bearings - bearing (pad)
Rolling bearings - roHing elements
Rolling bearings - tracks

0.25-10
0.12-0.5
0.25-1.2
0.025-0.12
0.1-0.3

10-400
5-20
10-50
1-5
4-12

level. Figure 3.8 is helpful in describing the bearing length f. Mathematically,
it is defined as

r = ̂ + ̂ +... + ̂ (3.6)
The profile bearing length ratio (p is defined as

^ (3.7)

where ̂  = sampling length, m.
The Abbot curve (also known as the "bearing length curve") is shown in

Fig. 3.9. The vertical axis is the bearing length ratio multiplied by 100. These
curves describe how much of the profile protrudes a given distance above the
surface. During running-in, a certain amount of the surface will be removed
by plastic deformation. These curves also calculate the peakedness and the
amount of material between given heights. In the top profile the asperities have
steeper peaks than in the bottom profile.

The texture of a surface can be described in terms of the distribution func-
tion of its profile heights. In statistical terms the cumulative distribution of the
all-ordinate distribution curve can be written as

= f
7—
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Figure 3.8: Surface profile showing bearing length. [F̂ om Persson

ft,(100)

Figure 3.9: Abbot curves for two different profiles. [.From Persson
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Number
of points
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interval - All-ordinate

distribution
histogram

Figure 3.10: Method of deriving all-ordinate distribution. [From

where 2 refers to the profile height and ̂  is the probability density function
of the distribution of these heights. The probability density function may be
viewed as the fraction of heights in a given interval. Therefore, the practical
derivation of such a distribution curve involves taking measurements of 21,23,
etc., at some discrete interval and summing the number of ordinates at any
given height level. Figure 3.10 illustrates the method used in obtaining the
all-ordinate distribution. The distribution curve in Fig. 3.10 is the smoothest
curve that can be drawn through the histogram produced by such a sampling
procedure. This smooth curve for many surfaces tends to exhibit a Gaussian
distribution of surface texture heights.

If these ideas of height distribution are introduced, the empirical probability
density, or histogram, can be used to evaluate Ra and R̂ . If the fraction
of heights in an interval 2j — A < 2., < 2.,- + A is denoted by ̂  for j =
—L,...,0,... L, then approximately the same values as those given in Eqs. (3.1)
and (3.2) can be expressed as

/-L
. = / ]

7-L

1/2

(3.8)

(3.9)

From the Gauss-Laplace law a general expression for the probability density
function while assuming a Gaussian distribution is

1
rexp

-(2-2*)
(3.10)

where cr is the standard deviation and 2* is the distance of the mean from
the value chosen as the origin. The values of the ordinate i/i of the Gaussian
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distribution curve for .2* = 0 are found in most books on statistics. The form
of the Gaussian distribution necessitates a spread of — oo to oo, which cannot
happen with practical surfaces. In practice the distribution curve is truncated
to ±3(7. Because approximately 99.9% of all events occur within this region,
the truncation leads to negligible error while providing useful simplification.

The nth moment of the distribution curve ̂ <iy about the mean is defined

/-OC

= / 2"̂ 2 (3.11)
7 — 00

It can be observed that twice the first moment of half ̂ 2̂ is equivalent to the
centerline average Ra defined in Eq. (3.8) or

/-OO

.%, = 2 / 21/̂ 2= twice the first moment of half i/i&z

The first moment of the whole ̂ 6̂ 2 about the mean reference line is zero. Like-
wise, comparing the second moment of î c%2 with the root mean square Rq
expressed in Eq. (3.9) gives

2- V^ / * \l/22 iM2 I = I second moment of iM2 I
7 ^ ^

The third moment of 1/̂ 2 relates to the skewness of a curve, or the departure
of a curve from symmetry. The mathematical expression for the normalized
skewness is

If the peaks and valleys deviate from the reference line by approximately the
same amount, the skewness will be zero. If, on the other hand, the surfaces are
deeply pitted, the skewness will be some negative value.

The fourth moment of 1/̂ 2 relates to the peakedness, or kurtosis, of the
curve and is expressed as

/3 = -L f 2̂ 2 (3.13)

The kurtosis always has a positive value and measures the sharpness of a sym-
metric distribution. For a Gaussian distribution the curve has a kurtosis of 3.
When most of the profile heights are close to the reference line, /3 is quite large;
a relatively flat height distribution will have a /3 near zero. Curves with values
of /? less than 3 are called "platykurtic," and those with /? greater than 3 are
called "leptokurtic." Figure 3.11 illustrates the various types of kurtosis curves.

For a Gaussian distribution where the curve is represented by î , as ex-
pressed in Eq. (3.10), the general expression for the w,th moment is given by

-2̂
2"exp—g-&2 (3.14)
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Figure 3.11: Illustration of three different kurtosis values. [From

where the standard deviation <y = R̂ . From Eq. (3.14) it is observed that, if n
is odd, Af̂  vanishes and the curve must be symmetrical. If n is even, then

(3.15)

Note that the second moment becomes (7̂ , the variance.

= <7 = R = variance (3.16)

Some additional parameters used to define surfaces utilized in fluid film lubri-
cation as well as the range of values normally found are listed below:

Density of asperities, 10̂  to 10̂  peaks/mm^
Asperity spacing, 1 to 75 /im
Asperity slopes, 0 to 25°, but mainly 5 to 10°
Radii of peaks, mostly 10 to 30 ̂m

These additional surface definitions better define the surface texture used in
fluid Him lubrication.

Fractals have not been used by researchers to characterize fluid Him lu-
brication surfaces thus far, but they might be useful in the future. Fractals
are geometric structures that have a similar appearance regardless of the scale
on which they are being observed. If a surface profile exhibits self-simularity
independent of the scales, the concept of fractal dimension can be used to char-
acterize the profile.
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Surface Surface

P*

Autocorrelation function
(a)

/(A
Autocorrelation function

M

Figure 3.12: Two different surfaces and resulting autocorrelation functions, (a)
Periodicity profile; (b) decay profile, [from

3.7 Autocorrelation Parameter

The previously discussed parameters (R̂ , R^, and .%) depend only on the pro-
file heights, not on the spacing between heights. As a result they do not truly
reflect the shape of the profile, as illustrated in Fig. 3.10. The autocorrelation
does incorporate the spacing between heights and is obtained by multiplying
each profile height by the height of the point at some fixed horizontal distance
farther along the profile. After averaging the product over a representative
profile length and normalizing by the variance R^, the expression for the auto-
correlation is

1 FV-h

(3.1?)

The autocorrelation depends on ̂  and is a measure of the similarity of heights
separated by the distance A;A (where A is the sample interval, assumed to be
constant). In machining processes such as turning or milling, where there are
pronounced feed marks, the autocorrelation will have a maximum where &A
is some integer multiple of the linear feed. This distance is often called the
"characteristic wavelength."

Typical plots of the autocorrelation function for two different profiles are
shown in Fig. 3.12. The variance is defined as ̂. The shape of this function is
most useful in revealing some of the characteristics of the profile. The general
decay of the function is the random component of the surface profile and in-
dicates a decrease in correlation as /cA increases, as shown in Fig. 3.12b. The
oscillatory component of the function indicates any inherent periodicity of the
proAle, as shown in Fig. 3.12a.
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3.8 Distribution of Slope and Curvature

A basic geometric description of a profile can be given, considering the profile
as a random function, with first and second derivatives. Each of the derivatives
also has a statistical distribution associated with it. The most straightforward
way of estimating this information is to use differences in the profile to represent
the derivatives, or

^2^-2, ^̂

Equation (3.18) defines the slope of the profile and Eq. (3.19) defines its cur-
vature. However, because the profile is a random function with "noise," dif-
ferencing is not the best way, since it makes this noise greater. Some sort of
smoothing of the data should be done to minimize this effect. One way of doing
this is to use Eqs. (3.18) and (3.19) with samples taken at intervals of A, 2A,
3A,... and then to make weighted averages of these expressions. For example,
by choosing weights of 1.5, -0.6, and 0.1 for derivatives formed at A, 2A, and
3A, respectively, the following expressions are obtained:

= 6UA

s . isoA2
[-4902; + 270 (2;+! - 2;_i) - 27 (2̂ +2 - 2̂ 2) + 2 (2̂ +3 - 2̂ 3)] (3.21)

A slope and curvature profile can be generated in this way from the height
profile, and by using the same relations as for the heights, a mean or average
slope and curvature can be found as well as the respective standard deviation
of the distributions. Likewise, the skewness and the kurtosis can be computed
to characterize the shape of these distributions.

The previously defined properties are a few of the parameters that can
be found from analyzing a proAle. These characteristics may be important
in relating function to manufactured surfaces or in analyzing how a surface
interacts with another surface. They illustrate some of the efforts at extracting
more information from the surface measurement than simply the height sensitive
parameters.

Finally, the relation between function and surface geometry has to be more
fully understood. This will require closer interaction between the manufacturing
engineer who makes the surface and the designer who specifies the surface.
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3.9 Film Parameters for Different Lubrication
Regimes

If a machine element is adequately designed and fluid film lubricated, the lubri-
cated surfaces are completely separated by a lubricant film. Endurance testing
of ball bearings, for example, as reported by Tallian et al. (1967) has demon-
strated that when the lubricant film is thick enough to separate the contacting
bodies, the fatigue life of the bearing is greatly extended. Conversely, when
the film is not thick enough to provide full separation between the asperities in
the contact zone, the life of the bearing is adversely affected by the high shear
resulting from direct metal-to-metal contact.

The four lubrication regimes were defined in Sec. 1.3, and calculation meth-
ods for determining the rms surface finish were introduced in Sec. 3.6. This sec-
tion introduces a film parameter and describes the range of values for the four
lubrication regimes. The relationship between the dimensionless film parameter
A and the minimum film thickness ̂ în is

2 (3.22)

where
,Rq a = rms surface finish of surface a
-Rq,b = rms surface finish of surface &

The film parameter is used to define the four important lubrication regimes.
The range of A for these four regimes is

1. Hydrodynamic lubrication, 5 < A < 100

2. Elastohydrodynamic lubrication, 3 < A < 10

3. Partial lubrication, 1 < A < 5

4. Boundary lubrication, A < 1

These values are rough estimates. The great differences in geometric conformity
in going from hydrodynamically lubricated conjunctions to elastohydrodyna.nl-
ically lubricated conjunctions make it difficult for clear distinctions to be made.

Running-in is a process that affects the film parameter. This process allows
wear to occur so that the mating surfaces can adjust to each other to provide
for smooth running. This type of wear may be viewed as beneficial. The film
parameter will increase with running-in, since the composite surface roughness
will decrease. Running-in also has a significant effect on the shape of the asper-
ities that is not captured by the composite surface roughness. With running-in,
the peaks of the asperities in contact become flattened.
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Example 3.1

Given: Two equally rough surfaces are lubricated and loaded together (Rqa = .
The film parameter is two.
Find: The value of A if one of the surfaces is polished so that .Rq — > 0 (i.e.,
the surface becomes absolutely smooth).
Solution: From Eq. (3.22) the initial condition is

When one of the surfaces becomes absolutely smooth,

. "min "min

R.

.'.A increases from 2 to 2\/2.

Example 3.2

Given: Gears for an excavator are manufactured by sand casting. The surface
roughness is measured to have a centerline average of 18 /nm. This high surface
roughness makes the gear wear rapidly. The film thickness for the grease-
lubricated gears is calculated to be 1.6 ̂m.
Find: The method of manufacture for the gears to produce a film parameter
of 10.
Solution: Using Eq. (3.22) while assuming that the roughnesses are equal
on the two surfaces gives

A = "*"̂ - or Rg

Table 3.2 shows that for a surface roughness of 0.1 /̂ m, grinding is the fastest
and cheapest method of achieving these surface finishes. Smoother surfaces can
be manufactured by honing, polishing, and lapping, but these processes are
considerably more expensive and do not lend themselves well to the intricate
geometry of gear teeth.

3.10 Transition Between Lubrication Regimes

As the severity of loading is decreased, there is no sharp transition from bound-
ary to fluid fttm lubrication; rather an increasing proportion of the load is
carried by pressures within the film that fiHs most of the space between the
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-Boundary
Partial ;- Elastohydrodynamic

I
I
I
I

Hydrodynamic

5 10 15
Film parameter, A

20

Figure 3.13: Variation of friction co-
efficient with film parameter [from

Dowsow

opposing solids. Indeed, it is often difficult to eliminate fluid film lubrication
effects so that true boundary lubrication can occur, and there is evidence to
suggest that micro-fluid-film lubrication formed by surface irregularities is an
important effect.

The variation of the friction coefficient ̂  with the film parameter A is
shown in Fig. 3.13. This can be compared to the Stribeck curve of Fig. 1.16.
The friction coefficient is defined as

^ = — (3.23)

where / is the tangential (friction) force and û  is the normal applied load. In
Fig. 3.13 the approximate locations of the various lubrication regimes discussed
in Sec. 3.9 are shown. This figure shows that as the film parameter A increases,
the friction coefficient initially decreases in the elastohydrodynamic regime and
then increases in the hydrodynamic regime. In explaining this phenomenon let
us assume the surface roughness is the same in both lubrication regimes.

In hydrodynamic lubrication of conformal surfaces as found in journal and
thrust bearings, Ws <x 1/Â . In elastohydrodynamic lubrication of nonconformal
surfaces the normal applied load has little effect on the film thickness. There-
fore, W; is essentially proportional to a constant. In both hydrodynamic and
elastohydrodynamic lubrication the frictional force is due to lubricant shearing
and can be expressed in both lubrication regimes as / <x I/A. Making use of
this,

1 /L

t (3.24)
(I/A)'

1
<x i- (3-25)

constant A
This then explains the reversing of the slope of the friction coefficient in Fig. 3.13.
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3.11 Closure

Since fluid film lubrication is concerned with the lubrication between solids
separated by small film thicknesses, it is essential that the physical nature of the
solid's surface topography be understood. To obtain this understanding, this
chapter investigated surface measurement hardware. The contact method of
stylus measurement is based on transforming the vertical motion of the stylus tip
as it traverses a surface into an electrical analog voltage. The main limitation of
this approach is the finite size of the stylus tip, which distorts the surface profile
(broadening peaks and narrowing valleys). Atomic force microscopy allows more
surface roughness measurement with higher resolution than profilometry. The
following noncontacting measurement devices were presented.

1. Laser interferometers that move a lens in order to maintain focus on a
sample surface. The laser can be focused at different locations in order
to obtain a three-dimensional surface profile.

2. Pneumatic devices measure the airflow when a finely finished head is
placed on the surface and indicate changes in surface roughness.

3. Optical devices use the intensity of reflected laser light to define the sur-
face texture.

4. Electron microscopic devices produce images when electrons are incident
on the specimen.

In computing the parameters that define the surface texture, all height measure-
ments were made from some defined reference line. Two methods of defining
the reference line are

1. Mean, or M system, based on selecting the mean line as the centroid of
the profile. The area above this line equals the area below this line.

2. Least squares, based on postulating a, slope-intercept form for the refer-
ence line. This can compensate for errors of form or tilt.

Methods of computing surface parameters were also discussed. The following
two important parameters were presented:

1. CenterHne average (CLA), or arithmetic average (AA), denoted by R̂ .

2. Root mean square (rms) roughness, denoted by Rg. In general, .%, < 7?̂ .

The film parameter A was defined as the ratio of the minimum Rim thick-
ness to the composite surface roughness. The film parameter was used to define
four important lubrication regimes: hydrodynamic, elastohydrodynamic, par-
tial, and boundary.
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3.12 Problems

3.1 Show that for a Gaussian distribution and a zero mean (2* = 0) from the
reference line (determined by the M system) the theoretical skewness is
zero and the kurtosis is 3.

3.2 Show that the skewness for a deeply pitted surface is ]ess than zero (<5 < 0)
and that the kurtosis for a relatively flat height distribution approaches
zero (/? -̂  0).

3.3 Find Ra/Rq for a Gaussian distribution with zero mean (2* = 0).

3.4 Prove that %, < %r

3.5 What profile would produce an R^ = Rq?

3.6 Prove that the kurtosis is greater than or equal to 1.

3.7 What is the skewness-kurtosis inequality? That is, when plotting skewness
versus kurtosis, describe the critical curve that separates where the results
are allowed and where they are forbidden.

3.8 Show that for a Gaussian distribution with a nonzero mean (2* ̂  0) from
the reference line (determined by the M system), the theoretical skewness
is 0 and the kurtosis is 3.

3.9 A surface with a triangular sawtooth roughness pattern has a peak-to-
valley height of 5 ̂ tm. Find the R^ value and the Rq value.

3.10 A precision ball bearing has a. race root mean square surface roughness
of 0.07 m̂ and a ball root mean square surface roughness of 0.02 m̂.
Changing the roughness of the components may give a higher A value.
Determine which component to smooth if it costs equally as much to
halve the roughness of the race as it costs to halve the roughness of the
baHs. Note that /tmin=0.2 /^m-

3.11 Consider a two-dimensional surface in the shape of a sine wave with an
amplitude of 1 /̂ m. Obtain the first four moments of the distribution
curve for this surface. Repeat the problem assuming that this surface has
encountered wear, so that the top half of the sine wave has been flattened.

3.12 Plot the cumulative distribution function and the Abbott-Firestone curve
for the two surfaces in Problem 3.11.
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Chapter 4

Lubricant Properties

Symbols

A area, m
7L experimentally determined con-

stant, cm^/s
B experimentally determined con-

stant, cm^
E modulus of elasticity, N/m^
E' effective modulus of eiasticity,

E' = 2

frictionforce, N
dimensionless constant indicative of
viscosity grade of liquid
SUV of reference oil of high VI
Rlmthickness, m
Saybolt universal viscosity (SUV)
of reference oil of low VI
pressure, N/m^

t asymptotic isoviscous pressure,

dimensionless constant from
slope of viscosity-temperature
relationship
shear strain rate, s"*
time,s

7*
To

temperature, °C
velocity of moving surface, m/s
SUV of unknown oil
viscosity-pressure index, a dimen-
sionless constant
limiting-shear-strength proportion-
ality constant, 8T*L/8p
absolute viscosity, N-s/m^
absolute viscosity at p = 0 and at a
constant temperature, N-s/m^
effective viscosity, N-s/m^
kinematic viscosity, m^/s
Potsson'sratio
pressure-viscositycoefHcientof
the lubricant dependent on temp-
erature, m^/N
density, kg/m^
dimensionless density
density when p = 0, kg/m^
shear stress, N/m^
shear stress at zero pressure, N/m^
shear stress when fluid starts to
behave nonlinearly, N/m^
limiting shear stress, N/m^

4.1 Introduction

The primary function of a lubricant is to control friction and wear. Liquid lu-
bricants, however, also have desirable secondary properties and characteristics:

63
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1. They can be drawn between moving parts by hydraulic action.

2. They have relatively high heat-sink capacity to cool the contacting parts.

3. They are easily mixed with chemicals to give a variety of properties such
as corrosion resistance, detergency, or surface-active layers.

4. They can remove wear particles.

Lubricants can be divided into those of petroleum origin, known as "mineral
oils," and those of animal or vegetable origin, known as "fatty oils." Synthetic
oils are often grouped with the latter. In order for a lubricant to be effective, it
must be viscous enough to maintain a lubricant film under operating conditions
but should be as fluid as possible to remove heat and to avoid power loss due
to viscous drag. A lubricant should also be stable under thermal and oxidation
stresses, have low volatility, and possess some ability to control friction and
wear by itself. As can be seen, quite a bit is expected from a lubricant, and to
better understand the role of a lubricant some basic chemistry is needed.

4.2 Basic Chemistry

Since some lubricants are derived from petroleum, which consists of compounds
of carbon and hydrogen, a brief discussion of hydrocarbon chemistry is needed.
This discussion can also serve as a basis for the study of alcohols, fatty acids,
and cyclic hydrocarbons. Much of this section was obtained from two sources,
Pugh (1970) and Hess (1981).

4.2.1 Hydrocarbons

Hydrocarbons are compounds of carbon and hydrogen. Carbon has a valency,
or chemical bonding power, of 4; hydrogen has a valency of 1. The simplest
hydrocarbon can be represented diagrammaticaMy as

H
!

H —C—H
!
H

and is named methane, with a chemical formula of CH4. Carbon atoms have
the unique property of being able to link together, and each can join further
hydrogen atoms as in ethane (C2He), given as

H H
I I

H—C—C—H
I I
H H

Copyright © 2004 Marcel Dekker, Inc.



BASIC CHEMISTRY 65

Table 4.1: Straight-chain paraffins. [From

Number of
carbon
atoms

1
2
3
4
5
6
7
8
9
10

Name

Methane
Ethane
Propane
Butane
Pentane
Hexane
Heptane
Octane
Nonane
Decane

Formula

CH4
CsHe
CsHg
C4Hio
CsHia
CeHu
CyHie
CgHis
CgHso
CloH22

Boiling
point,
°c

-161.5
-88.3
-44.5
-0.5
36.2
69
98.4
125.8
150.6
174

Specific
gravity

—
—
—
—

0.626
0.660
0.684
0.704
0.718
0.730

Physical
state at
NTP"
Gas
Gas
Gas
Gas

Liquid
Liquid
Liquid
Liquid
Liquid
Liquid

"Normal temperature and pressure.

Note that the chain is symmetrical.
By varying the number of carbon atoms in the molecule, it is possible to

present "straight-chain hydrocarbons." This family is known as "alkanes," or
"paraffins," and has the general formula C^Han+g, where n is the total number
of carbon atoms present in the molecule. This forms a series in which such
physical characteristics as boiling point and specific gravity increase as the
value of % increases. Table 4.1, which lists the first 10 members of the series,
shows that an increase in the number of carbon atoms increases the boiling
point of the compounds, thus reducing their chemical activity. Such families
of hydrocarbons are known as "homologous series," and all the members have
formulas that fit the general formula of the series. The principal homologous
series of hydrocarbons is summarized in Table 4.2.

Much of the remainder of this section on basic chemistry concerns more
details of the members of the homologous series given in Table 4.2. The main
difference in the series is the type of bonding. A single covalent bond consists
of a single pair of electrons shared between two atoms, as in methane. Double
bonds involve two shared pairs of electrons, and triple bonds involve three
shared pairs. The bonding in organic compounds is usually indicated by dashes,

Table 4.2: Homologous series of hydrocarbons. [From Regs

Name
Alkatte or paraffin
Olefm or alkene
Acetylene or alkyne
CycloparafHn or naphthene
Aromatic

Formula

CnH2n+2
C,,H2n
CnH2n-2
CnHan
CrtH2rt-6

Sample of familiar member
Methane (CrLf)
Ethylene (€2̂ )
Acetylene (€2̂ )
Cyclopentane (CsHio)
Benzene (CeHs)
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as shown for the following examples:

1. Single (methane, CĤ ):

H
I

H — C — H
I
H

2. Double (ethylene,

H H
\ /

H H

3. Triple (acetylene, C2H2):

H— C=C— H

Although the olefin or alkene and the cycloparamn or naphthene series in
Table 4.2 have the same formula, they behave quite differently. In the alkene
series the double bond present between two carbon atoms greatly increases the
chemical reactivity of these hydrocarbons. In the cycloparamn series the carbon
atoms are joined to each other, forming a ring. Such a structure is relatively
inert.

In the refining of petroleum many useful mixtures of hydrocarbons are made
available. The basic process in refining is fractional distillation, which separates
the various products according to ranges of boiling points. The products formed
by the initial distillation of crude petroleum are known as "straight-run prod-
ucts." Table 4.3 gives the main products formed, together with other pertinent
information about them.

4.2.2 Alcohols

If in the structure of methane one hydrogen atom is replaced by the monovalent
hydroxyl group OH, one gets methanol, or methyl alcohol,

H
I

H — C— OH
I
H

with a chemical formula of CHaOH. This volatile liquid is also known as "wood
alcohol" because it is an important byproduct from the destructive distillation
of wood to produce charcoal. Methanol is an important solvent and is used as
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Table 4.3: Petroleum products with boiling point range and number of carbon
atoms present.

Petroleum
product

Natural gas
Gasoline
Naptha (benzine)
Kerosene
Fuel oil
Lubricating oil
Wax
Asphalt

Boiling point
range, °C
< 32
40-200
50-200
175-275
200-300
> 300
> 300
Residue

Number of carbon
atoms present

1-4
4-12
7-12
12-15
15-18
16-20
20-34
Large

an antifreeze and as a denaturant for ethyl alcohol. It is the starting point in
the production of many synthetic chemicals.

The structure of ethane can be modified in the same way as was done for
methane to give ethanol, or ethyl alcohol ̂HsOH),

H H
I I

H — C— C — OH
I I
H H

Ethanol is also known as "grain alcohol." It is produced from fermentation of
carbohydrate compounds contained in molasses, corn, rye, barley, and potatoes.
Enzymes in yeast cause the fermentation. Ethanol has the property of absorbing
moisture from the atmosphere until it has a composition of 95% alcohol and
5% water. It is used extensively in industries preparing drugs, medicinals, and
cosmetics. Ethanol is present in a variety of beverages, causing them to be
intoxicating.

From observing the structures of methanol and ethanol, the family com-
pounds of alcohol may be written in a general formula as

Each is named after the hydrocarbon from which it is derived, the terminal "e"
being replaced by "ol."

4.2.3 Fatty Acids

The fatty acids may be considered from the appearance of their molecular
structure to be derived from the paraffins by replacing an end methyl (CHg)
group with a carboxyl (COgH) group. The corresponding acid is named after
the root hydrocarbon, and the terminal "e" in the name is changed to "oic."
For example, hexanoic acid contains six carbon atoms and its structure is
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H H H H H n
I I I I I ^

H—C—C—C —C—C—C
I I I I I \ ,,
H H H H H u H

This could be expressed as CH3(CH2).iCO2H. Table 4.4 lists the straight-chain
fatty acids that result when the number of carbon atoms present in the molecule
is varied from 1 to 20. Note that the molecular structures of the fatty acids are
no longer symmetrical as was true for the hydrocarbons, since in all cases one
end methyl group has been replaced by the CĈ H, or carboxyl, group.

If a straight-chain hydrocarbon has a formula suggesting that it is short two
hydrogen atoms, it is called an "olefin," as pointed out in Table 4.2. The olefins
form a family series of unsaturated hydrocarbons. They are called unsaturated
because the valences of some of the carbon atoms in the molecule are not
completely satisfied by the hydrogen atoms, and consequently the compound
is particularly chemically active. The main feature of the olefin family is the
double bonding of the carbon atom, which is easily broken and is a source of
weakness in the molecule. The family, whose formula is Ĉ t̂ t starts with
ethylene.

As pointed out by Pugh (1970), the olefins are not of direct interest from
the lubrication point of view, although their reactivity is exploited in the man-
ufacture of synthetic lubricants, but unsaturation in fatty acids is of definite
interest, since a number of fatty acids present in animal and vegetable oils have
some degree of unsaturation. The unsaturated fatty acids of primary interest
in the study of lubricating oils are listed in Table 4.5.

4.2.4 Cyclic Hydrocarbons

Cyclic hydrocarbons form two distinct groups, the cycloparaffins, or naph-
thenes, and the aromatics. An example of a naphthene is cyclohexane, which
has the structure:

H H

H C H

H
H
\

H
H

C C

It is a saturated compound, and the molecule contains six carbon atoms and
twelve hydrogen atoms. The naphthene family formula is Ĉ Ê . Recall
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Table 4.4: Formulas for straight-chain hydrocarbons and fatty acids. [From Pugh (1970)]

Number of
carbon atoms
in molecule

1
2
3
4
6
8
10
12
14
16
18
20

Hydrocarbon
Formula

HCH3 or CH4
H(CH2)CH3 or <

(CH22 CH3

CHg (CH2)g <

Name

Methane
Ethane
Propane
Butane
Hexane
Octane
Decane
Dodecane
Tetradecane
Hexadecane
Octadecane
Eicosane

Fatty acid
Formula

HC02H
CH3CO2H
CH3CH2CO2H

CH3 C02H

Chemical name

Methanoic
Ethanoic
Propanoic
Butanoic
Hexanoic
Octanoic
Decanoic
Dodecanoic
Tetradecanoic
Hexadecanoic
Octadecanoic
Eicosanoic

Common
name

Formic
Acetic
Propionic
Butyric
Caprioc
Caprylic
Capric
Laurie
Myristic
Palmitic
Stearic

Arachidic

O

O

Table 4.5: Formulas for some unsaturated fatty acids. [Pugh (1970)]

Number of
carbon atoms
in molecule

16
18
18
18
18
20

Common name

Palmitoleic
Oleic
Ricinoleic
Linoleic
Linolenic
Arachidonic

Chemical name

Hexadec-9-enoic
Octadec-9-enoic
12-Hydroxyoctadec-9-enoic
Octadeca-9 : 1 2-dienoic
Octadeca-9^12:15-trienoic
Eicosa-5:8:ll:14-tetraenoic

Formula

CH3 (CH2)s CH : CH (CH2)y CC^H
CH3(CH2)7CH :CH(CH2)yCO2H
CH3 (CH2)s CH(OH)CH2CH : CH(CH2)y CO2H
CHs (CHa),, (CH : CHCH2)2 (CH2)e CO2H
CH3CH2 (CH : CHCH2)3 (CH2)e CO2H
CHs (CH2)̂  (CH : CHCH2L. (CH2)g COsH
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that the olefins have the same formula but that their structure differs con-
siderably from the naphthene family's. One difference is that the olefins have
double-bonded carbon atoms, whereas the naphthenes have single-bonded car-
bon atoms.

The cycloparamns are named after the corresponding straight-chain paraf-
fins containing the same number of carbon atoms, but since it takes at least
three carbon atoms to form a ring, the series starts with cyclopropane. The
physical properties of the cycloparafHns are different from those of the corre-
sponding straight-chain paraffins, but they are chemically quite similar.

The last member of the homologous series given in Table 4.2 is the aro-
matics. They form a separate, distinct, and peculiar group of compounds, and
much time has been spent studying their general structure. Aromatics have a
basic ring structure containing three double bonds per molecule. A member of
this family is benzene, which is represented structurally as:

H

H C H
\ / % /
C C

H C H
I
H

The other aromatics can be derived from this basic structure by replacing one
or more of the hydrogen atoms with a CHs or more complex group of atoms.
The ring system is exceptionally stable. Observe from the preceding discussion
that there is an appreciable difference between a lubricating oil made from a
naphthenic base and one made from an aromatic base.

4.3 Petroleum or Mineral Oil Base Stocks

Petroleum or mineral oils are generally complex mixtures of hydrocarbons but
can roughly be divided according to the chemical family to which their predom-
inating constituents belong, as paraffins or naphthenes (sometimes referred to
as cycloparafHns). ParafRnic oils are characterized by their pour points, usually
-17.8 to -6.7° C, and by a moderate change in viscosity with an increase in tem-
perature. In general, their viscosity index will range from 85 to 100. ParafSnic
oils have a lower density than naphthenic oils. Naphthenic oils are character-
ized by pour points from -50 to -12° C and a larger change in viscosity with
an increase in temperature. In general, their viscosity index will range from 0
to 60. Both naphthenic and parafftnic oils have a wide range of flash and Are
points.

ParafRnic oils are high in paraffin hydrocarbons and contain some wax.
Naphthenic oils are high in naphthenic hydrocarbons and contain little wax. In
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applications that operate over a wide range of temperatures, a naphthenic oil
would generally be less suitable than a parafHnic oil. Naphthenic products are
usually used in applications exhibiting a limited range of operating tempera-
tures and requiring a relatively low pour point. Also, naphthenic oils tend to
swell seal materials more than most parafRnic oils.

4.4 Synthetic Oil Base Stocks

Synthetic lubricants have the potential of satisfying a wide range of require-
ments, since they can be formulated with nearly any desired range of a specific
property. However, certain other properties fixed by the chemical structures
must be accepted in many cases. Applications must be considered in terms
of all properties associated with the proposed synthetic fluid. Choosing the
right synthetic fluid can be tricky because to get special characteristics the user
usually must trade off some other performance feature. Generally, synthetics
have good thermal and oxidation stability, but a common weakness is limited
lubricity (the ability of the lubricant to reduce wear and friction other than by
its purely viscous properties). In general, synthetic oils cost considerably more
per unit volume than the petroleum oils they replace. However, the real value of
the lubricant must be calculated on a price-for-performance basis. Much of the
remainder of this section summarizes papers by Hatton (1973) and Wu (1993).

The field of synthetic lubricants comprises hundreds of organic and semior-
ganic compounds that cannot be easily classified within the scope of this book.
Therefore, synthetic oils will be grouped here by chemical structure. This sec-
tion briefly summarizes the properties of some of the more popular synthetics
(see Table 4.6).

4.4.1 Synthetic Hydrocarbons

Synthetic hydrocarbons are compounds containing only carbon and hydrogen
that are prepared by chemical reactions starting with low-molecular-weight ma-
terials. Synthetic hydrocarbons typically possess narrower boiling point ranges
for a given viscosity than petroleum oils. In compatibility with other fluids,
corrosivity, etc., they are similar to mineral oils.

The primary reasons for preparing synthetic hydrocarbons for use as lubri-
cants are that chemical synthesis provides specific structures and characteristics
and that molecular weight can be controlled within narrow ranges. Therefore,
properties that are functions of molecular weight, such as vapor pressure, boiling
point, viscosity, and low-temperature characteristics, can be controlled within
narrow ranges.

The most important commercial synthetic hydrocarbon lubricants are based
on poly-alpha-olefin (PAO) and have wide application in automotive and indus-
trial lubrication areas. PAOs have high viscosity indexes, allowing for a wider
operating temperature range, especially given its generally better oxidation sta-
bility and lower volatility than hydrocarbon fluids. PAOs can have varied per-
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Ĥ
HMŝ
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1-hexene (S)StarC18

*"-*-4--T-̂ ' =

^̂ ^̂ -̂

1 -hexene (HB) Highly Branched C18

n-C18

1-hexene (L) Linear C18

Figure 4.1: Poly-alpha-olefin (PAO) structures. The "star" orientation displays
superior lubrication properties. [̂ *om A*MupM on(f Afa^mw

formance depending on the structure of the particular molecule. For example,
three different molecular structures of PAO molecules synthesized from hexane
molecules to form CIS alkanes are shown in Fig. 4.1. Of these structures, the
CIS alkane in the "star" orientation displays superior lubrication properties
(Kioupis and Maginn 1999, 2000).

Polyisobutylene (PIB) is another common synthetic hydrocarbon lubricant,
especially as a metalworking fluid, but has limited applications because of some-
what poor thermal stability. Organic esters and polyethers are also useful lu-
bricants, often used in combination with PAO.

4.4.2 Organic Esters

The term "organic esters" is applied to those materials that consist of carbon,
hydrogen, and oxygen and contain an ester or carboxyl linkage in the molecule.
The most widely used as lubricants are those that contain two ester groups and
are made from dibasic acids. They are commonly called "diesters." Diesters
are the most widely used synthetic lubricants.

The esters have a good overall balance of properties, particularly in liq-
uid range and in viscosity-volatility characteristics. They possess fair lubricity
because they respond well to additives. Aliphatic diesters are thermally sta-
ble to about 260° C but are exceedingly vulnerable to oxidation above 149° C.
This results in increased viscosity and the generation of oil insolubles and large
amounts of acid or corrosive material.

Polyol esters were developed to improve upon the thermal stability of the
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diesters while maintaining other desirable properties. However, they give poorer
low-temperature performance. The polyol esters are used in other applications
requiring enhanced thermal stability.

4.4.3 Polyglycols

The polyalkylene glycols are the most widely used of this class. They are high-
molecular-weight polymers of ethylene or propylene oxide that are available in
a wide range of viscosities. Some polymers are completely soluble in water
and are often diluted and used as fire-resistant hydraulic fluids or lubricants.
Another type of polyglycol is insoluble in water and is used as a lubricant base
stock.

The polyglycols are excellent lubricants and respond well to additives. They
have high flash points, good viscosity-temperature properties, low wax-free pour
points, and shear stability. They have little or no adverse effect on many of
the common seal materials but have a strong solvent action on nonresistant
paints. Volatility can be a problem, particularly under severe thermal and
oxidative conditions. Their stability characteristics, even when improved with
appropriate additives, are not outstanding among the synthetics. Their rust-
preventing characteristics are generally poor.

Polyglycols are used as industrial lubricants in rubber-processing appli-
cations, as machining lubricants, as lubricants for rubber seals, and in heat
transfer applications.

4.4.4 Phosphate Esters

The phosphate esters are a diverse group of chemical compounds varying widely
in physical and chemical characteristics. The oxidative stability of most phos-
phate esters is good; their thermal stability is excellent at medium temperatures
but poorer at higher temperatures. In severe environments extensive thermal,
oxidative, or hydrolytic breakdown of the phosphate esters can form acidic sub-
stances that may corrode metals. The outstanding properties of phosphate es-
ters are their ability to lubricate moving surfaces and their good fire resistance.
They are used as the sole component or as the major component of synthetic
lubricants and hydraulic fluids. They are also widely used as an additive in both
synthetic lubricants and petroleum oils. The phosphate esters require special
consideration with respect to material compatibility-proper material matching
is critical to successful performance.

4.4.5 Silicon-Containing Compounds

One of the more fruitful areas of research in modifying carbon, hydrogen, and
oxygen compounds has been the inclusion of silicon in the molecule.
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Silicate Esters

These synthetics have found use as base stocks for wide-temperature-range flu-
ids and lubricants. They have excellent viscosity-temperature characteristics
and good lubricating properties.

Silicones

Properly called "siloxane polymers" silicones are characterized by the nature of
the substituents that are attached directly to the silicon atoms. Dimethyl sili-
cones are characterized by low freezing points and probably the best viscosity-
temperature properties of any synthetic lubricant. They have better ther-
mal and oxidative properties than corresponding hydrocarbons, polyglycols,
or aliphatic diesters; they can form gels when permitted to degrade excessively,
particularly above 200°C. Stabilization is possible, permitting properly inhib-
ited fluids to be used at temperatures as high as 315°C.

The dimethyl silicones are chemically inert, noncorrosive, and inert to most
common plastics, elastomers, and paints. They have low surface tension and are
shear stable. Their major shortcoming is their lack of steel-on-steel lubricating
ability. They show relatively weak response to the usual lubricant additives.
The lubricating properties of silicones can be improved by incorporating chlorine
or fluorine into the molecule.

Silanes

The silanes are compounds that contain only carbon-silicon bonds. These prod-
ucts possess wide liquid ranges and thermal stabilities up to 370°C, but they
are poor lubricants for sliding surfaces.

4.4.6 Halogen-Containing Compounds

The incorporation of halogen atoms into organic molecules results in higher
densities and reduced Hammability relative to the parent compound. Chlorine
tends to increase the pour point and the viscosity. Fluorine has little influence
on the pour point or the viscosity but greatly decreases surface tension.

Because chlorine-aliphatic carbon bonds are generally weak, chlorinated
aliphatic compounds have found little use as synthetic lubricants, per se. They
are used as additives in lubricants to provide a source of chlorine that can be
reacted with the surface and thus improve boundary lubrication.

Fluorine-containing materials have not found particular application as lu-
bricants because on a price-for-performance basis the desired properties can
better be obtained by using other materials.
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4.4.7 Halogenated Polyaryls

The chlorine-containing biphenyls and polyphenyls have found some use as lu-
bricants. These products range from mobile liquids to tacky solids. In the past
they have found use as lubricant base stocks, heat transfer agents, industrial
lubricants, and additives. However, these uses are now prohibited because of
potential environmental problems. The common term for these materials is
"PCB."

4.4.8 Fluorocarbons

Fluorocarbons are compounds containing only fluorine and carbon. Such com-
pounds have been made and proposed as synthetic lubricant base stocks. In
general, they are thermally and oxidatively stable and have physical proper-
ties quite similar to those of the corresponding hydrocarbons, but they have a
higher density and a lower surface tension. They tend to creep over surfaces but
do not appear to wet them in terms of boundary lubrication. Such compounds
are particularly useful because of their extreme chemical inertness. These com-
pounds are resistant to ignition by any source and represent some of the most
fire-resistant organic compounds known.

Recent studies have been concentrated on the tetrafluoroethylene polymers.
These have been used as liquid-oxygen-resistant fluids, lubricants, and greases.

Although not strictly nuorocarbons, the chlorotrifluoroethylene polymers
have found some applications and are better lubricants than nuorocarbons be-
cause chlorine is more reactive with metals than fluorine. These materials gen-
erally have properties similar to those of the nuorocarbons but are significantly
less stable.

4.4.9 PerHuoropolyglycols

The perfluoropolyglycols are polyalkylene glycols in which all the hydrogens
have been replaced with fluorines. These types of products derived from propy-
lene oxide are under consideration for a number of applications. Their primary
advantages are high thermal stability, extreme fire resistance, relatively good
liquid range, and moderate lubricating characteristics. However, they lack sta-
bility in the presence of certain commonly used high-temperature metals, have
high specific gravities, and do not respond to common additives. Studies are
under way to improve performance in these areas.

4.5 Grease Base Stocks

A petroleum grease is a lubricating oil to which a thickener has been added, usu-
ally a metallic soap. The type of thickener added determines the characteristics
of the grease. Greases are preferred to liquid lubricants when the application
of a continuous supply of lubricant is impractical. Greases are also preferred
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when equipment is not readily accessible and when a sufficiently tight enclosure
for retaining a liquid lubricant does not exist.

4.5.1 Thickeners

A major factor influencing the properties of a lubricating grease is the thick-
ener employed in it. Thickeners compose 5 to 17% of a simple grease for-
mulation. Ninety percent of all greases sold in the United States are based
on what is termed "metallic soap." Soaps utilized in lubricating greases are
produced during grease manufacturing by saponifying (neutralizing) fats; the
compounds (neutralizers) most commonly used are the hydroxides of lithium,
calcium, sodium, barium, and aluminum. The saponifiable compounds include
tallow, lard oil, hydrogenated fats and oils, fish oil, fatty acids, and vegetable
oils. The two most commonly used fatty acids are stearic and 12-hydroxystearic.

During the grease manufacturing process the oil and the fatty acids are
heated to 100°C, at which time the alkaline compound is added and saponifi-
cation occurs. The water resulting from the chemical reaction is boiled off.

The amount of fatty acid and metal hydroxide added to the oil determines
the amount of soap formed. The soap is the thickener. The resultant thickening
action is referred to in the grease industry as "consistency." Consistency is a
measure of the hardness or softness of the grease.

The major thickener types and the properties associated with them are
detailed in the following text. The properties described for each thickener are
typical; however, in some formulations they may be radically altered owing to
the influence of other grease components.

Water-Stabilized Calcium Soap (Cup-Type Thickener)

Typically, this thickener is based on calcium stearate stabilized with water.
It yields a buttery grease with excellent water resistance. However, service is
limited to about 80° C because at higher temperatures the stabilizing water is
lost, causing the soap to separate from the oil. This type of grease is chiefly
used for mild service applications.

Anhydrous-Calcium Soap

Typically, this thickener is calcium 12-hydroxystearate. Greases with this thick-
ener are similar to the cup-type products. However, because they do not need
water to stabilize the system, they have a higher operating temperature range,
typically about 120°C. At about 145°C they melt, often separating into their
soap and oil phases. Commonly, such greases are used on rolling-element bear-
ings, for applications such as excavators and other large equipment where tem-
perature extremes do not occur.
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Sodium Soap

Sodium soap greases usually employ sodium stearate or similar materials. They
tend to be fibrous relative to other types of thickener. Typically, they are us-
able to about 120°C with melting points in the range 150 to 230° C. Although
the thickener provides some inherent rust protection, large amounts of water
contamination cause these greases to wash out. Sodium soap greases also gener-
ally lack the oxidation resistance of lithium and clay greases. They are typically
used in plain journal and slider bearings and gears. Certain short-fiber products
may be used in greases for rolling-element bearings.

Lithium Soap

This thickener is usually lithium 12-hydroxystearate. Lithium soaps are the
most versatile and widely used greases. They are buttery and have a dropping
point of around 180-190°C (and up to 210°C for extreme applications). When
melted and recooled, they generally return to a grease texture (although the
properties of the resulting recooled grease are usually changed from those of
the unmelted grease). Lithium soap greases are also resistant to water, oxida-
tion, and mechanical working. Most formulations will operate for long times at
120°C; some will function for extended times to about 165°C. They are widely
used as multipurpose greases and are particularly suited for rolling-element
bearings. The use of lithium soap greases has substantially reduced the num-
ber of complex specialty lubricating greases that would otherwise be required
in modern manufacturing plants.

Complex Soaps

Complex soap thickeners are generally formed by reacting several distinctly dif-
ferent acids with the alkali. For example, calcium-complex soap greases may be
formed from calcium 12-hydroxystearate and calcium acetate. Calcium-complex
soap, lithium-complex soap, and aluminum-complex soap thickened greases are
fairly common, with some other types being used occasionally. The principal
advantage of most complex soap thickeners is their high melting point, typi-
cally about 260° C or higher. This permits their use in applications in which
the temperature may at times exceed the melting point of the simple soap
thickeners and thus is the reason why they are much used today. Generally,
if these greases are used in sustained service above about 120°C, frequent re-
lubrication is needed unless the product is specially formulated for sustained
high-temperature service.

Poiyureas

Potyureas are nonsoap thickeners that are polymerized substituted ureas. Like
the complex soaps they typically melt at about 260° C and are used in similar
types of service.
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Clay Thickeners

These thickeners are generally bentonite or hectorite clay that has been chemi-
cally treated to make it thicken oil. The chief feature of clay-thickened greases
is that the thickener does not melt; hence, these greases can be used in oper-
ations in which temperatures occasionally exceed the melting points of other
thickeners. Their oxidation stability is generally no better than that of other
petroleum products. Therefore, if these greases are used in sustained service at
temperatures above about 120°C, frequent relubrication is necessary unless the
product has been explicitly formulated for sustained service at higher temper-
atures.

4.5.2 Lubricating Oil

Lubricating oil is the largest single component of a lubricating grease and is the
component that provides the grease with its ability to lubricate. Simple greases,
only oil and thickener, usually contain 65 to 95% oil. Although the retentive
properties of grease, as well as its resistance to heat, water, and extreme loads,
depend upon the proportion and type of soap, the frictional characteristics of
grease are based on its oil content. The more important oil properties affecting
overall grease performance are as follows:

1. Viscosity and viscosity-temperature characteristics, which influence the
ability of a grease to form a lubricating film in service and also influence
its behavior at low temperatures

2. Oxidation resistance and evaporation characteristics, which influence the
ability of a grease to lubricate for extended times, especially at higher
temperatures

3. Characteristics affecting elastomers, which influence the compatibility of
a grease with seal materials used in bearings and other devices

Most greases employ a petroleum-based oil as the lubricating oil, but some
use synthetic fluids. Diesters, silicones, polyol esters, polyalkylene glycols, and
fluorosilicones are most commonly used. These fluids offer special character-
istics, such as high-temperature performance, chemical resistance, and low-
temperature performance, that elude refined petroleum oils. Their cost is sub-
stantially higher than that of the refined petroleum oils.

The typical characteristics of some greases are shown in Table 4.7. The
knowledge of these characteristics is important in establishing which grease is
to be used in a specific application. Within the table the dropping point of
the various greases is given. This characteristic is obtained from a test (ASTM
D-566 and D-2265, IP-132, and DIN 51801) that indicates the temperature
at which the thickener deteriorates (melts, loses water of stabilization, etc.).
Greases generally should not be used above their dropping point temperatures,
but many greases cannot be used even near them because of limits of base-oil
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Table 4.7: Typical characteristics of lubricating greases

Thickener
type

Soap Thickeners
Lithium 12 HS
Lithium complex
Calcium, hydrated
Calcium, 12 HS
(anhydrous)
Calcium complex
Sodium
Sodium complex
Aluminum
Aluminum
complex
Barium
Barium complex

Non-soap Thickeners
Clays''
Silica,
methylated
Polyurea^

Thickener
content,
mass-%

8-10
12-20
7-12
7-12

15-30
8-10
10-20
8-10
10-20

7-17
10-20

7-12
7-12

7-12

Dropping
point
°C

180-190
> 250
80-100
140-150

> 250
150-170
> 250
90
> 250

180
>250

—
—

>230

Mechanical
stability

Good
Good

Poor to good
Fair to good

Poor to good
Poor to fair
Fair to good

Poor
Good

Fair to good
Good

Poor to good
Fair to good

Good

Maximum
temperature

°C

120
150
<70
110

150
110-120
150
< 70
150

120
120

150

Relative
cost"

2
3-4
1
2-3

3̂
1
3
1
3

2-3
3

4
'Cost: 1 = low; 5 = high.
^Sensitive to pressure and thermal separation
^Often in combination with soap complex.

oxidation stability, additive stability, etc. The test designation of ASTM is for
tests developed in the United States, IP for Britain, and DIN for Germany.

4.6 Gases

Just as liquids and greases are used as lubricants, so too can gases be used
as lubricants, as explained more fully in Chapters 14 and IS. In this section
some of the properties of gases will be described. As shown in Fig. 4.2 a most
interesting aspect of gases is their viscosity-temperature relationship. That
is, the viscosity of gases increases with temperature and is only moderately
affected by changes in temperature and pressure. In contrast to this situation,
as mentioned earlier in this chapter, liquids vary inversely with temperature
and are strongly sensitive to temperature and pressure variations.

Figure 4.3 shows the viscosity of common gases as a function of tempera-
ture. The viscosity of air is midrange of the gases; hydrogen has the lowest and
neon the highest value. The information given in Fig. 4.3 is tabulated in Table
4.8 for a complete range of temperatures. Besides the viscosity data, Table 4.8
also gives the boiling temperature and the gas constant. Table 4.9 shows how
the properties of gases and liquids differ. Only a small number of quite different
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10"
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SAE10/ ^-SAE70

--LB550X

- Polypropylene glycol
derivatives

- Poiymethyl siloxanes
(silicones)

- Residuum
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^ gravity, 0.968)
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\
DC 200 E

- Halocarbons
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Figure 4.2: Absolute viscosities of a number of fluids for a wide range of tem-
peratures.
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1.0x10""

.9

.8

tr
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'-400 400 800 1200
Temperature °F

1600 2000

Figure 4.3: Viscosity of common gases as a function of temperature.
Cameron

liquids and gases are shown to illustrate the differences. Note that Tables 4.8
and 4.9 as well as Fig. 4.3 are in English units rather than SI units.

4.7 Emulsions

Lubricants serve many functions, only one of which is the generation of a load-
bearing fluid film between surfaces. One other important function is associated
with the removal of heat from bearing surfaces. Emulsions combine the lubri-
cating effectiveness of oils with the cooling ability of water, and are therefore
popular for some demanding applications. Also, because of the high water con-
tent, emulsions have been applied for applications where nonHammability is
required.

An emulsion is a mixture of two immiscible liquids, where one is suspended
in the other in the form of droplets that are larger than 1 ̂ m in diameter.
Emulsions typically consist of 1-5% oil phase, with the remainder water. The oil
phase contains 80-90% base oil with assorted additives making up the remainder
of the formulation. Since oil is less dense than water, the emulsion will separate
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Table 4.8: Viscosity of various gases at 14.7 psia. [From

Temperature

°F
-280
-100
80
260
440
620
800
980
1160
1340
1520
1700
2600

°R
180
360
540
720
900
1080
1260
1440
1620
1800
1980
2160
3060

Boiling temper-

ature, °R

Gas constant,

xlO"5

Air Ar COz HzO He Kr Nz 1 Ne 1 Xe
Absolute viscosity xlO"^, 77, lbf-s/in.̂  (reyn)

1.07
1.97
2.68
3.29
3.84
4.34
4.80
5.24
5.64
6.05
6.44
6.80
8.55

—

2.47

1.27
2.41
3.32
4.10
4.80
5.44
6.04
6.59
7.11
7.60
8.09
8.55
11.82

147.2

1.79

0.74
1.49
2.20
2.84
3.41
3.93
4.41
4.86
5.29
5.70
6.09
6.45
8.14

—

1.63

—
—
—
2.08
2.59
3.12
3.64
4.17
4.69
5.20
5.70
6.19
8.41

67.2

39.8

1.45
2.27
2.96
3.56
4.11
4.62
5.11
5.56
6.00
6.43
6.84
7.23
9.05

7.9

17.9

—
2.50
3.67
4.69
5.61
6.46
7.23
7.95
8.65
9.30
9.92
10.52
13.26

219.2

0.85

1.05
1.91
2.57
3.15
3.66
4.14
4.57
4.99
5.39
5.75
6.13
6.49
8.14

139

2.55

2.12
3.48
4.56
5.50
6.35
7.16
7.91
8.64
9.31
9.96
10.60
11.19
14.00

48.7

3.54

—
2.24
3.35
4.38
5.29
6.15
6.93
7.67
8.36
9.03
9.66
10.26
13.00

298.4

0.55

Table 4.9: Some properties of common liquids and gases at 68°F and 14.7 psia.
[from Cross

Liquid or gas Force
density

Ibf s2/in."

Absolute
viscosity

Ibf s/in.2

(reyn)

Kinematic
viscosity

in.-/s

Specific
heat

in./°F

Thermal
conductivity

Ibf/s °F

Liquids

Carbon tetrachloride

Glycerine

Water

1.48 X 10""

1.18 x 10""
8.49 x 10*3
8.02 x 10"5
9.33 x 10"5

1.41 x 10"̂
1.21 x 10""
1.22 x 10*3
4.44 x 10"3
1.46 x 10"7

9.52 x 10""
1.06

1.44 x 10"*
5.54

1.56 x 10*3

1.87 x 10"
5.4 x 1Q3
4.4 x 1Q3
4.7 x 1Q3
9.32 x 1Q3

2.4 X 10"̂

3.54 x 10"2
2.10 x 10*2
1.83 x lO*^

7.50 x 10*2
Gases

Air
Helium

Hydrogen

Nitrogen

1.15 x 10"̂
1.61 x 10"S
8.08 x 10""
1.12 x 10"?

2.62 x 10"°
2.85 x 10""
1.31 x 10*9
2.56 x lO*^

2.28 x 10"-'
1.77 x 10"*
1.62 x 10"*
2.28 x 10"2

2.24 x 10"
1.17 x 1Q3
3.20 x 10"
2.32 x 1Q3

3.22 x 10""
2.4 x 10*2
2.29 x 10"2
3.11 x 10"3
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Water

Emulsifier

Figure 4.4: An oil-in-water emulsion stabilized by an emulsifier.

into two phases and have limited use as a lubricant. Increased stability can be
achieved in an emulsion through the addition of an emulsiHer. An emulsifier
is a long chain paraffinic molecule with a polar end, with one end preferring
water (hydrophilic end) and the other preferring oil (lipophilic). An oil droplet
stabilized by an emulsifier is shown in Fig. 4.4. This natural orientation of
the emulsifier molecules generates a surface tension through the attraction or
repulsion of the ends of the emulsifier molecule and the water and oil.

Commercially available emulsions are formulated by the supplier and
shipped in a form ready for mixing with water. Usually, deionized water is
preferred because of adverse affects of hard water on emulsifiers and hence
emulsion stability. The mixing procedure varies with user, but typically a pre-
scribed agitation is applied for a certain number of fixed intervals, with pauses
allowed for foams to dissipate.

4.8 Lubricant Additives

Industrial lubricants consist of 75-90% by volume base oil, the remainder addi-
tives. A wide variety of additives are applied in lubricant formulation, the most
common of which are summarized here.

Botm&M*?/ anc! ezireme pressure /tt&Wcan^ ̂ ti&Wc:̂  acM̂ we.!. When as-
perity contact takes place, it is beneficial to have a protective lubricant
coating to reduce friction and wear. Boundary lubrication is discussed in
Section 1.3.4.

Oil and additives such as emulsifiers are subject to biological
attack in solution. For this reason, biocides are added to the base oil
to control the activity of microorganisms and extend the useful life of
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lubricants. The development of biocides is the topic of ongoing research,
since the environmental implications of lubricant disposal conflict with
the need for biodegradation resistance during use.

In naval applications, it is common to use a high-
sulfur fuel, which results in SO2 and SOa combustion products. These
can cause acidic corrosion of machine elements, which is avoided through
additives that increase the alkalinity of the lubricant. See Schmid and
Schmid (2001) for details.

* Detergents. Especially in diesel engines, carbon particulate can become
suspended in the lubricant and can coat and foul machine elements. De-
tergent additives maintain a suspension of particles, prolonging lubricant
life.

* ̂ n̂ /oamwg <nM:Mues. Antifoaming additives are added to ensure proper
flooding of contacts and pump operation.

aa*o%wes. For marine applications, it is
possible that lubricant can become contaminated with water. Additives
that force rapid separation of the water from the lubricant are utilized for
these applications.

. Antioxidants decrease the rate of oxidation of oil, which is
especially important at elevated temperatures.

corporated into certain industrial lubricants as described above.

4.9 Newtonian Fluids

The friction between surfaces that are completely separated (no asperity con-
tact) is due solely to the internal friction of the liquid, namely, its viscosity.
Newton in 1687 found that the absolute viscosity of a liquid 77 can be defined

77=- (4.1)
s

where
T = shear stress, N/m
s= shear strain rate, du/a!z, s"*
77 = absolute viscosity, N-s/m^

The viscosity of a fluid may be associated with its resistance to flow, that is,
with the resistance arising from intermodular forces and internal friction as the
molecules move past each other. Thick fluids such as molasses have relatively
high viscosity; they do not flow easily. Thinner fluids such as water have lower
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(a)

Shear strain rate, s Shear strain rate, s

Figure 4.5: Properties of a Newtonian fluid, (a) Effect of viscosity on shear
strain rate; (b) effect of shear stress on shear strain rate.

viscosity; they How very easily. The flow characteristics of Newtonian liquids
as a function of shear strain rate are shown in Fig. 4.5.

4.10 Newton's Postulate

Let us relook at Eq. (4.1) in the way Newton did, while making use of the
sketch shown in Fig. 4.6. Oil molecules were visualized as small balls that roll
along in layers between flat planes. Since the oil will "wet" and cling to the two
surfaces, the bottommost layer will not move at all, the uppermost layer will
move with a velocity equal to the velocity of the upper plane, and the layer in
between will move with a velocity directly proportional to the distance between
the two planes. This type of orderly movement in parallel layers is known as
"streamline," "laminar," or "viscous" flow.

Newton went on to define

, . M Mi Mg
s = shear strain rate = — = — = T" " '''

/t /ti /}g

Newton correctly deduced that the force required to maintain a constant
velocity M of the upper layer was proportional to the area yl and the velocity

(XXXXXXX) f i
" - Stationary plane

Figure 4.6: Physical illustration of Newton's postulate, where / = friction force,
N; /I = area, m^; M = velocity, m/s; 7t = film thickness, m.
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Table 4.10: Viscosity conversion factors.

To convert
from —

cP
kgf.s/m2
N.s/rr,2
lbf.s/in.2

To —
cP kgf.s/m-' N'S/m̂ lbf'S/in.̂

Muttipjy by —
1

9.807x103
103

6.9x106

1.02x10^4
1

1.02x10"!
7.03xlQ2

10-3
9.807
1

6.9xlQ3

1.45 x 10*7
1.422x10*3
1.4S x 10"̂

1

gradient or shear strain rate (s = M//i.):

(4.2)

where 77 is the proportionality constant, the viscosity coefficient, or the absolute
viscosity. Viscosity, absolute viscosity, and dynamic viscosity all mean the same
as denned above. By rearranging Eq. (4.2), absolute viscosity can be written

shear stress
shear strain rate

(4.3)

4.11 Units of Absolute Viscosity

It follows from Eq. (4.3) that the units of viscosity must be the units of shear
stress divided by the units of shear rate. The units of viscosity ?? for three
different systems are

1. SI system: N-s/m or, since a newton per square meter is also called a
pascal, Pa-s

2. cgs system: dyn-s/cm^ (dyne-second per square centimeter) or poise,
where 1 cP = 10*2 p

3. English system: Ibf-s/in. (pound-force-second per square inch), called a
reyn in honor of Osborne Reynolds

Conversion of absolute viscosity from one system to another can be facili-
tated by Table 4.10. To convert from a unit in the column on the left side of
the table to a unit at the top of the table, multiply by the corresponding value
given in the table.

Example 4.1

Given An absolute viscosity of 0.04 N-s/nA

Find The absolute viscosity in reyn, centipoise, and poise.
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Solution Using Table 4.10 while recognizing that a reyn = Ibf-s/in.̂  gives

77 = 0.04N-s/m̂  = (0.04) 1.45 x 10"" Ibf-s/in.^ = 5.8 x 10'̂  Ibf-s/in.̂

Note also that

77 = 0.04 N-s/m^ = 0.04Pa.s = 5.8 x 10"̂  Ibf-s/in.^

and
^ = 0.04 N-s/m^ = (0.04) (10̂ ) cP = 40 cP = 0.4 P

Example 4.2
Given An absolute viscosity of 1 reyn.

Find The absolute viscosity in centipoise.

Solution

1 reyn = 1 Ibf-s/in^ = 7.03 x 10̂  kgf-s/m^ = 6.9 x 10̂  cP

= 1 x 10"̂  reyn = 6.9 cP

4.12 Kinematic Viscosity

In many situations it is convenient to use kinematic viscosity rather than abso-
lute viscosity. The kinematic viscosity % is defined as

absolute viscosity n N - s/m ? , , < , \
- -

The ratio given in Eq. (4.4) is literally kinematic, all trace of force or mass
canceling out. The units of kinematic viscosity are

1. SI units: square meters per second (m̂ /s)

2. cgs units: square centimeters per second (cm̂ /s), called a stoke (St)

3. English units: square inches per second (in.̂ /s)

Table 4.11 shows the difference between absolute and kinematic viscos-
ity with increasing temperature for two types of lubricating oil. Because of
the decrease in density, the difference between absolute and kinematic viscos-
ity increases with increasing temperature. Absolute viscosity is required for
calculating elastohydrodynamic lubrication as related to rolling-element bear-
ings and gears. However, kinematic viscosity can be determined experimentally
more easily and with great precision and is therefore preferred for characterizing
lubricants.
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Table 4.11: Divergence between kinematic and absolute viscosity data with
increasing temperature. [J<̂ om Alaman

Temper-

ature

t^,
°c

0
20
40
60
80
100
120
150

ParafRnic base oil

Kinematic

viscosity

%,
mm^/s

287
78.4

30.2

14.7

8.33
5.3
3.65
2.33

Absolute

viscosity

??.
mPa-s

253
68
25.8

12.33

6.91
4.32
2.93
1.83

Viscosity

difference

A,
percent

13.4

15.3

17.1

19.2

20.5

22.7
24.6
27.3

Naphthenic base oil

Kinematic

viscosity

%,
mm^/s

1330
218
60.5
23.6
11.6
6.66
4.27
2.53

absolute

viscosity

?7,
mPa-s

1245
201.0
55.0
21.2
16.2
5.80
3.66
2.12

Viscosity
difference

A,
percent
6.8
8.5
10.0
11.3
13.7
14.8
16.7
19.3

4.13 Viscosity Grade System

The International Organization for Standardization (ISO) system is based on
the kinematic viscosity of the oil, in centistokes, at 40° C. Each viscosity grade
is numerically equal to the kinematic viscosity at the midpoint of the range.
To faH into a given viscosity grade, the oil must be within 10% of the midpoint
kinematic viscosity.

Figure 4.7 shows the various viscosity grades. The intent of this figure is
to show how the various designations and the grades within them compare.
The lowest grades are not presented because of space limitations. The Saybolt
universal viscosity unit given in this figure is a commercial measure of kine-
matic viscosity expressed as the time in seconds required for 60 cm^ of a fluid
to flow through the orifice of the standard Saybolt universal viscometer at a
temperature of 38°C.

Hersche! in 1918 found that the kinematic viscosity in centistokes can be
expressed in terms of a Saybolt second by the general formula

B

where .A and B are experimentally determined constants having units of cen-
timeters squared per second squared and centimeters squared, respectively. In
this expression t is expressed in Saybolt seconds. Values of 7t and B were
obtained from experiments, and the preceding equation became

= 0.22,- (4.5)

This equation is helpful in converting Saybolt seconds into kinematic viscosity
expressed in centistokes. The appropriate expression, if we know the kinematic
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Figure 4.7: Viscosity grade comparisons. [From

viscosity and wish to know what the Saybolt seconds would be, can be deter-
mined from the equation

= 2.27 (4.6)

Equations (4.5) and (4.6) are only valid when the kinematic viscosity % is
expressed in terms of centistokes and the time t in terms of Saybolt seconds.

Viscosity is the most important property of the lubricants employed in hy-
drodynamic and elastohydrodynamic lubrication. In general, however, a lubri-
cant does not simply assume a uniform viscosity in a given bearing. This results
from the nonuniformity of the pressure and/or the temperature prevailing in
the lubricant film. Indeed, many elastohydrodynamicaHy lubricated machine
elements operate over ranges of pressure and/or temperature so extensive that
the consequent variations in the viscosity of the lubricant may become substan-
tial and, in turn, may dominate the operating characteristics of the machine
element. Consequently, an adequate knowledge of the viscosity-pressure and
viscosity-pressure-temperature relationships of lubricants is indispensable. The
next three sections deal with such relationships.
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Table 4.12: Absolute and kinematic viscosities of fluids at atmospheric pressure
and three temperatures. [.Phwt Jone3 e^ a

Fluid

Advanced ester

Formulated advanced ester

Polyalkyl aromatic

Synthetic parafHnic oil (lot 3)

Synthetic parafHnic oil (lot 4)

Synthetic parafHnic oil (lot 2)

plus antiwear additive

Synthetic parafHnic oil (lot 4)

plus antiwear additive

C-ether

SuperreHned naphthenic mineral oil

Synthetic hydrocarbon (traction fluid)

Fluorinated polyether

Temperature, t̂ , °C

38
Abso

99 149
ute viscosity

at p = 0

?70,
cP

25.3
27.6
25.5
414
375
370

375

29.5
68.1
34.3
181

4.75

4.96

4.08

34.3
34.7
32.0

34.7

4.67
6.86
3.53
20.2

2.06
2.15
1.80
10.9
10.1
9.93

10.1

2.20
2.74
1.62
6.68

38 99 149
Kinematic viscosity

at p=0

% x 10̂ ,
m^/s

2.58

2.82

3.0
49.3
44.7
44.2

44.7

2.5
7.8
3.72
9.66

0.51
0.53
0.50
4.26
4.04
4.0

4.04

0.41
0.82
0.40
1.15

0.23
0.24
0.23
1.4
1.3
1.29

1.3

0.20
0.33
0.19
0.4

4.14 Viscosity-Pressure Effects

As long ago as 1893, Barus proposed the following formula for the isothermal
viscosity-pressure dependence of liquids:

ln^- = ̂ p (4.7)

where
In = natural, or Napierian, logarithm, logg
7/0 = absolute viscosity at p = 0 and at a constant temperature, N-s/m
^ = pressure-viscosity coefficient of the lubricant dependent on

temperature, m^/N
p = pressure, N/m^

Table 4.12 lists the kinematic viscosities in square meters per second and
absolute viscosities in centipoise of 11 lubricants at zero pressure and three tem-
peratures. These values of the absolute viscosity correspond to % in Eq. (4.8)
for the particular fluid and temperature used. The manufacturer and the man-
ufacturer's designation for these 11 lubricants are given in Table 4.13 and the
pressure-viscosity coefficients ̂ , expressed in square meters per newton, in Table
4.14. The values correspond to ̂  used in Eq. (4.7).

Although Eq. (4.7) is extensively used, it is not generally applicable and is
valid as a reasonable approximation only at moderate pressures. Because of this
shortcoming of Eq. (4.7), several isothermal viscosity-pressure formulas have
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been proposed that usually At experimental data better than that suggested
by Barus (1893). One of these approaches, which is used in this book, was
developed by Roelands, who undertook a wide-ranging study of the effect of
pressure on lubricant viscosity. For isothermal conditions the Roelands (1966)
formula can be written as

log?; + 1.200 = (log% + 1.200) (l + ĝ )̂  (4.8)

where

log = common, or Briggsian, logarithm, logic
77 = absolute viscosity, cP
% = absolute viscosity at p = 0 and a constant temperature, cP
p = gage pressure, (kĝ ce/cm̂
Zi = viscosity-pressure index, a dimensionless constant

Taking the antilog of both sides of Eq. (4.8) and rearranging terms gives

Rearranging this equation gives

/ \i-(i+p/'p)̂ (4.10)
?7o

where

f?3. = 6.31 x 10-5 N.g/nî  (9.15 x 10*̂

Cp = 1.96 x 1QS N/m2 (28,440 lbf/in.̂ )

In Eq. (4.10) care must be taken to use the same dimensions in defining the
constants ??3o and Cp as are used for 770 and p.

Figure 4.8 compares the Barus equation [Eq. (4.7)] with the Roelands equa-
tion [Eq. (4.10)] for three different fluids presented in Tables 4.12 to 4.15. The
temperature is fixed at 38°C. This figure indicates that for pressures normally
experienced in elastohydrodynamicaHy lubricated conjunctions (̂ 1 GPa), the
difference between the two formulas is appreciable. Figure 4.8 shows that the
viscosity rises more rapidly for the Barus formula than for the Roelands formula
for oils 1 and 2, but for oil 3 the Roelands formula rises more rapidly than the
Barus formula. The difference between the formulas varies with the lubricant,
the difference being less for the traction fluid. When the pressure approaches
zero, the two formulas produce the same viscosity.

Table 4.15 gives values of the viscosity-pressure index Zi as obtained from
Jones et al. (1975) for the same lubricants considered in Tables 4.12 to 4.14.
Roelands (1966) found that for most fluids Zi is usually constant over a wide
temperature range. This is confirmed in Table 4.15, the only exceptions being
the synthetic hydrocarbon (traction fluid) and the C-ether.
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Table 4.13: Fluids with manufacturer and manufacturer's designation. [From
Jones e; aA

Ftuid
Advanced ester

Formulated advanced ester

Polyalkyl aromatic
Synthetic parafUnic oil (lot 3)
Synthetic parafnnic oil (lot 4)
Synthetic parafnnic oil (lot 2) plus
antiwear additive
Synthetic parafnnic oil (lot 4) plus
antiwear additive
C-ether superrefined naphthenic
mineral oil
Synthetic hydrocarbon
(taction fluid)
Fluorinated polyether

Manufacturer
Shell Oil Co.

Shell Oil Co.

Continental Oil Co.
Mobil Oil Co.
Mobil Oil Co.
Mobil Oil Co.

Mobil Oil Co.

Humble Oil and
Refining Co.
Monsanto Co.

DuPont Co.

Designation
Aeroshell turbine oil 555
(base oil)
Aeroshell turbine oil 555
(WRGL - 358)
DN-600
XRM 109-F3
XRM 109-F4
XRM 177-F2

XRM 177-F4

FN 2961

MCS-460

PR 143 AB (lot 10)

Table 4.14: Pressure-viscosity coefficients for fluids at three temperatures.
[From Jones ei a?.

Fluid

Advanced ester
Formulated advanced ester
Polyalkyl aromatic
Synthetic parafnnic oil (lot 3)
Synthetic parafnnic oil (lot 4)
Synthetic parafHnic oil (lot 2) plus
antiwear additive
Synthetic parafHnic oil (lot 4) plus
antiwear additive
C-ether
Superrefined naphthenic mineral oil
Synthetic hydrocarbon (traction fluid)
Fluorinated polyether

Temperature t^t, °C
38 99 149

Pressure-viscosity coefHcient,

1.28 xlO""
1.37 xlO"S
1.58 xlO*s
1.77 xlO"S
1.99 xlO"S
1.81 xlO"S

1.96 xlO*s

1.80 xlO*s
2.51 xlO"S
3.12 xlO*s
4.17 xlO*s

0.987 xlO*s
1.00 xlO*s
1.25 xlO"S
1.51 xlO*s
1.51 xlO"^
1.37 xlO-s

1.55 xlO"^

0.980 xlO"^
1.54 xlO"S
1.71 xlO-s
3.24 xlO"S

0.851 xlO""
0.874 xlO*s
1.01 xlO*^
1.09 xlO"^
1.29 xlO*s
1.13 xlO"^

1.25 xlO*s

0.795 xlO*^
1.27 xlO"^
0.939 xlO"S
3.02 xlO*^
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Figure 4.8: Comparison of absolute viscosity obtained from Barus' and Roe-
lands' formulas for a wide range of pressure. Results are shown for three
different lubricants at 38°C; oil 1 — synthetic parafHnic oil (lot 3); oil 2 —
superrefined naphthenic mineral oil; oil 3 — synthetic hydrocarbon (traction
fluid).

Blok (1965) arrived at the important conclusion that all elastohydrody-
namic lubrication results achieved from the Barus formulas [Eq. (4.7)] can be
generalized, to a fair approximation, simply by substituting the reciprocal of
the asymptotic isoviscous pressure l/ptu,as for the pressure-viscosity coefficient
occurring in those results. This implies

1

where
f°rJP

= % /
70 ??

(4.11)

Substituting Eq. (4.7) into (4.11) quickly proves that ̂  = l/p̂ as-
The preceding can be used to find a tie between the pressure-viscosity

coefficient ̂  used in the Barus formula [Eq. (4.7)] and the viscosity-pressure
index Zi used in the Roelands formula [Eq. (4.10)]. Making use of the fact
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Table 4.15: Dimensionless viscosity pressure index for fluids at three tempera-
tures. [.H"om Jones e% a

Fluid

Advanced ester

Formulated advanced ester

Polyalkyl aromatic
Synthetic parafHnic oil (lot 3)
Synthetic parafHnic oil (lot 4)
Synthetic parafHnic oil (lot 2) plus
antiwear additive
Synthetic parafEnic oil (lot 4) plus
antiwear additive
C-ether
Superrefined naphthenic mineral oil
Synthetic hydrocarbon (traction fluid)
Fluorinated polyether

Temperature (̂ , °C
38 99 149 38 99 149

Dimensionless viscosity-pressure index,

From Jones et al. (1975)
0.48
0.49
0.55
0.43
0.44
0.43

0.44

0.72
0.67
1.06
0.77

0.48
0.47
0.54
0.44
0.46
0.44

0.46

0.50
0.67
0.85
0.79

0.48
0.49
0.55
0.39
0.47
0.43

0.46

0.50
0.64
0.69
0.80

From Eq. (4.12)

0.42

0.44
0.52
0.40
0.45
0.41

0.44

0.57
0.71
0.97
1.03

0.45
0.45
0.59
0.47
0.47
0.43

0.48

0.45
0.64
0.83
1.10

0.48
0.49
0.59
0.42
0.50
0.44

0.48

0.44
0.66
0.57
1.27

that the two different formulas approach each other as the pressure approaches
zero gives

Making use of Eq. (4.10) gives

But
1

1.96x

=In (6.

-hl77oo)

= 5.1 x 10"

(4.12)

31 x 10 = -9.67

. v =
" * 5.1x10-9 (In 770 + 9.67)

This equation is unit sensitive and only applicable for SI units. Equation (4.12),
which is general, thus enables one to quickly determine the viscosity-pressure
index directly from knowing the pressure-viscosity coefficient, or vice versa.

Table 4.15 also compares the viscosity-pressure indexes as obtained from
Jones et al. (1975) and from Eq. (4.12) for the same Huids considered in Ta-
bles 4.12 to 4.14. The agreement between the two methods of obtaining Zi is
quite good, the exception being the fluorinated polyether. Thus, Eq. (4.12) can
be useful for relating the viscosity as obtained from the Roelands and Barus
formulas.
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Example 4.3

Given Both mercury and water have an absolute viscosity of 1.5 cP at 5°C,
but mercury has 13.6 times higher density than water. Assume that no change
in density occurs when the temperature is increased.

Find The kinematic viscosities of mercury and water at 5°C and at 90°C.
Solution Figure 4.2 gives the absolute viscosities of various fluids as a func-
tion of temperature. At 90°C the absolute viscosity of water is 0.32 cP, and for
mercury it is 1.2 cP. The kinematic viscosity of mercMr?/ at 5 °C is

_ 77 _ 1.5(10-3) ̂  , _g. 2

At 90° C it is

The kinematic viscosity of wa^er at 5°C is

At 90° C it is

Although mercury has the same absolute viscosity as water at 5°C and 3.75
times higher absolute viscosity at 90° C, the kinematic viscosities for mercury
are much lower than those for water because of mercury's high density.

Example 4.4

Given A synthetic paraffin has an absolute viscosity of 32 cP at 99° C , and
a Huorinated polyether has an absolute viscosity of 20.2 cP at 99°C.
Find
(a) The pressure at which the two oils have the same absolute viscosity.
(b) The pressure at which the paraffin is 100 times less viscous than the
polyether.
Solution
(a) From Table 4.15 the pressure-viscosity coefficient at 99°C for the paraffin
is 1.37 xlQ-s m^/N and for the polyether it is 3.24 x 10*̂  m^/N. Using the
Barus equation (Eq. 4.7) while equating the viscosity gives

1.37xlO"Sp _ 3.24xlO"Sp
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But
1.58 = e°'"

Therefore
0.46+1.37xlO"Sp _ 3.2

p = 24.6 x 10" Pa = 24.6 MPa

(b) Using the Barus equation [Eq. (4.7)] while letting the paraffin be 100 times
teas viscous than the polyether gives

1.58 (100) el.37*10-Sp = g3.24xlO-*p

But
158 = eS'°63

Therefore
5.063+1.37xlO"Sp _ 3.24xlO*^p

p = 2.71 x 1QS Pa = 0.271 GPa

4.15 Viscosity- Temperature Effects

The viscosity of mineral and synthetic oils decreases with increasing temper-
ature. Therefore, the temperature at which the viscosity was measured must
be quoted with every viscosity reported. Figures 4.2 and 4.9 show how abso-
lute viscosity varies with temperature. The absolute viscosity of a number of
different fluids for a wide range of temperatures is presented in Fig. 4.2. The
interesting point of this figure is how drastically the slope and the level of vis-
cosity change for different fluids. The viscosity varies five orders of magnitude,
with the slope being highly negative for the SAE oils and positive for gases.
Figure 4.9 gives the viscosity-temperature effect for the SAE Oils.

The expression used by Roelands (1966) to describe the effect of tempera-
ture on viscosity is given as

log (log 77+ 1.200) =: -3olog l + + log Go (4.13)
\ °̂/

where
77 = absolute viscosity, cP
irn = temperature, °C
Go = dimensionless constant indicative of viscosity grade of liquid
Fo = dimensionless constant that establishes slope of viscosity-temp-

erature relationship
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Figure 4.9: Absolute viscosities of SAE lubricating oils at atmospheric pressure.
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Taking the antilog of Eq. (4.13) gives

Iog7?+ 1.2 = Go X 10-̂ 'og(l+̂ /13S) ^ ̂)

Equation (4.14) can be expressed in dimensionless terms as

where

= 6.31 x 10"̂  N-s/m^ fg.15 x 10*̂

Besides the variations of viscosity with temperature, a number of other
thermal properties of fluids are important in lubrication. Some of these are
specific heat, volumetric specific heat, thermal conductivity, and thermal diffu-
sivity. The volumetric specific heat Cg is defined as the density multiplied by
the specific heat (C*g = pCp) and therefore has the units of kilojoules per degree
Celsius per cubic meter (kJ/°C - m̂ ). Winer and Cheng (1980) point out that
C*g is relatively constant for classes of fluids based on chemical composition.

Winer and Cheng (1980) also point out that the thermal conductivity A*/,
like the volumetric specific heat, is relatively constant for classes of lubricants
based on chemical composition. For mineral oils the thermal conductivity is
between 0.12 and 0.15 W/m-°C. Recall that a watt is equivalent to a joule per
second (W = J/s), a joule is equivalent to a newton-meter (J = N-m), and a

newton is equivalent to a kilogram-meter per second squared f N = kg-m/s ) .

Typical values of thermal properties of other fluids are shown in Table 4.16. In
this table the thermal diffusivity is defined as .

Example 4.5
Given An SAE 10 oil is used in a car motor where the working temperature
is 110 °C.

Find How many times more viscous would the oil be if the motor were used
in arctic conditions where the working temperature is — 30°C?

Solution Figure 4.9 gives the viscosity at 110°C to be 3.3 cP and, by ex-
trapolation, to be 10** at -30°C. The viscosity ratio is 10̂ /3.3 = 3030. The oil
is 3030 times more viscous at -30°C than at 110°C.

4.16 Viscosity-Pressure-Temperature Effects

Viscosity is extremely sensitive to both pressure and temperature. This ex-
treme sensitivity forms a considerable obstacle to the analytical description
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Table 4.16: Typical thermal properties of some liquids. [From tV

Temp-

ature

°̂C

Density
P.

kg/m3

Specific
heat
Cp,

kJ/kg °C

Kinematic
viscosity
% = "7/A
m2/s

Thermal
conductivity

/̂.
W/m°C

Thermal
diffusivity

at = R*f//3-Cp,
mS/s

Glycerin (CsHs (OH).j)
0
10
20
30
40

1276
1270
1264
1258
1252

2.261
2.319
2.386
2.445
2.512

0.00831
0.00300
0.00118
0.00050
0.00022

0.282
0.284
0.286
0.286
0.286

0.983 xlO"'
0.965 xlO"7
0.947 xlO-7
0.929 xlQ-7
0.914 xlO**?

Ethylene glycol (CsĤ OĤ )
0
20
40
60
80

1130
1116
1101
1087
1077

2.294
2.382
2.474
2.562
2.650

57.53 xlO""
19.18 xlO-s
8.69 xlO-s
4.75 xlO"6
2.98 xlO"6

0.242
0.249
0.256
0.260
0.261

0.934 xlO*'
0.939 xlO-?
0.939 xlO"7
0.932 xlO"7
0.921 xlO"?

Engine oil (unused)̂
0
20
40
60
80
100
120
140
160

899
888
876
864
852
840
828
816
805

1.796
1.880
1.964
2.047
2.131
2.219
2.307
2.395
2.483

0.00428
0.00090
0.00024

0.839 xlO"4
0.375x10""
0.203 xlO"4
0.124 xlO"4
0.080 xlO"4
0.056 xlO"4

0.147
0.145
0.144
0.140
0.138
0.137
0.135
0.133
0.132

0.911 xlO"'
0.872 xlO"^
0.834 xlO*?
0.800 xlO"^
0.769 xlO-?
0.738 xlO"^
0.710 xlO"^
0.686 xlO-7
0.663 xlO"^

Mercury (Hg)
0
20
50
100
150
200

13,628
13,579
13,505
13,384
13,264
13,144

0.1403
0.1394
0.1386
0.1373
0.1365
0.1570

0.1240 xlO""
0.1140 xlO"°
0.1040 xlO"6
0.0928 xlO-s
0.0853 xlO"6
0.0802 xlO-s

8.20
8.69
9.40
10.51
11.49
12.34

42.99 xlO"'
46.06 xlO"7
50.22 xlO"^
57.16 xlO-?
63.54 xlO"^
69.08 xlQ-7

Diester
30 910 1.93 — 0.151 0.860 xlO*"'

Phosphate ester
30 1060 1.76 — 0.125 0.670 xlO"^

Polyglycol
30 1000 1.97 — 0.125 0.670 xlO"'

Polyphenyiether
30 1180 1.80 — 0.132 0.621 xlO"'

Dimethyl silicone
30 970 1.42 — 0.142 1.03 xlO"^

Chloronuorocarbon

30 1900 1.22 — 0.069 0.298 xlO"'
Fluorinated polyether

30 1870 0.96 — 0.093 0.518 xlO*'
: viscosity values should only be used if no other

lubricant is available. The thermal properties (p, (7p,
representative of most mineral oils.

information on the particular
should be
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of the consequent viscosity changes. Roelands (1966) noted that at constant
pressure the viscosity increases more or !ess exponentially with the reciprocal
of absolute temperature. Similarly, at constant temperature the viscosity in-
creases more or tess exponentially with pressure as shown earlier in this chapter.
In general, however, the relevant exponential relationships constitute only first
approximations and may be resorted to only in moderate-temperature ranges.

From Roelands (1966) the viscosity-temperature-pressure equation can be
written as

log?? + 1.200 = Go - , - (4.16)
°

Comparing Eqs. (4.10) and (4.14) with the preceding equation reveals
the contribution of the pressure and temperature effects that are contained in
Eq. (4.16). Equation (4.16) can also be expressed as

_U_ ̂  ̂QG.(l+

f?0 %

According to Eq. (4.17), four parameters (Go, <%! Qs, and D2) that are
determined experimentally are sufficient to enable the viscosity 77 to be ex-
pressed in centipoise as a function of temperature ̂  in degrees Celsius and
gage pressure p in kilograms per square centimeter.

4.17 Viscosity-Shear Rate Effects

Liquids whose viscosities are independent of the shear rate are known as "New-
tonian." Liquids whose viscosities vary with shear rate are known as "non-
Newtonian." Figure 4.10 shows viscosity and shear stress versus shear rate for
Newtonian and non- Newtonian fluids. In Fig. 4.10a the pseudoplastic fluids
show a decrease in viscosity with increasing shear rate. This behavior may
be restricted to ranges of shear rate. The dilatant fluid shows an increase in
viscosity with increasing shear rate.

In Fig. 4.10b the shear stress is shown as a function of shear rate for a
Newtonian, a pseudoplastic, and a dilatant fluid and a Bingham solid. A Bing-
ham solid is a plastic solid such as a grease that flows only above a certain
yield shear stress. The pseudoptastic fluids are characterized by linearity at
extremely low and extremely high shear rates. The dilatant fluid exhibits an
increase in apparent viscosity with increasing shear rate. An explanation of this
behavior in the case of suspensions is that particles in a concentrated suspension
will be oriented at rest so that the void space is a minimum. The suspending
liquid is just sufficient to fill the voids in this state. The increase in voidage
caused by shearing a dilatant material means that the space between particles
becomes incompletely filled with liquid. Under these conditions of inadequate
lubrication the surfaces of adjacent particles come into direct contact, causing
an increase in apparent viscosity with increasing shear rate.
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Shear strain rate, s Shear strain rate, s

Figure 4.10: Characteristics of different fluids as a function of shear rate: (a)
viscosity; (b) shear stress.

4.18 Viscosity Index

To better evaluate the relationship between viscosity and temperature, Dean
and Davis (1929) developed an arbitrary system of comparison called a "vis-
cosity index" (VI). The standard of comparison is based on Pennsylvania oils
refined by the sulfuric acid method and on Texas or California oils refined by the
same process. The Pennsylvania oils thinned (became less viscous) less rapidly
than other types of mineral oils when subjected to increases in temperature.
Those oils were rated 100 for this property. The Texas naphthenic oils were
rated 0.

Although oils have changed considerably since 1929, the interest in ex-
pressing the relative change of viscosity with temperature has not. As far as
evaluating between two limits is concerned, there is no question as to the sense
and meaning of the viscosity index. A viscosity index of 75 means that the
quality of an oil with regard to viscosity has reached 75% of the range from
the poorest naphthenic oil (VI = 0) to the best Pennsylvania oil (VI = 100).
When the limiting oils were selected, no allowance was made for development
in manufacturing methods and the introduction of synthetic lubricants. As a
result, lubricants are produced today with viscosity indices that are consider-
ably higher than 100 [Mishra and Saxton (1995) report VI up to 170 for some
multigrade oils]. It is nevertheless customary to compute the viscosity index
according to the formula

100 (4.18)

where
L = Saybolt universal viscosity (SUV) of reference oil of low VI
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100 210
Temperature, °F

Figure 4.11: Graphical explanation of viscosity index, where L = low VI oil, a;
= unknown oil, and 77=high VI oil.

= SUV of reference oil of high VI
= SUV of unknown oil

Note that the values of L, R\ and a; are assumed to be equal at 100°C. Equation
(4.18) is expressed graphically in Fig. 4.11.

Figure 4.11 shows how the viscosity index is obtained. The figure shows
that the two reference oils and the unknown oil have the same Saybolt viscosity
at 100°C. At 38°C the Saybolt viscosities are different, and these values of Z,
F, and a; are then used in Eq. (4.18).

Table 4.17 gives tabular values of F and Z at 38°C for given values of the
Saybolt universal viscosity of the unknown oil at 100°C. These values are to be
used in Eq. (4.18).

Viscosity index improvers are often added to automotive oils to reduce the
loss of viscosity at high temperatures. These are usually soluble polymers,
summarized in Fig. 4.12, whose structure is temperature dependent. At low
temperatures, the polymer molecules coil into a ball-like shape, providing very
little additional resistance to lubricant shear. However, at elevated tempera-
tures, the molecules uncoil and provide considerable resistance to shear; the
effect is that the viscosity does not fall as much with a VI improver in the
formulation.

Copyright © 2004 Marcel Dekker, Inc.



104 FUNDAMENTALS OF FLUID FILM LUBRICATION

Table 4.17: Viscosity-index data to be used in Eq. (4.18) [.From; Tin
/rom ̂ 4<?TM D567, "̂ andar̂  Mê /tod /or Câ ciJaim̂  Vtgcos^y

SUV
at 100 °C

37

40
41
42
43
44
45

46
47
48
49
50

51
52
53
54
55

56
57
58
59
60

61
62
63
64
65

66
67
68
69
70

71
72
73
74
75

76
77
78
79
80

SUV at 38 °C

N
93
109
124
140
157
173

189
205
222
238
255

272
288
305
322
339

356
374
391
408
426

443
461
478
496
514

532
550
568
586
604

623
641
660
678
697

716
734
753
772
791

L
107
137
167
197
228
261

291
325
356
389
422

456
491
525
561
596

632
669
706
743
781

819
857
897
936
976

1016
1057
1098
1140
1182

1225
1268
1311
1355
1399

1444
1489
1534
1580
1627

SUV
at 100 °C

ar
—
81
82
83
84
85

86
87
88
89
90

91
92
93
94
95

96
97
98
99
100

101
102
103
104
105

106
107
108
109
110

111
112
113
114
115

116
117
118
119
120

SUV at 38 °C

H
—
810
829
849
868
888

907
927
947
966
986

1006
1026
1046
1066
1087

1107
1128
1148
1168
1189

1210
1231
1252
1273
1294

1315
1337
1358
1379
1401

1422
1444
1466
1488
1510

1532
1554
1576
1598
1620

L
—
1674
1721
1769
1817
1865

1914
1964
2014
2064
2115

2166
2217
2270
2322
2375

2428
2481
2536
2591
2646

2701
2757
2814
2870
2928

2985
3043
3102
3161
3220

3280
3340
3400
3462
3524

3585
3648
3711
3774
3838

SUV
at 100 °C

37

121
122
123
124
125

126
127
128
129
130

131
132
133
134
135

136
137
138
139
140

141
142
143
144
145

146
147
148
149
150

151
152
153
154
155

156
157
158
159
160

SUV at 38 °C

7?

—1643
1665
1688
1710
1733

1756
1779
1802
1825
1848

1871
1894
1918
1941
1965

1988
2012
2036
2060
2084

2108
2132
2156
2180
2205

2229
2254
2278
2303
2328

2353
2378
2403
2428
2453

2478
2503
2529
2554
2580

L
—
3902
3966
4031
4097
4163

4229
4296
4364
4430
4498

4567
4636
4705
4775
4845

4915
4986
5058
5130
5202

5275
5348
5422
5496
5570

5645
5721
5796
5873
5949

6026
6104
6182
6260
6339

6418
6498
6578
6659
6740
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Ethylene-propylene copolymer Ethylene-propylene-diene terpolymer

I m ' ' " ' ' i 'm' ^ i 'I

CH^ CH^ CHs

Hydrogenated diene-styrene copolymer Polymethacrylate copolymer

CH^ CH^

-C^ — (CH^-Cih — (CH

C-O C-O C-O
i l l

? ? ?

I I I

Figure 4.12: Summary of common viscosity index improver molecules.

Example 4.6
Given Suppose that an unknown oil has a Saybolt universal viscosity of 2730
SUV at 38° C and 120 SUV at 100°C.
Find What is the VI of the oil?
Solution

From the first column of Table 4.17, find the two oils that will have Saybolt
universal viscosity of 120 SUV at 100°C. Therefore,

F = 1620 SUV at 38°C

L = 3838 SUV at 38° C

Thus, making use of Eq. (4.17) for ̂ =2730 SUV gives

4.19 Oxidation Stability

The chemical reaction whereby oxygen in air combines with hydrocarbon in
an oil is called "oxidation." Straight mineral oils possess a certain resistance
to oxidation during the early stages of service, but subsequently deterioration
due to oxidation tends to accelerate. Operating conditions where oxidation can
occur are
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1. High temperature

2. Presence of metallic wear particles

3. Presence of moisture and other contaminants, such as sludge, dirt, rust,
and other corrosion products

4. Churning and agitation

Oxidation of straight mineral oils proceeds very slowly at room tempera-
ture; at 140°F (60°C) oxidation is still slow but significant; and above 200°F
(93° C) it is greatly accelerated.

Oil oxidation products are undesirable for the following reasons: Insoluble
products (sludge) may prevent effective lubrication due to clogging. Soluble
products circulating with the oil tend to be acidic and eventually either lead
to corrosion or pitting of bearing surfaces or form varnish deposits on parts
operating at high temperatures.

4.20 Pour Point

The pour point is the lowest temperature at which a lubricant can be observed
to How under specified conditions. Oils, especially those used in automotive lu-
bricants, generally contain some parafRnic wax that was not removed during re-
fining. At low temperatures, these waxes crystallize and form three-dimensional
lattices that interfere with normal oil flow. Pour point is related to viscosity,
since its concern is if the oil will flow at low temperatures or just barely How
under prescribed conditions.

Oils used under low-temperature conditions must have low pour points.
Oils must have pour points (1) below the minimum operating temperature of
the system and (2) below the minimum surrounding temperature to which the
oil will be exposed.

While removal of the residue waxes from the oil is somewhat expensive,
pour point depressants are an economical alternative to reduce the pour point
of lubricants. The most common pour point depressants are the same additives
used for viscosity index improvement. The mechanism through which these
molecules reduce pour point is still poorly understood and somewhat contro-
versial. It has been suggested that these molecules adsorb into the wax crystals
and redirect their growth, forming smaller and more isotropic crystals that
interfere less with oil How.

4.21 Density

The effects of temperature on viscosity were found in Sec. 4.15 to be important.
For a comparable change in pressure, temperature, or both, the density change
is small relative to the viscosity change. However, extremely high pressure exists
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in elastohydrodynamic films, and the lubricant can no longer be considered as
an incompressible medium, it is therefore necessary to consider the dependence
of density on pressure.

The variation of density with pressure is roughly linear at low pressures,
but the rate of increase falls off at high pressures. The limit of the compression
of mineral oils is only 25%, for a maximum density increase of about 33%. From
Dowson and Higginson (1966) the dimensionless density for mineral oil can be
written as

where
po = density when p = 0, kg/m^
p = gage pressure, GPa

Therefore, the general expression for the dimensionless density can be written

where

E = modulus of elasticity, Pa
^ = Poisson's ratio

and where E" in Eq. (4.20) must be expressed in gigapascals and J-* = P/E'.

Equation (4.20) states that the variation of density with pressure is roughly
linear at low pressures but that its rate of increase falls off at high pressures.
The maximum density increase from atmospheric pressure is 35%. The data
used in obtaining Eq. (4.20) were restricted to relatively low pressures (<0.4
GPa).

Hamrock et al. (1987) obtained experimental data showing the effect of
pressure on density for a range of pressures from 0.4 to 2.2 GPa and for six base
fluids at an assumed constant temperature of 20°C. The six base fluids tested are
listed in Table 4.18 along with corresponding kinematic viscosity and average
molecular weight. An important parameter used to describe the results is the
change of relative volume with change of pressure, d%/a!p. For pressures less
than the solidification pressure (p < Ps), a small change in pressure results in
a large change in dVr/dp. For pressures greater than the solidification pressure
(p > Ps), there is little change in d%/dp. Once the molecules of the lubricant
become closely packed, increasing the pressure fails to alter the value of d%/dp.

In elastohydrodynamic lubrication, which is covered more fully later in the
text, the rate of pressure increase is extremely high, typically 10̂  Pa/s. The
lubricant under these conditions will not have time to crystallize but will be
compressed to an amorphous solid. Physically, this means that as the lubricant
is compressed, the distance between the molecules of the lubricant becomes
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Table 4.18: Base fluids tested, with corresponding kinematic viscosity and av-
erage molecular weight. [/̂ *om Ramroc%; ei aZ.

Base fluid

Naphthenic distillate
Naphthenic rafHnate
Polypropylene glycol 1
Polypropylene glycol 2
Ditridecyl adipate
Polyalphaolefin

Kinematic viscosity
at 40° C %,
mm^/s
26
23
175
80
26
450

Average
molecular
weight
300
320
2000
2000
520
500

smaller and smaller. There exists a point where the molecules are not free to
move and any further compression will result in deformation of the molecules.
The pressure where this first starts to occur is the solidification pressure, which
varies considerably for the different lubricants.

Figure 4.13 shows change in relative volume with changing pressure for
six base fluids. The solidification pressure varies considerably for the different
base fluids tested. Furthermore, for p < Ps the experimental data assume
different slopes for the different base fluids. A new pressure-density formula
was developed by Hamrock et al. (1987) that describes the effect of pressure
on density in terms of four constants. It is given here.

1

1-C3P+C4

for p <

for p >

\-2

\-l

mpj;
2C

where
= 1 + -r- (p;) + (n.2 - s) p;

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

and p; is the initial pressure in gigapascals. Experimentally obtained values
of 771,, n.2, and p^ for each base fluid are given in Table 4.19; Table 4.20 gives
corresponding values of Oi, C2, C*3, and C,{.

Hamrock et al. (1987) used their derived formula in obtaining Fig. 4.14,
which shows the effect of pressure on density for two of the fluids. Also in this
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.18

.16

.14

.12

.10

.08

.06

. .04

.02

.18

.14

.12

.10

.08

.oe:

.04

Fluid Kinematic
viscosity
at40°C,
(mm)Vs

O Naphthenic distillate 26
A Polypropylene glycoll 175
rj Ditridecyl adipate 26

.02

V Naphthenic raffinate 23
/\ Polypropylene glycol 2 80
X Poly alpha olef in 450

0 .4 1.2 1.6 2.0
Pressure, GPa

2.4 2.8

Figure 4.13: Effect of pressure on relative volume for six base fluids. Constant
temperature of 20° C assumed. [From RamrocA; ei a?.
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Table 4.19: Parameters obtained from least-squares fit of experimental data.
7̂ om FamrocA; ei a/.

Base fluid

Naphthenic distillate
Naphthenic rafHnate
Polypropylene glycol 1
Polypropylene glycol 2
Ditridecyl adipate
Polyalphaolenn

Slope
m,

(GPa)-2
-0.626
-0.336
-0.271
-0.195
-0.115
-0.0958

Asymptote

"2,
(GPa)-l

0.0538
0.0542
0.0360
0.0395
0.0395
0.0439

Solidification pressure
Ps,
GPa
0.706
0.839
1.092
1.213
1.561
1.682

figure is the pressure-density curve obtained from Dowson and Higginson (1966).
As the pressures increased above 2 GPa, the deviation between the Dowson and
Higginson (1966) formula and the present results also increased. For pressures to
2 GPa for the naphthenic distillate there was good agreement with the Dowson
and Higginson (1966) formula. The same cannot be said for the poly alpha
olefin. It is anticipated that these deviations from the normally used Dowson
and Higginson pressure-density formula will significantly influence the definition
of the pressure profile in elastohydrodynamically lubricated conjunctions.

Furthermore, it can be observed from Fig. 4.14 that for fluids other than
mineral oils the Dowson and Higginson (1966) formula is not valid, as demon-
strated with polyalphaolefin. Therefore, Hamrock et al. (1987) claim that
Eqs. (4.21) and (4.22) are valid for any lubricant as long as there are measured
values for the constants C*i, (72, Cg, and Ĉ  as well as for m, ng, and p^.

4.22 Limiting Shear Stress

For most fluid film lubrication analyses the lubricant is assumed to behave in
a Newtonian manner. This implies from Eq. (4.1) that the shear stress T is

Table 4.20: Constants used in defining effect of pressure on density,
et a/

Base fluid

Naphthenic distillate
Naphthenic rafHnate
Polypropylene glycol 1
Polypropylene glycol 2
Ditridecyl adipate
Poly alpha olefm

Pressure-density constants
Ci, (GPa)"̂

-0.271
-0.151
-0.121
-0.0887
-0.0531
-0.0444

Cs, (GPa)"'
0.430
0.302
0.297
0.251
0.202
0.190

Cs, (GPa)"'
0.0466
0.0487
0.0323
0.0395
0.0365
0.0407

C4
-0.135
-0.106
-0.145
-0.131
-0.129
-0.126
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—O— Data from Dowson-Higginson formula (eq. (4-20))
— O — Naphthenic distillate (eqs. (4-21) and (4-22))
— A— Poly alpha olefin (eqs. (4-21) and (4-22))

1.0 1.5 2.0 2.5 3.0
Pressure, GPa

3.5 4.0 4.5 5.0

Figure 4.14: Effect of pressure on density. [Fh?m RamrocA;

linearly related to the shear strain rate s, or

T
(4.27)

where ?? is the absolute viscosity or proportionality constant and may vary with
both pressure and temperature. However, the lubricant in elastohydrodynam-
ically lubricated conjunctions experiences rapid and extremely large pressure
variations, a rapid transit time, possibly large temperature changes, and par-
ticularly in sliding contacts, high shear rates. The great severity of these condi-
tions has called into question the normal assumptions of Newtonian behavior of
the fluids in elastohydrodynamically lubricated conjunctions. This implies that
the lubrication shear stress is still a function of the shear strain rate but that
the relationship is no longer linear as shown in Eq. (4.27). For a fluid having
non-Newtonian characteristics, the shear rate increases more rapidly than the
shear stress.

Figure 4.15 shows the relationship between the dimensionless shear strain
rate and the dimensionless shear stress for three nonlinear, viscous rheological
fluid models. Isothermal conditions are assumed. The two limiting-shear-stress
models shown in Fig. 4.15 were obtained from Bair and Winer (1979) and can
be expressed as

(4.28)
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1.4

1.2

" 1.0

; - Perfectly plastic

1 2 3 4
Dimensionless shear strain rate, $ = T[s/T.

Figure 4.15: Comparison of rheological models for isothermal conditions.

(4.29)
??

where
TL = limiting shear stress, To + *y*p, Pa
To = limiting shear stress at zero pressure, Pa
*y* = limiting-shear-strength proportionality constant,

Rewriting these equations in dimensionless form gives

and

where

(4.30)

(4.31)

(4.32)
'L

3 = ̂  (4.33)

The other nonlinear viscous model shown in Fig. 4.15 is that attributed to
Eyring (1936) and can be expressed as

.A = tanh B

71= —

.
= — sum - (4.34)
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where i*g is the shear stress at which the fluid first starts to behave nonlinearly
when stress is plotted against shear strain rate. In comparing this model with
the limiting-shear-stress models, the following relationship between Tg and T̂
will be assumed:

7-E = y (4.35)

Making use of Eq. (4.35) while rewriting Eq. (4.34) in dimensionless form gives

3A = sinlT* (3B) (4.36)

Figure 4.15 shows that for the Eyring model the shear stress increases mono-
tonically with increasing strain rate.

Bair and Winer (1979), Jacobson (1985), and Hoglund and Jacobson (1986)
observe that at a given pressure and temperature there is a critical shear stress
at which the lubricant will shear plastically with no further increase in shear
stress with increasing shear strain rate. Jacobson and Hamrock (1984) used
the limiting-shear-stress concept so that, when the shear stress at the bearing
surfaces exceeded the limiting shear stress, the shear stress was set equal to the
limiting shear stress. As their model was isothermal, slip planes developed at
the bearing surfaces if the shear stress was too high. Depending on the shear
stress at the bearing surfaces, three different pressure equations were used.
As discussed earlier, Houpert and Hamrock (1985) used the Eyring model in
developing a new Reynolds equation that shows the nonlinear viscous effects.

The various properties of lubricants having been described in the preced-
ing sections, the next four sections will describe how these properties vary for
three different types of lubricant, namely, liquids, greases, and gases. Liquid
lubricants will be separated into petroleum or mineral oils and synthetic oils.

4.23 Fluid Rheology Models

With the exception of Sec. 4.22 in which the limiting shear stress was intro-
duced, the text will deal strictly with the assumption that the fluid behaves in
a Newtonian fashion. That is, the shear stress is linearly related to the shear
strain rate by the nuid viscosity. In elastohydrodynamically lubricated con-
junctions the lubricant experiences rapid and very large temperature changes,
elongational viscosity, and, particularly in sliding contacts, high shear rates.
As a result of high fluid film pressures and shear heating, the viscosity changes
drastically within the lubricating Rim. In addition, the existence of very high
shear rates may result in shear stresses that are well beyond the limiting shear
stress of the lubricant. In elastohydrodynamically lubricated conjunctions the
shear rates can range up to ICf s"̂ . The maximum temperature within the
conjunction can be has high as 500°C. Furthermore, the transit time required
for the fluid to go from the inlet through the high-pressure zone to the outlet
is between 10*̂  and 10*̂  s. The great severity of these conditions has called
into question the normal assumption of Newtonian behavior.
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Hirst and Moore (1974) presented an experimental investigation of the de-
pendence between shear stress and shear strain rate and proposed an Eyring
type of relationship. Johnson and Tevaarwerk (1977) found the same type of
relationship as did Hirst and Moore (1974). Houpert and Hamrock (1985), as
well as Conry et al. (1987), incorporated Eyring's model (see Sec. 4.22) into
the analysis of elastohydrodynamically lubricated line contacts by using a sys-
tem approach to get a full numerical solution. It has been observed that the
Eyring model does not exhibit limiting-shear-strength properties. In Eyring's
model the rate at which shear stress increases with increasing shear strain rate
is significantly smaller than the Newtonian linear rate at high shear strain rates.
An upper limit to the shear stress increase can only be achieved for Eyring's
model by resorting to a plastic transition.

The non-Newtonian property of limiting shear strength imposes that the
lubricant does not experience shear stress exceeding this limit. The limiting
shear strength is usually considered as an asymptotic limit. Should the fluid
model, however, allow the shear stress to reach the limiting shear strength,
slippage will occur either within the oil film or at the interface between the
oil and one of the bounding surfaces. A fluid model that allows for such a
slip phenomenon will be referred to as "a viscoplastic fluid model." The dis-
tinction between asymptotic and viscoplastic limiting-shear-strength behavior
is an important one because the latter requires the replacement of the tradi-
tional velocity boundary conditions by stress boundary conditions. This means
that there will be transitions in the type of boundary conditions imposed if the
shear stress reaches the plastic limit inside the conjunction, a condition that
may introduce singularities in the solution.

Bair and Winer (1979) and Gecim and Winer (1980) proposed alterna-
tive expressions for the relationship between shear stress and shear strain rate
that do exhibit asymptotic limiting-shear-stress behavior. Both Bair and Winer
(1979) and Gecim and Winer (1980) incorporated their models into the analysis
of elastohydrodynamically lubricated line contacts by using a Grubin-like inlet
analysis. In attempts to obtain a full numerical solution of the problem of elas-
tohydrodynamically lubricated line contacts, Bair and Winer's model has been
approximated into simple forms such as the linear model proposed by Trachman
(1971), which was used in elastohydrodynamic lubrication by Wang and Zhang
(1988) and livonen and Hamrock (1989), or the circular model proposed by Lee
and Hamrock (1990). Both the linear and the circular fluid models allow the
establishment of a modified Reynolds equation by using an approach similar to
the one that applies for a Newtonian fluid. The circular model is, however, not
as severe a non-Newtonian fluid model as is the linear model, and it is therefore
in better agreement with experimental observations. The modified Reynolds
equation for the circular fluid model was solved by Lee and Hamrock (1990)
by using the fast system approach developed by Houpert and Hamrock (1986).
This approach was later refined by Hsiao and Hamrock (1992) and used to
investigate thermal effects in non-Newtonian elastohydrodynamic lubrication,
which will be considered in the next chapter. The existence of the solution for

Copyright © 2004 Marcel Dekker, Inc.



FORMULATION OF FLUID RHEOLOGY MODELS 115

a circular fluid mode! allows the most significant non-Newtonian feature to be
incorporated into the analysis of elastohydrodynamic lubrication, namely, the
limiting shear strength. It is, however, restrictive not to be able to model more
freely the transition between Newtonian behavior at low shear strain rate and
limiting-shear-strength behavior at high shear strain rate.

4.24 Formulation of Fluid Rheology Models

An alternative way of showing the non-Newtonian effect is to use the effective
viscosity, defined as

?7e = (4.37)

where r is the shear stress and s is the shear strain rate (dM/Az). This then
defines the viscosity that is actually experienced within elastohydrodynamically
lubricated conjunctions. Using this form, the non-Newtonian models given by
Eqs. (4.28), (4.29), and (4.34) can be written as

(4.38)

(4.39)

(4.40)

where Tg is the shear stress at which the fluid first starts to behave nonlinearly
when stress is plotted against shear strain rate.

A highly non-Newtonian fluid model was introduced by livonen and Ham-
rock (1989) that can be expressed as

^ = 1 - — (4.41)

This model is referred to as "a straight-line model."
Another new non-Newtonian fluid rheology model developed by Lee and

Hamrock (1990) that shows considerable promise is

(4.42)

This model is referred to as "the circular model."
Elsharkawy and Hamrock (1991) proposed a general nonlinear viscous model

in which the limiting shear strength has already been incorporated as

^ = -[l-(-)T̂  (̂ 3)a? ?? [ \T-L7 J
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where
T, = To + 7*p (4.44)

Equation (4.44) can be written as

77 3%
T — 3̂- - (4.45)

Equation (4.45) is plotted in Fig. 4.16 for different values of w. In Fig. 4.16athe
conventional way of describing the various models is used. Using the alternative
representation given in Eq. (4.38) this non-Newtonian model can be expressed
as

dtt

This relationship between shear stress and effective viscosity is shown in Fig.
4.16b for various values of the shape exponent n.

The main advantage of the general model is that all the other nonlinear
viscous models with the limiting-shear-strength property are readily derived
or closely approximated by appropriate choice of the exponent n. As shown
in Fig. 4.16, n = 1 results in the linear model, and n = 2 in the circular
model. The general fluid model will, in fact, if incorporated into the analysis of
elastohydrodynamic lubrication, allow a given relationship between shear strain
rate and shear stress to also be simulated in the transition zone. In the general
case of arbitrary n it is not possible to derive a modified Reynolds equation
directly as was the case for n = 1 and w = 2.

In Fig. 4.16b the straight-line model is strongly non-Newtonian and thus
probably overexaggerates the fluid effect. The straight-line model may he
viewed as a limiting solution; the viscoplastic model is the other limit. An
actual lubricant behaves somewhere between these two extremes. Table 4.21
shows the expression for the dimensionless effective viscosity and the shear
strain rate for the various rheological models.

The circular model of Lee and Hamrock (1990) and the tanh"* model of
Gecim and Winer (1980), shown in Fig. 4.16, behave more like a Newtonian
model for dimensionless shear stresses less than 0.5 and then become highly
non-Newtonian for dimensionless shear stresses greater than 0.5. This behavior
is more like what one would expect for actual fluids used in elastohydrodynam-
ically lubricated conjunctions. The major advantage that the circular model
offers over the tanh" model is that the analytical expressions can be obtained
for the elements of the Jacobian by using the approach of Houpert and Hamrock
(1986). Thus, the circular model is used in this chapter because it offers easy
implementation of the numerical approach presented in Chap. 21, and yet the
stress-strain relation agrees with the tanh" model of Gecim and Winer (1980)
for which there is experimental evidence.
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Figure 4.16: Non-Newtonian rheological models represented by (a) effect of
shear strain rate on dimensionless shear stress and (b) effect of dimensionless
shear stress on dimensionless effective viscosity. [F̂ om Mt/NerMp ei a/.
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Table 4.21: Dimensionless effective viscosity for different viscosity models.
.R-orn Ramrod e% a?.

Dimensionless effective
Fluid model Shear strain rate s viscosity %/?;

Newtonian — 1

Eyring (1936) I^sinh— 1
(sinh model) ?? Tg Tgsmh(T/T̂ ;)

Bair and Winer (1979) T^i ̂  _--,-! f
(In model) f? In(l-f)

Gecim and Winer (1980) 7̂  ^ ?
(tanh**^ model) ^ tanh"^f

livonen and Hamrock (1989) JJL F/^ _ -^"^ — ll 1 — ̂
(straight-line model) ?? L J

Elsharkawy and Hamrock (1991) I [1 — fft"]"̂ /" [1 — ffl"l̂ ''"
(general model) t?

Lee and Hamrock (1990) T r ,_.2l"^^ -^1/2
(circular model) n L J

For the Eyring (1936), or sinh, model given in Eq. (4.40) and shown in
Fig. 4.16 and Table 4.21, it was assumed that Tg = 7̂ /3. The Eyring (1936)
model was found to have shear stress that increases monotonically with in-
creasing strain rate as shown in Fig. 4.14. In Fig. 4.16(a) the dimensionless
shear stress decreases monotonically with decreasing effective viscosity. The
sinh model was used by Houpert and Hamrock (1985) in applying the elastohy-
drodynamic lubrication analysis to the problem of scufRng. Furthermore, the
viscoplastic model shown in Fig. 4.16(a) was used by Jacobson and Hamrock
(1984) in solving the elastohydrodynamic lubrication problem. That is, when
the shear stress at the bearing surfaces exceeded the limiting shear stress, the
shear stress was set equal to the limiting shear stress.

4.25 Closure

This chapter described the properties of lubricants that are important in fluid
film lubrication. Since lubricating oils are derived from petroleum, which con-
sists of compounds of carbon and hydrogen, basic chemistry has been briefly
discussed. In fluid film lubrication the most important physical property of a
lubricant is its viscosity. The viscosity of a fluid is associated with its resis-
tance to flow, that is, with the resistance arising from intermolecular forces and
internal friction as the molecules move past each other. Newton deduced that
the force required to maintain a constant velocity tt of an upper plane while
the bottom plane is stationary was proportional to the area /I and the velocity
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gradient or rate of shear. Therefore,

where 77 is the proportionality constant or absolute viscosity.
It was also shown in this chapter that the viscosity is greatly affected by

temperature, pressure, and shear rate. Appropriate expressions that describe
these relationships were presented. Density-pressure effects were also discussed,
and the concept of solidification pressure was introduced.

It was found in this chapter that the lubricant in elastohydrodynamically
lubricated conjunctions experiences rapid and extremely large pressure varia-
tions, a rapid transit time, possibly large temperature changes, and particularly
in sliding contacts, high shear rates. The great severity of these conditions has
called into question the normal assumption of Newtonian fluid behavior. The
concept of a limiting shear stress was introduced, and some non-Newtonian
fluid models were presented. The chapter included discussions of synthetic oil
base stocks, greases, and gases, all of which are used as lubricants in fluid film
lubrication. Lubricant formulation was introduced, and the large variety of
additives incorporated into industrial lubricants were described.

Non-Newtonian fluid rheology effects were considered in this chapter. Var-
ious non-Newtonian models were presented in terms of the effective viscosity,
which defines the actual viscosity experienced in elastohydrodynamically lubri-
cated conjunctions. The circular model behaves more like a Newtonian model
for dimensionless shear stresses less than 0.5 and then becomes highly non-
Newtonian for dimensionless shear stresses greater than 0.5.

4.26 Problems

4. 1 Given the absolute viscosity of a given fluid at atmospheric conditions to
be 6 x 10"3 (kg)force - s/m , what would this absolute viscosity be in

(a) reyn

(b) P

(c) Ibf-s/in^

(d) N-s/m^

4.2 Given a fluid with an absolute viscosity 77 between two 1-m^ surfaces
spaced 1 mm apart, And how fast the surfaces will move relative to each
other if a 10-N force is applied in the direction of the surfaces when 77 is

(a) 0.001 N-s/m^ (water)

(b) 0.100 N-s/m^ (a thin oil at room temperature)

(c) 10.0 N-s/m^ (syrup; cold oil)

(d) 1QS N'S/m̂  (asphalt)
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4.3 A silicon Buid has a Saybolt universal viscosity of 1000 SUV at 38°C and
130 SUV at 100°C. What is the VI of the oil?

4.4 Given that a machine element is elastohydrodynamically lubricated with
an oil, describe some of the properties you would like to see for that oil.
Give an indication whether high or low values are desirable.

4.5 Given the general non-Newtonian fluid model in Eq. (4.43), establish to
the first decimal place the value of n in the general model that approxi-
mates the Bair and Winer (1979) model as well as the Gecim and Winer
(1980) model.

References

Bair, S., and Winer, W. O. (1979): Shear Strength Measurements of Lubricants
at High Pressure. J. Lu&r. Tec/mo?., vol. 101, no. 3, pp. 251-257.

Barus, C. (1893): Isothermals, Isopiestics, and Isometrics Relative to Viscosity.
ylm. J. 3c!., vol. 45, pp. 87-96.

Blok. H. (1965): Inverse Problems in Hydrodynamic Lubrication and Design
Directions for Lubricated Flexible Surfaces. Proceea*m̂ s o/ 7n%erna^owaZ
,%mposmm on LM&WcaMon ana* tVear. D. Muster and B. Sternlicht (eds.).
McCutchan, Berkeley, pp. 1-151.

Cameron, A. (1976): Ras!c LM&WcaNon Theory, 2d ed. Ellis Harwood Limited,
Chichester, England.

Conry. T. F., Wang, S., and Cusano, C. (1987): "A Reynolds-Eyring Equation
for Elastohydrodynamic Lubrication in Line Contacts," yl̂ AfE J. o/ 7W6ô .,
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and supplied with a historical and explanatory appendix by F. Cajori, edited
by R. T. Crawford (1934), and published by the University of California
Press, Berkeley and Los Angeles (1966).
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Chapter 5

Bearing Materials

Symbols

linear thermal expansion coef-
ficient, m/mK
specific heat, J/(kgK)
bore diameter, mm
moduius of elasticity, N/m^
thermal conductivity, W/mK
mass, kg
rotational speed, rev/min
pressure, N/m^

Q quantity of heat, J
At,n temperature change, K
V surface velocity, m/s
61 strain in axial direction
v Poisson's ratio
p density, kg/m^
<7i stress in axial direction,

N/m'

5.1 Introduction

Another factor that can affect the successful operation of tribological elements
is the solid materials used. Bearing materials must have special characteris-
tics if the bearings are to operate successfully. Some desirable characteristics
that will be explored in this chapter are compatibility with rubbing counter-
face materials; embeddability for dirt particles and wear debris; conformability
to enable the bearing to accommodate misalignment, geometrical errors, and
deflection in the structure; thermal stability; corrosion resistance; and fatigue
resistance.

5.2 Material Characteristics

The selection of the bearing material for a particular application depends on
(1) the type of bearing (journal, thrust, ball, etc.), (2) the type of lubricant
(grease, oil, water, gas, etc.), and (3) the environmental conditions (tempera-
ture, pressure, etc.). No single material has been developed that can satisfy all
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the requirements of a good bearing material. Therefore, the selection must be
made on the basis of the characteristics considered of primary importance in
the application.

1. Compâ M:%. Although a properly performing hydrodynamic bearing
is one in which the shaft and the bearing are separated by a lubricant
Rim, there are times during the operation when the shaft and the bearing
come into contact. High spots on the shaft and the bearing rub, localized
heating occurs, the high spots can weld, and the microscopic welds can
fracture. This sequence of events results in scoring damage to both the
shaft and bearing materials. The ability of these material combinations
to resist welding and scoring is a measure of their compatibility.

2. Em&etMmMtti/. In the operation of bearings dirt or other foreign debris is
carried into the bearing clearance by the lubricant and by the rotation of
the shaft. If this dirt cannot be embedded in the bearing material, scoring
damage results. The ability to embed or absorb this dirt determines the
embeddability characteristic of the bearing material.

3. Con/ormaM!%. As the term implies, conformability is a measure of the
ability of the bearing material to conform to misalignment between the
shaft and the bearing or to other geometric inaccuracies produced in man-
ufacturing the parts. Usually, bearing materials having a low modulus of
elasticity (low E) are readily conformable.

4. Corrosion resM̂ ance. The bearing material should be resistant to at-
tack by the lubricant or any of the oxidation products produced during
lubricant degradation. For example, lubricating oils without oxidation in-
hibitors produce organic acids, which attack and corrode certain bearing
materials. The selection of materials for use with water as the lubricant
is of necessity limited to corrosion-resistant materials.

5. Fa^gMe resM^ance. High fatigue resistance is necessary in applications
in which the load changes direction or in which the load intensity varies
cyclically. Fatigue failures appear initially as cracks in the bearing surface.
These cracks propagate throughout the bearing material, interconnecting
with other cracks and resulting in loose pieces of bearing material. Fatigue
strength is particularly important where cyclic loading is present.

6. DwnewszonaZ ana* /̂termaJ s%aMt%. The thermal characteristics of the
bearing material are important with regard to both heat dissipation and
thermal distortion. The thermal conductivity A*y of the bearing mate-
rial should be high to ensure maximum dissipation of the frictional heat
generated if hydrodynamic lubrication conditions cannot be maintained.
The linear thermal expansion coefficient a should be acceptable within the
overall design so that the effects of temperature variation are not detri-
mental. Values of ̂  and a are given in Sec. 5.7. Even if a material has
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these desirable characteristics, additional constraints of acceptable cost
and material availability need to be satisfied.

The properties and characteristics of several bearing materials are shown
in Table 5.1. Brinell hardness number, load-carrying capacity, and maximum
operating temperature are given. Also in this table ratings of fatigue strength,
antiseizure property, conformability, and embeddability are given based on an
arbitrary scale, with 1 being the most desirable or best.

5.3 Metallics

Bearing materials for conformal surfaces fall into two major categories:

1. Afê aĤ cs.' babbitts, bronzes, aluminum alloys, porous metals, and metal
overlays such as silver, babbitts, and indium

2. JVownê aHzcs.' plastics, rubber, carbon-graphite, wood, ceramics, cemented
carbides, metal oxides (e.g., aluminum oxide), and glass

The principal metallic materials will now be covered in more detail.

5.3.1 Tin- and Lead-Base Alloys

The babbitts are among the most widely used materials for hydrodynamicaHy
lubricated bearings. Babbitts are either tin or lead-base alloys having excel-
lent embeddability and conformability characteristics. They are unsurpassed in
compatibility and thus prevent shaft scoring.

Tin- and lead-base babbitts have relatively low load-carrying capacity. This
capacity is increased by metallurgically bonding these alloys to stronger backing
materials such as steel, cast iron, or bronze. Babbitt linings are either still cast
or centrifugally cast onto the backing material. Fatigue strength is increased
by decreasing the thickness of the babbitt lining. Dowson (1998) points out
that at the beginning of the century babbitt linings were rarely less than 3
mm thick and not infrequently at least 6.4 mm thick. The need to provide
adequate compressive and fatigue strength gradually brought the thickness of
the lining down to 500 ̂ m, at the expense of other desirable features such as
embeddability and conformability. The optimum thickness of the bearing layer
varies with the application but is generally between 0.02 and 0.12 mm.

Tables 5.2 and 5.3 show the composition and physical properties of some
of the tin- and lead-base alloys presently used. Table 5.2 shows the signifi-
cant effect of temperature in decreasing the strength properties of these alloys.
The alloys in more general use are shown in Table 5.3. The effect of various
percentages of the alloying elements on the mechanical and physical proper-
ties of tin- and lead-base alloys can be significant. Increasing the copper or
the antimony increases the hardness and the tensile strength and decreases the
ductility. However, increases beyond the percentages shown in Table 5.3 can
result in decreased fatigue strength.
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Tabte 5.1: Properties and characteristics of various conforma! bearing metals [From Clauser (1948)]

Bearing metal

Tin-base babbitt
Lead-base babbitt
Alkali-hardened lead
Cadmium base
Copper lead
Tin bronze
Lead bronze
Phosphor bronze
Aluminum alloy
Silver (overplated)
Copper-nickel matrix
Trimetal and plated
Grid type
Thin babbitt overlay,
0.051-0.178 mm
(0.002-0.007 in.
Conventional babbitt
overlays, 0.51 mm
(0.0020 in.)

Brinell hardness number
Room

temperature

20-30
15-20
22-26
30-40
20-30
60-80
40-70
75-100
45-50
25
10
b
b

b

b

149° C (300° F)

6-12
6-12
11-17
15

20-23
60-70
40-60
65-100
40-45
25
7
b
b

b

b

Load-carrying capacity
MPa

5.5-10.4
5.5-8.3
8.3-10.4
10.4-13.8
10.4-17.2
> 27.6

20.7-31.1
>27.6
>27.6
>27.6
13.8
>27.6
>27.6

13.8

10.4

psi

800-1500
800-1200
1200-1500
1500-2000
1500-2500
> 4000

3000-4500
> 4000
> 4000
> 4000
2000
> 4000
> 4000

2000

1500

Maximum
operating

temperature
°C
149
149
260
260
177
260+
232-260
260+
107-149
260+
177

107-149
107-149

149

149

°F
300
300
500
500
350
500+
450-500
500+
225-300
500+
350

225-300
225-300

300

300

Fatigue
strength"

3
3
3
3
2
1
1
1
2
1
2
2
2

2

2

Antiseizure
property"

1
1
1
1
2
3
3
3
2
2
1
1
1

1

1

Conformability
and

embeddability "

1
1
1
1
2
3
3
3
3
3
2
2
2

2

2

zo

to
O

r*

m
Bn

"This is an arbitrary scale with 1 being the highest rating.
^Approximately the same as the babbitts.
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Table 5.2: Composition and physical properties of white mctat bearing alloys"
Reprinted by permission of the American Society for Testing and Materials.]

[From ASTM B23-83.

AHoy
number**

1
2
3
7
8
15

AHoy
number**

1
2
3
7
8
15

Tin 1 Antimony Lead Copper Arsenic
Specified nominal composition of alloys,

percent
91.0
89.0
84.0
10.0
5.0
1.0

4.5
7.5
8.0
15.0
15.0
16.0

20°C (68°F)

—

——
Remainder
Remainder
Remainder

100°C (212°F)
Johnson's apparent elastic

limit^
MPa
16.9
23.1
36.9
17.2
18.3
—

pst
2450
3350
5350
2500
2650
—

MPa
7.2
7.6
9.0
9.3
8.3
—

pst
1050
1100
1300
1350
1200
—

4.5
3.5
8.0
—
—
—

—
—
—
.45
.45
1.0

20°C (68°F)

Specific
gravity^

7.34
7.39
7.46
9.73
10.04
10.05

Tin 1 Antimony Lead 1 Copper
Composition of alloys tested,

percent
90.9
89.2
83.4
10.0
5.2
—

100°C (212°F)
Ultimate strength in compression̂

MPa
88.6
102.7
121.3
107.9
107.6
—

PS]

12,850
14,900
17,600
15,650
15,600
—

MPa
47.9
60.0
68.3
42.4
42.4
—

pst
6950
8700
9900
6150
6150
—

4.52
7.4
8.2
14.5
14.9
—

20°C
(68° F)
Brinell
MPa
8.0
12.0
14.5
10.5
9.5
13.0

100 °C
(212°F)

harness"?
pst
17.0
24.5
27.0
22.5
20.0
21.0

None
0.03
.03
75.0
79.4
—

4.56
3.1
8.3
.11
.14
—

Melting
point

°C
223
241
240
240
237
248

°F
433
466
464
464
459
479

20°C (68°F) 1 100°C (212°F)
Yield point**

MPa
30.3
42.0
45.5
24.5
23.4
—

pst
4400
6100
6600
3550
3400
—

Temperature
of complete
liquefaction
°c
371
354
422
268
272
281

°F
700
669
792
514
522
538

MPa
18.3
20.6
21.7
11.0
12.1
—

pst
2650
3000
3150
1600
1750
—

Proper
pouring

temperature
°c
441
424
491
338
341
350

°F
825
795
915
620
645
662

"Compression test specimens were cylinders 1.5 in. (38 mm) in length and 0.5 in. (13 mm) in diameter, machined from chill castings 2 in. (51 mm) in length and
0.75 in (19 mm) in diameter. The Brinell tests were made on the bottom of parallel machined specimens cast in a mold 2 in. (51 mm) in diameter and 0.0625 in.
(16 mm) deep at room temperature
**Data not available on alloys 11 and 13.
^The specific gravity multiplied by 0.0361 equals the mass density in pounds per cubic inch.
^The values for yield point were taken from stress-strain curves at a deformation of 0.125 percent of gage length.
Ĵohnson's apparent elastic limit is taken as the unit stress at the point where the slope of the tangent to the curve is two-thirds its slope at the origin.

-f The ultimate strength values were taken as the unit load necessary to produce a deformation of 25 percent of the specimen length.
T̂hese values are the average BrineU number of three impressions on each alloy, using a 10-mm (0.39-in) ball and a 500-kg (1102.3 Ib) load applied for 30 s.
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NONMETALUCS 129

5.3.2 Copper-Lead Alloys

Two alloys, one consisting of 60% copper and 40% lead and the other of 70%
copper and 30% lead, or slight variations, are used as lining materials on steel-
backed bearings. These alloys are either strip cast or sintered onto the backing
strip, thus providing a bearing with a higher load-carrying capacity than one
lined with the babbitt alloys. They also have higher fatigue resistance and
can operate at higher temperatures, but they have poor antiseizure properties.
They are used in automotive and aircraft internal combustion engines and in
diesel engines. Their high lead content provides a good bearing surface but
makes them susceptible to corrosion. Their corrosion resistance and antiseizure
properties are improved when they are used as trimetal bearings with a lead-tin
or lead-indium overlay electrodeposited onto the copper-iead surface.

5.3.3 Bronzes

Several bronze alloys, including lead, tin, and aluminum bronzes, are used ex-
tensively as bearing materials. Some are described in Table 5.4. Because of
their good structural properties, they can be used as cast bearings without a
steel backing. Bearings can also be machined from standard bar stock.

Lead bronzes, which contain up to 25% lead, provide higher load-carrying
capacity and fatigue resistance and a higher temperature capability than the
babbitt alloys. Tin contents up to about 10% are used to improve the strength
properties. Higher-lead bronze (70% copper, 5% tin, and 25% lead) can be
used with soft shafts, but harder shafts (300 BHN) are recommended with the
harder lower-lead bronzes, particularly under conditions of sparse lubrication.
Lead bronze bearings are used in pumps, diesel engines, railroad cars, home
appliances, and many other applications.

Tin bronzes, which contain 9 to 20% tin and small quantities of lead (usually
< 1%), are harder than lead bronzes and are therefore used in heavier-duty
applications.

5.4 Nonmetallics

Although nonmetaMic materials such as rubber and graphite have found increas-
ing application, polymeric and plastic materials have had the greatest recent
impact in triboelements. These materials fall into two categories: thermoset-
ting and thermoplastic materials. In thermosetting materials the fabrics of
nonoriented fibers are generally set in phenolic, or occasionally cresyHc, resins.

Of the thermoplastic materials nylon has been recognized as a valuable
bearing material as has the remarkable low-friction polymer polytetrafluoroethy-
lene (PTFE). The great merit of these materials is that they can operate effec-
tively without lubricants, although their mechanical properties generally limit
their application to lightly loaded conditions and often to low speeds and con-
forming surfaces.
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Table 5.4: Typical bronze and copper alloy bearing materials [From Booser (1966)]

Designation

SAE 480
AMS 4840
SAE 67
SAE 40
SAE 660
SAE 64
SAE 62
SAE 620
SAE 63
ASTM B148-
52-9c

Material

Copper lead
High-lead tin bronze
Semiplastic bronze
Leaded red brass
Bronze
Phosphor bronze
Gunmetal
Navy G
Leaded gunmetal
Aluminum bronze

Cu Sn Pb Zn Fe Al
Nominal composition,

percent

65
70
78
85
83
80
88
88
88
85

—
5
6
5
7
10
10
8
10
—

35
25
16
5
7
10
—
—
2
—

—
—
—
5
3
—
2
4
—
—

—
—
—

—
—
—
—
—
—
4

—
—
—

——

——
—

—11

Brinell
hardness
number
BNH
25
48
55
60
60
63
65
68
70
195

Tensile
strength
MPa

55.2
172.5
207.0
241.5
241.5
241.5
310.5
276.0
276.0
621.0

ksi

8
25
30
35
35
35
45
40
45
90

Maximum
operating

temperature
°C
177
204+
232
232
232+
232+
260+
260
260
260+

°F
350
400+
450
450
450+
450+
500+
500
500
500+

Maximum
load

MPa

13.8
20.7+
20.7+
24.2
27.6
27.6
27.6
27.6+
27.6+
31.1+

ksi

2
3+
3+
3.5
4
4
4
4+
4+
4.5+

2;
o

r"

En
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Table 5.5: Limits of application of nonmetallic bearing materials. [Remsed /rom
O'Connor e^ a/.

Material

Carbon graphite
Phenotics
Nylon
PTFE (Tenon)
Reinforced PTFE
PTFE fabric
Polycarbonate (Lexan)
Acetal resin (Delrin)
Rubber
Wood

Load-carrying
capacity

MPa
4.1
41.4
6.9
3.4
17.2
414.0
6.9
6.9
0.34
13.8

psi
600
6000
1000
500
2500
60,000
1000
1000
50
2000

Maximum
temperature
°C
399
93
93
260
260
260
104
82
66
66

°F
750
200
200
500
500
500
220
180
150
150

Maximum
speed

m/s
12.7
12.7
5.1
0.51
5.1
0.25
5.1
5.1
7.6
10.2

ft/min
2500
2500
1000
100
1000
50
1000
1000
1500
2000

PV limit"

15 xlO^
15xlQ3
3xlQ3
lx!Q3
10xlQ3
25xlQ3
3xlQ3
3xlQ3
15xlQ3
15x103

= load (psi); V = surface speed (ft/min).

The limits of applying nonmetaHic materials are shown in Table 5.5. The
specific limits shown in this table are load-carrying capacity, maximum tem-
perature, maximum speed, and PV limit, where J** is the pressure expressed in
pounds force per square inch and V is the surface speed expressed in feet per
minute.

5.4.1 Carbon Graphites

In addition to their excellent self-lubricating properties, carbon graphites have
several advantages over conventional materials and lubricants. They can with-
stand temperatures of approximately 370°C in an oxidizing atmosphere such
as air and can be used in inert atmospheres to 700° C or at cryogenic tempera-
tures. They can be used in equipment in which lubricant contamination must
be prevented, such as textile machinery and food-handling machinery. Carbon
graphites are highly resistant to chemical attack and are used in applications
where the chemicals attack conventional lubricants. They can be used with
low-viscosity lubricants, such as water, gasoline, or air.

Carbon graphites are used for pump shaft bearings, impeller wear rings in
centrifugal pumps, and journal and thrust bearings in covered motor pumps
and for many other applications. Because of its low expansion coefficient of
2.7 x 10*6 mm/mm-°C, a carbon graphite liner is shrunk-fit into a steel sleeve.
The steel backing provides mechanical support, improves heat transfer, and
helps to maintain shaft clearance. The mating shaft should be made of harder
metals. Chromium plates, hardened tool steels, or even some ceramics are used.

A PV value of 15,000 is used when lubricant is present. Depending on
the material grade and the application, friction coefficients ranging from 0.04
to 0.25 are obtainable. Absorbed water vapor enhances Him formation and
reduces the friction and wear of carbon graphite. With no water vapor present
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Figure 5.1: Phenolic lam-
inate bearings, (a) Tubu-
lar bearing; (b) circumfer-
entially laminated bearing;
(c) axially laminated bear-
ing; (d) stave bearing; (e)
molded bearing.

(e)

(low humidity), wear increases. In general, low speeds and light loads should
he used in nonlubricated applications.

5.4.2 Phenolics

Among several types of plastic bearings presently in use are the phenolics. These
are in the form of laminated phenolics, made by treating sheets of either paper
or fabric with phenolic resin, stacking the desired number of sheets, and curing
with heat and pressure to bond them together and set the resin. Other filling
materials, such as graphite and molybdenum disulfide, are added in powdered
form to improve lubrication qualities and strength.

Figure 5.1 shows the various orientations of the phenolic laminates used in
bearings. Tubular bearings (Fig. 5.la) are used where complete bushings are
required. Bearings in which the load is taken by the edges of the laminations
(Fig. 5.1b and c) are used in light-duty service. Stave bearings (Fig. 5.Id) are
used mainly for stern-tube and rudder-stock bearings on ships and for guide
bearings on vertical waterwheel turbines. Molded bearings (Fig. 5.1e) are used
for roll-neck bearings in steel mills or for ball-mill bearings. Table 5.6 gives
some typical applications of phenolic bearings.

Laminated phenolics operate welt with steel or bronze journals when lubri-
cated with oil, water, or other liquids. They have good resistance to seizure.
One main disadvantage of these materials is their low thermal conductivity
(0.35 W/m-°C, about 1/150 that of steel), which prevents them from dissipat-
ing frictional heat readily and can result in their failure by charring. In large
roll-neck bearings the heat is removed by providing a large water Row through
the bearing.

Laminated phenolics have good resistance to chemical attack and can be
used with water, oil, diluted acid, and alkali solutions. They have good con-
formability, having an elastic modulus of 3.45 to 6.90 GPa, in comparison with
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Table 5.6: Typical applications of laminated phenolic bearings [From A*aM/wtan

Bearing
application

Roll neck

Ship, stern
tube

Rudder, pintle

Small craft,
stern tube
Centrifugal
pump

Water wheel,
turbine, guide
bearing
Ball mitl

Aircraft,
landing gear

Railway,
bolster cup

Type"

(e)

(d)

(a). (d)

(c)

M-(b),(c)

(d)

(a),(e)

(̂ )

Molded cone

Size range
mm
76-762

76-660

76-660

13-76

13-102

102-610

381-1219

51-381

—

tn.
3-30

3-26

3-26

.5-3

.5-4

4-24

15-49

2-12

—

Fabric weight
g/m

466-1552

248

93-248

248

93-248

248

202-466

93

202

oz/yd
15-50

8

3-8

8

3-8

8

6.5-15

3

6.5

Resin

40-60

60

55-60

60

60

60

55-60

60

53

Lubricant

Water or
emulsion

Water

Grease or
water

Water

Pumped
liquid

Water

Water or
emulsion
of water
and grease

Oil

Grease

Diametral clearance**
mm
0-13

0.001/mm
diameter

over 127 mm

0.001/mm
diameter

over 127 mm
.127

.127

.127

.381-.762

0.001/mm
diameter

over 127 mm
—

m.
0-0.5

0.001/in.
diameter
over 5 in.

0.001/in.
diameter
over 5 in.

.005

.005

.005

.015-0.30

0.001/in.
diameter
over 5 in.
—

Principal reasons for using lam-
inated phenolic bearing material
Longer life, power savings due to
lower friction, lower-cost water lu-
brication, greater cleanliness of
operation, better holding of gage
due to less water.
Longer life, greater case of
handling and installing, higher
load-carrying capacity particu-
larly with impact loads, lower
friction, greater corrosion and de-
cay resistance, lower journal wear,
greater local availability

Longer life, better lubrication with
pumped liquid (water, gasoline,
chemical solutions, etc.)
Longer life, lower friction, no de-
cay, less journal wear

Longer life, higher load-carrying
capacity, lower friction, lower
lubricant cost

Lighter weight, satisfactory
dimensional stability and load-
carrying capacity
Longer life, lower noise and
vibration transmission
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134 FUNDAMENTALS OF FLUID FILM LUBRICATION

about 3.45 GPa for babbitts. Laminated phenolics also have a high degree
of embeddability. This property is advantageous in ship stern-tube bearings,
which are lubricated by water that contains sand and other sediment. Because
of their good resilience, they are highly resistant to damage by fatigue and
shock loading. They do not hammer out or extrude under shock loading as
do some babbitt alloys. Because laminated phenolics are made up of organic
fibers that absorb certain liquids and expand, small changes in dimensions can
occur. Water or lubricants containing water have a greater measurable effect
on the dimensional stability of phenolics than do oils. Expansion is greater
perpendicular to the laminations (2 to 3%) than parallel (0 to 0.3 percent).

5.4.3 Nylon

Nylon is one of the classes of thermoplastic materials, as differentiated from the
thermosetting plastics, the phenolics. Nylon bearings can be molded, or nylon
powders can be sintered in a manner similar to the manufacture of porous
metals. Nylon is not affected by petroleum oils and greases, food acids, milk,
photographic solutions, etc., and thus can be used in applications where these
fluids are handled.

Nylon has good abrasion resistance, a low wear rate, and good embeddabil-
ity. Like most plastics, it has good antiseizure properties and softens or chars
rather than seizing. It has low thermal conductivity (0.24 W/m-°C), and fail-
ure is usually the result of overheating. Cold flow (creep) under load is one of
its main disadvantages. This effect can be minimized by supporting thin nylon
liners in metal sleeves. Nylon bearings are used in household applications such
as mixers and blenders and for other lightly loaded applications.

5.4.4 Teflon

Teflon is a thermoplastic material based on the polymer polytetraftuoroethylene
(PTFE), which has a low friction coefficient. It has excellent self-lubricating
properties and in many applications can be used dry. It is resistant to chemical
attack by many solvents and chemicals and can be used in the temperature
range -260 to 260°C. Like nylon, it has a tendency to cold-form under loads.
Teflon in its unmodified form also has the disadvantages of low stiffness, a high
thermal expansion coefficient, low thermal conductivity, and poor wear resis-
tance. These poor properties are greatly improved by adding fibers such as
glass, ceramics, metal powders, metal oxides, graphite, or molybdenum disul-
Me.

5.5 Form of Bearing Surfaces

The metallic and nonmetallic materials described in the two preceding sections
may be applied to bearing surfaces in several ways, (as shown in Fig. 5.2):
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— Bearing material - Backing material

-̂ Lining
material

/-Bronze
Carbon-graphite filler

Figure 5.2: Different forms of bearing surfaces, (a) Solid bearing; (b) lined
bearing; (c) Ailed bearing; (d) shrink-fit bearing.

* Solid bearing (Fig. 5.2a). Bearings are machined directly from a single
material (cast iron, aluminum alloys, bronzes, porous metals, etc.).

* Lined bearing (Fig. 5.2b). Bearing material is bonded to a stronger back-
ing material. The thickness of the bearing lining may range from 0.25 mm
to as much as 13 mm. Most modern bonding techniques are metallurgi-
cal, although chemical and mechanical methods are also used. The lining
material may be cast, sprayed, electrodeposited, or chemically applied.

* Filled bearing (Fig. 5.2c). A stronger bearing material is impregnated
with a bearing material that has better lubricating properties (e.g.,
graphite impregnated into a bronze backing).

* Shrink-fit liner bearing Fig. 5.2d). Carbon-graphite or plastic liners are
shrunk into a metal hacking sleeve by retaining devices such as setscrews,
dowels, and clamping flanges.

5.6 Materials and Manufacturing Processes Used
for Rolling-Element Bearings

Nonconformal surfaces such as rolling-element bearings operate under condi-
tions that impose high compressive stresses for millions of stress cycles as the
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balls or the rollers rotate through the loaded zone of the bearing. For such
applications the race and ball materials should be hard and have high fatigue
resistance.

Until about 1955 the technology of rolling-element bearing materials did
not receive much attention from materials scientists. Bearing materials were
restricted to SAE 52100 and some carburizing grades such as AISI 4320 and
AISI 9310, which seemed to be adequate for most bearing applications, despite
the limitation in temperature of about 176°C for 52100 steel. A minimum
acceptable hardness of Rockwell C 58 was specified. Experiments indicated
that fatigue life increased with increasing hardness.

The advent of the aircraft gas turbine engine, with its need for advanced
rolling-element bearings, provided the major impetus for advancements in the
technology of rolling-element bearing materials. Higher temperatures, higher
speeds and loads, and the need for greater durability and reliability all served
as incentives for developing and evaluating a broad range of new materials and
processing methods. The combined research efforts of bearing manufacturers,
engine manufacturers, and government agencies over the past three decades
have resulted in startling advances in rolling-element bearing life, reliability,
and performance. The discussion here is narrow in scope. For a comprehen-
sive treatment of the research status of current bearing technology and current
bearing designs, refer to Bamberger et al. (1980).

5.6.1 Ferrous Alloys

The need for higher temperature capability led to the evaluation of several avail-
able molybdenum and tungsten alloy tool steels as bearing materials. These
alloys have excellent high-temperature hardness retention. Such alloys melted
and cast in an air environment were, however, generally deficient in fatigue re-
sistance because of nonmetallic inclusions. Vacuum processing techniques can
reduce or eliminate these inclusions. Techniques used include vacuum induction
melting (VIM) and vacuum arc remelting (VAR). These have been extensively
explored, not only with the tool steels now used as bearing materials but with
SAE 52100 and some of the carburizing steels as well. Table 5.7 lists a fairly
complete array of ferrous alloys, both fully developed and experimental, from
which present-day bearings are fabricated. AISI M-50, usually VIM-VAR or
consumable electrode vacuum melted (CEVM), has become a widely used qual-
ity bearing material. It is usable at temperatures to 315°C, and it is usually
assigned a materials life factor of 3 to 5. T-l tool steel has also come into fairly
wide use in bearings, mostly in Europe. Its hot hardness retention is slightly
superior to that of M-50 and approximately equal to that of M-l and M-2.
These alloys retain adequate hardness to about 400°C.

Surface-hardened or carburized steels are used in many bearings where,
because of shock loads or cyclic bending stresses, the fracture toughness of
through-hardened steels is inadequate. Some of the newer materials being de-
veloped, such as CBS 1000 and Vasco X-2, have hot hardness retention compa-
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Table 5.7: Typical compositions of selected bearing steels [From Bamberger et al. (1980)]

Designation

SAE 52100"
MHT''
AISI M-l
AISI M-2"
AISI M-10
AISI M-50"
T-l (18-4-1)"
T15
440C"
AMS 5749
Vasco Matrix 11
CRB-7
AISI 9310"
CBS 600"
CBS 1000M"
Vasco X-2'

C P
(max)

8
(max)

Mn Si Cr V W Mo Co Cb Ni

AHoying element, wt %

1.00

1.03

0.80

0.83

0.85
0.80
0.70
1.52
1.03
1.15
0.53
1.10
0.10
0.19
0.14
0.14

0.025
0.025
0.030
0.030
0.030
0.030
0.030
0.010
0.018
0.012
0.014
0.016
0.006
0.007
0.018
0.011

0.025
0.025
0.030
0.030
0.030
0.030
0.030
0.004
0.014
0.004
0.013
0.003
0.001
0.014
0.019
0.011

0.35
0.35
0.30
0.30
0.25
0.30
0.30
0.26
0.48
0.50
0.12
0.43
0.54
0.61
0.48
0.24

0.30
0.35
0.30
0.30
0.30
0.25
0.25
0.25
0.41
0.30
0.21
0.31
0.28
1.05
0.43
0.94

1.45
1.50
4.00
3.85
4.00
4.00
4.00
4.70
17.30
14.50
4.13
14.00
1.18
1.50
1.12
4.76

—
—
1.00
1.90
2.00
1.00
1.00
4.90
0.14
1.20
1.08
1.03
—
—
—
0.45

—
—
1.50
6.15
—
—
18.0
12.5
—
—
1.40
—
—
—
—
1.40

—
—
8.00
5.00
8.00
4.25
—
0.20
0.50
4.00
4.80
2.02
0.11
0.94
4.77
1.40

—
—
—
—
—
—
—
5.10
—
—
7.81
—
—
—
—
0.03

—
—
—
—
—
—
—
—
—
—
—
0.32
—
—
—
—

—
—
—
—
—
—
—
—
—
—
0.10
—
3.15
0.18
2.94
0.10

"Balance, iron.

**Also contains 1.36% Al.

"Carburizing grades.
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Figure 5.3: Hot hardness of CBS
1000, CBS 1000M, Vasco X-2,
and high-speed tool steels.
Anderson and

rable to that of the tool steels (Fig. 5.3). They too are available as ultraclean,
vacuum-processed materials and should offer adequate resistance to fatigue.
Carburized steels may become of increasing importance in ultra-high-speed ap-
plications. Bearings with through-hardened steel races are currently limited to
approximately 2.5 million dbNa (where db is bore diameter in millimeters and
A?a is rotational speed in revolutions per minute). At higher db/Va values fatigue
cracks propagate through the rotating race as a result of excessive hoop stress
(Bamberger et al., 1976).

In applications where the bearings are not lubricated with conventional oils
and protected from corrosion at all times, a corrosion-resistant alloy should be
used. Dry-film-lubricated bearings, bearings cooled by liquefied cryogenic gases,
and bearings exposed to corrosive environments such as high humidity and salt
water are applications where corrosion-resistant alloys should be considered. Of
the alloys listed in Table 5.7, both 440C and AMS 5749 are readily available in
vacuum-melted heats.

Forging and forming methods that result in improved resistance to fatigue
have also been developed. Experiments indicate that fiber or grain How parallel
to the stressed surface is superior to fiber How that intersects the stressed surface
(Bamberger, 1970; Zaretsky and Anderson, 1966). Forming methods that result
in more parallel grain How are now being used in the manufacture of many
bearings, especially those for high-load applications.
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5.6.2 Ceramics

Experimental bearings have been made from a variety of ceramics including
alumina, silicon carbide, titanium carbide, and silicon nitride. The use of ce-
ramics as bearing materials for specialized applications will probably continue
to grow for several reasons. These include

* High-temperature capability. Because ceramics can exhibit elastic be-
havior to temperatures beyond 1000°C, they are an obvious choice for
extreme temperature applications.

* Corrosion resistance. Ceramics are essentially chemically inert and able
to function in many environments hostile to ferrous alloys.

* Low density. This can be translated into improved bearing capacity at
high speeds, where centrifugal effects predominate.

* Low thermal expansion coefficient. Under severe thermal gradients, ce-
ramic bearings exhibit less drastic changes in geometry and internal play
than do ferrous alloy bearings.

Silicon nitride has been developed as a bearing material (Sibley, 1982;
Cundill and Giordano, 1982). Silicon nitride bearings have exhibited fatigue
lives comparable to and in some instances superior to that of high-quality
vacuum-melted M-50 (Sibley, 1982). Two problems remain: (1) quality con-
trol and precise nondestructive inspection techniques to determine acceptabil-
ity and (2) cost. Improved hot isostatic compaction, metrology, and finishing
techniques are all being actively pursued.

5.7 Properties of Common Bearing Materials

This section provides representative values for a number of solid material prop-
erties required in evaluating fluid film bearings. The tables and figures presented
in this section came from ESDU (1984). With many materials a wide range of
property values is attainable by, for example, heat treatment or a small change
in composition. The quoted values given in the tables are therefore only typical
values likely to be met in fluid Aim lubrication applications. Unless otherwise
stated, all material properties are quoted for room temperature (20°C).

Bearing materials have been conveniently grouped into three basic classi-
fications: metals, ceramics, and polymers. This scheme is based primarily on
chemical makeup and atomic structure, and most materials fall into one dis-
tinct grouping or another, although there are some intermediates. In addition
to these three major classifications, there is one additional group of bearing
materials that might he considered, namely, composites. A brief explanation
of the material classifications and their representative characteristics is given
here:
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* Afê a?s. Metallic materials are normally combinations of metallic ele-
ments. They have large numbers of nonlocalized electrons; that is, these
electrons are not bound to particular atoms. Metals are extremely good
conductors of electricity and heat and are not transparent to visible light;
a polished metal surface has a lustrous appearance. Furthermore, metals
are quite strong yet deformable.

* Ceramics. Ceramics are compounds of metallic and nonmetallic elements;
they are most frequently oxides, nitrides, and carbides. The wide range
of materials that fall within this classification includes ceramics that are
composed of clay, cement, and glass. These materials are typically insu-
lative to the passage of electricity and heat and are more resistant to high
temperatures and harsh environments than metals and polymers. With
regard to mechanical behavior, ceramics are hard but very brittle.

* Pofymers. Polymers include plastic and rubber materials. Many polymers
are organic compounds that are chemically based on carbon, hydrogen,
and other nonmetallic elements. Furthermore, they have very large molec-
ular structures. These materials typically have low density and may be
extremely flexible.

* Composites. Composite materials include more than one material type.
Fiberglass is an example, in which glass fibers are embedded within a
polymeric material. A composite is designed to display a combination of
the best characteristics of each of the component materials. Fiberglass
acquires strength from glass and flexibility from the polymer.

Composites are beyond the scope of this book, but the properties of the
other three main classifications of materials will be considered along with a
number of materials within each classification.

5.7.1 Density

As pointed out in Sec. 4.12, the density p of a solid material is the mass divided
by the volume and hence has metric units of kilograms per cubic meter. Typical
values lie between 10̂  and 10̂  kg/m^. Figure 5.4 illustrates the density ordering
of various metals, polymers, and ceramics, and Table 5.8 gives quantitative
density at room temperature (20° C).

Alloying changes the density only slightly. To a first approximation, the
density of an alloy (metallic solid resulting from dissolving two or more molten
metals in each other) is given by the "rule of mixtures" (i.e., by a linear inter-
polation between the densities of the alloy components).
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Table 5.8: Densities of various metals, polymers, and ceramics at room tem-
perature (20°C; 68°F) [̂o

Material

Metals:
Aluminum and its alloys"
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses
Bronze, aluminum
Bronze, leaded
Bronze, phosphor (cast)**
Bronze, porous
Copper
Copper lead
Iron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steels^
Zinc alloys
Polymers:
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high quality
Phenol, formaldehyde
Rubber, natural*^
Rubber, silicone
Ceramics:
Alumina (Â Os)
Graphite, high strength
Silicon carbide (SiC)
Silicon nitride (SisN̂ )

Density, p
kg/m-i

2.7 x!Q3
3.1 x!Q3
10.1xlQ3
7.4 x!Q3
8.6 xlQ3
7.5 x!Q3
8.9 x!Q3
8.7 x!Q3
6.4 x!Q3
8.9 x!Q3
9.5 x!Q3
7.4 x!Q3
6.1 x!Q3
7.8 x!Q3
1.8 x!Q3
7.8 x!Q3
6.7 xlQ3

1.4 x!Q3
1.14 x!Q3
0.95xlQ3
1.3 x!Q3
1.0 x!Q3
1.8 x!Q3

3.9 x!Q3
1.7 x!Q3
2.9 x!Q3
3.2xlQ3

lbm/in"

0.097
0.11
0.36
0.27
0.31
0.27
0.32
0.31
0.23
0.32
0.34
0.27
0.22
0.28
0.065
0.28
0.24

0.051
0.041
0.034
0.047
0.036
0.065

0.14
0.061
0.10
0.12

"Structural alloys.
**Bar stock typically 8.8 x!Q3 kg/m3 (0.30 lbm/in.'
^Excluding "refractory" steels.
^"Mechanical" rubber
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Figure 5.4: Illustration of density for various metals, polymers, and ceramics
at room temperature (20°C; 68°F).

5.7.2 Modulus of Elasticity and Poisson's Ratio

A simple tensile load applied to a bar produces a stress <7i and a strain ei,
where

load
= stress in axial direction

cross-sectional area

change in length
original length

= strain in axial direction

The elastic constant, or modulus of elasticity (sometimes referred to as
"Young's modulus"), can be written as

(5.1)
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Although no stress acts transversely to the axial direction, there will neverthe-
less be dimensional changes in the transverse direction, for as a bar extends
axially it contracts transversely. The transverse strains €2 are related to the
axial strains by Poisson's ratio M such that

ez = -m (5.2)

where the negative sign simply means that the transverse deformation will be
in the opposite sense to the axial deformation. The metric unit of modulus of
elasticity is newton per square meter, or pascal, and Poisson's ratio is dimen-
sionless.

Figure 5.5 illustrates values of the modulus of elasticity for various metals,
polymers, and ceramics at room temperature (20°C). The moduli of elasticity
for metals and ceramics are quite similar, but those for the polymers are con-
siderably lower. Tables 5.9 and 5.10 give quantitative values of the modulus
of elasticity and Poisson's ratio, respectively, for various metals, polymers, and
ceramics at room temperature.

5.7.3 Linear Thermal Expansion CoefHcient

Different materials expand at different rates when heated. A solid object in-
creases in length by a certain fraction for each degree rise in temperature. This
result is accurate over a fairly large range of temperatures. It can be used for
calculating how much an object will expand for a given change in temperature,
once the extent of the material's expansion is measured. This value is given
for each material by a number called "linear expansivity" or "linear thermal
expansion coefficient" a. The metric unit of a is Kelvin**^.

Figure 5.6 illustrates the linear thermal expansion coefficient for various
metals, polymers, and ceramics applied over the temperature range 20 to 200°C.
The polymers have the highest value, followed by the metals and then the
ceramics. Table 5.11 gives quantitative values of the linear thermal expansion
coefficient for various metals, polymers, and ceramics from 20 to 200°C.

5.7.4 Thermal Conductivity

When two bodies at different temperatures are brought together, the faster-
moving molecules of the warmer body collide with the slower-moving molecules
of the cooler body and transfer some of their motion to the latter. The warmer
object loses energy (drops in temperature) while the cooler one gains energy
(rises in temperature). The transfer process stops when the two bodies reach
the same temperature. This transfer of molecular motion through a material is
called "heat conduction." Materials differ in how fast they let this transfer go
on. The metric units of thermal conductivity i*ff are watts per meter-Kelvin.

Figure 5.7 illustrates the thermal conductivity of various metals, polymers,
and ceramics. The metals and ceramics in general are good conductors, and the
polymers are good insulators. Table 5.12 quantifies the thermal conductivity
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Figure 5.5: Illustration of modulus of elasticity for various metals, polymers,
and ceramics at room temperature (20°C; 68°F). [i-rom
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Table 5.9: Modulus of elasticity for various metals, polymers, and ceramics at
room temperature (20°C; 68°F) [From E3ZW (

Material

Metats
Aluminum
Aluminum alloys"
Aluminum tin
Babbitt, lead-base white metal
Babbitt, tin-base white metal
Brasses
Bronze, aluminum
Bronze, leaded
Bronze, phosphor
Bronze, porous
Copper
Iron, gray cast
Iron, malleable cast
Iron, spheroidal graphite'*
Iron, porous
Iron, wrought
Magnesium alloys
Steel, low alloys
Steel, medium and high alloys
Steel, stainless'
Steel, high speed
Zinc alloys
Polymers
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde^
Rubber, natural^
Ceramics
Alumina (AbOa)
Graphite
Cemented carbides
Silicon carbide (SiC)
Silicon nitride (SigN^i)

Modulus of elasticity, .E
GPa

62
70
63
29
52
100
117
97
110
60
124
109
170
159
80
170
41
196
200
193
212
50

2.7
1.9
0.9
7.0

0.004

390
27
450
450
314

Mlbf/in.^

9.0
10.2
9.1
4.2
7.5
14.5
17.0
14.1
16.0
8.7
18.0
15.8
24.7
23.1
11.6
24.7
5.9
28.4
29.0
28.0
30.7
7.3

0.39
0.28
0.13
1.02
0.0006

56.6
3.9
65.3
65.3
45.5

"Structural alloys.
**For bearings.
"Precipitation-hardened alloys up to 211 GPa (30 lbf/in.2).
''Some alloys up to 96 GPa (14 lbf/in.̂ ).
' Filled.
^25-Percent-carbon-black "mechanical" rubber.
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Figure 5.6: Illustration of thermal expansion coefficient for various metals, poly-
mers, and ceramics applied over temperature range 20 to 200°C (68 to 392°F).
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Table 5.10: Poisson's ratio for various metals, polymers, and ceramics at room
temperature (20°C; 68°F) [From E?IW

Material

Metals:
Aluminum and its alloys
Aluminum tin
Babbitt, lead-base white metal
Babbitt, tin-base white metal
Brasses
Bronze
Bronze, porous
Copper
Iron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steels
Zinc alloyŝ
Polymers:
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde^
Rubber
Ceramics:
Alumina (Â Ô )
Graphite, high strength
Cemented carbides
Silicon carbide (SiC)
Silicon nitride (SisN,))

Poisson's
ratio,
V

0.33

0.33
0.33
0.22
0.33
0.26
0.20
0.30
0.33
0.30
0.27

0.40
0.35

0.50

0.28

0.19
0.19
0.26

"Structural alloys.

results given in Fig. 5.7. In Fig. 5.7 and Table 5.12, unless otherwise stated,
the temperature is assumed to be room temperature (20°C; 68°F).

5.7.5 Specific Heat Capacity

The nature of a material determines the amount of heat transferred to or from a
body when its temperature changes by a given amount. Imagine an experiment
in which you take a cast iron ball and a babbitt (lead-based white metal) ball
of the same size, heat them both to the temperature of boiling water, and then
lay them on a block of wax. You would find that the cast iron ball melts a
considerable amount of wax but the babbitt ball, in spite of its greater mass,
melts hardly any. It therefore would seem that different materials, in cooling
through the same temperature range, give up different amounts of heat.

The quantity of heat energy given up or taken on when a body changes its
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Table 5.11: Linear thermal expansion coefficient for various metals, polymers
and ceramics applied over temperature range 20 to 200° (68 to 392°) [F̂ om.

(1984)]

Material

Metals:
Aluminum
Aluminum alloys"
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses
Bronzes
Copper
Copper lead
[ron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steel, alloy*'
Steel, stainless
Steel, high speed
Zinc alloys
Polymers:
Thermoplastics^
Thermosets^
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high density
Phenol formaldehyde*^
Rubber, natural^
Rubber, nitrite^*
Rubber, silicone
Ceramics:
Alumina (AlsOg)'*
Graphite, high strength
Silicon carbide (SiC)
Silicon nitride (SisN̂ )

Linear thermat expansion
coefficient, 5

^m/m-K

23
24
24
20
23
19
18
18
18
11
12
12
27
11
17
11
27

60-100
10-80
90
100
126
25-40
80-120
34
57

5.0
4.5
4.3
3.2

în./in.-°F

12.8
13.3
13.3
11
13
10.6
10.0
10.0
10.0
6.1
6.7
6.7
15
6.1
9.5
6.1
15

35-56
6-44
SO
56
70

14-22
44-67
62
103

2.8
0.8-2.2
2.4
1.8

"Structural alloys.
Cast alloys can be up to 15//m/m-K.
"^Typical bearing materials.
2̂5 ̂ m/m-K to 80 /im/m-K when reinforced.
^Mineral filled.
-f Fillers can reduce coefficients.
''Varies with composition.
''O to 200°C.
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Figure 5.7: Illustration of thermal conductivity for various metals, polymers,
and ceramics. [From Ê Dt/
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Table 5.12: Thermal conductivity for various metals, polymers, and ceramics

Material

Metals:
Aluminum
Aluminum alloys, casting"
Aluminum alloys, silicon**
Aluminum alloys, wrought"
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses"
Bronze, aluminum"
Bronze, leaded
Bronze, phosphor (cast)̂

Bronze, porous
Copper"
Copper lead
Iron, gray cast
Iron, spheroidal graphite
Iron, porous
Iron, wrought
Magnesium alloys
Steel, low alloy"
Steel, medium alloy
Steel, stainless^
Zinc alloys
Polymers:
Acetal (polyformaldehyde)
Nylons (polyamides)
Polyethylene, high density
Rubber, natural
Ceramics:
Alumina (AbOs)̂
Graphite, high strength
Silicon carbide (SiC)

Thermal conductivity
W/m K

209
146
170
151
180
24
56
120
50
47
50
30
170
30
50
30
28
70
110
35
30
15
110

0.24
0.25
0.5
1.6

25
125
15

Btu/ft hr °F

120
84
98
87
100
14
32
69
29
27
29
17
98
17
29
17
16
40
64
20
17
8.7
64

0.14
0.14
0.29
0.92

14
72
8.6

"At 100°C.
**At 100°C (-150 W/m- K at 25°C.
"20 to 100°C.
''Bar stock typically 69 W/m K.
'Typically 22 W/m-K at 200° C.
^Typically 12 W/nr K at 400°C.
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Table 5.13: Specific heat capacity for various metals, polymers and ceramics at
room temperature (20°; 68 °F) [From

Material

Metals:
Aluminum and its alloys
Aluminum tin
Babbitt, lead-based white metal
Babbitt, tin-based white metal
Brasses
Bronzes,
Copper*
Copper lead
Iron, cast
Iron, porous
Iron, wrought
Magnesium alloys
Steels'*
Zinc alloys
Polymers:
Thermoplastics
Rubber, natural
Ceramics:
Graphite
Cemented carbides

Specific heat capacity, Cp
kJ/kg K

0.9
0.96
0.15
0.21
0.39
0.38
0.38
0.32
0.42
0.46
0.46
1.0
0.45
0.4

1.4
2.0

0.8
0.7

Btu/lb °F

0.22
0.23
0.036
0.05
0.093
0.091
0.091
0.076
0.10
0.11
0.11
0.24
0.11
0.096

0.33
0.48

0.2
0.17

"Aluminum bronzes up to 0.48 kJ/kg
''Rising to 0.55 kJ/kg K (0.13 Btu/lb

K (0.12 Btu/lb °F).
°F) at 200°C (392°F).

temperature is proportional to the mass of the object, to the amount that its
temperature changes, and to a characteristic number called the "specific heat
capacity" of the material the body is made from.

(5.3)

where
= quantity of heat, J
p = specific heat of material, J/(kg-K)
^ = mass of body, kg
tnt = temperature change, K

Figure 5.8 illustrates the specific heat capacity of various metals, polymers,
and ceramics at room temperature (20° C). Polymers have considerably higher
specific heat than metals or ceramics. Table 5.13 quantifies the information
presented in Fig. 5.8.
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Figure 5.8: Illustration of specific heat capacity for various metals, polymers,
and ceramics at room temperature (20°C; 68°F). [R-om ESYW

5.8 Closure

In this chapter the general characteristics of bearing materials have been es-
tablished and discussed. Some desirable characteristics covered in this chapter
are compatibility with rubbing counterface materials; embeddability for dirt
particles and wear debris; conformability to enable the bearing to accommo-
date misalignment, geometrical errors, and deflections in structure, strength,
corrosion resistance, and fatigue resistance. The various types of bearing ma-
terial that are now available have been evaluated in terms of these characteris-
tics. These materials consist of metallics (babbitts, bronzes, aluminum alloys,
porous metals, and metal overlays such as silver and indium) or nonmetallics
(plastics, rubber, carbon-graphite, ceramics, cemented carbides, and metal ox-
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ides). Bearing materials applicable to conformal surfaces, where hydrodynamic
lubrication occurs, as well as to nonconformal surfaces, where elastohydrody-
namic lubrication occurs, were discussed. The stresses acting on conformal a,nd
nonconformal surfaces differ considerably, and therefore the solid surface re-
quirements are quite different. The last section listed representative values of a
number of solid material properties required in evaluating fluid film bearings.
These properties included density, modulus of elasticity, Poisson's ratio, linear
thermal expansion coefficient, thermal conductivity, and specific heat capacity.
Values of these parameters were given for a variety of metals, polymers, and
ceramics at room temperature. The materia) developed in this chapter should
prove useful in subsequent chapters.

5.9 Problem

5.1 Describe and compare the main types of materials that are available for
use as a plain journal bearing when an oil or a grease is undesirable as a
lubricant.
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Chapter 6

Viscous Flow

Symbols

A area, m
a radius of pipe, m
& width of journal, m
C/ correction for tube diameter
c radial clearance, m
/ friction force, N
<? acceleration due to gravity

(9.8 m/s^)
/t Him thickness, m
/tt height of liquid level, m
/tt height that sphere falls, m
â length ofannulus,m
Na rotational speed, rev/s
p pressure, N/m^
Pi inlet pressure, N/m^
q volumetric How rate, m /s
r radius, m
r; inner radius, m
ro outer radius, m
t time, s
tq torque, N-m
M velocity in a: direction, m/s
Ma surface a velocity, m/s
Mb surface & velocity, m/s
u velocity in y direction, m/s
w velocity in 2 direction, m/s
t4-,U3,^9 velocity in r, z, and 0

directions of cylindrical polar
coordinates, m/s

Kr;U#,u<%< velocity in r, 0, and <̂

directions of spherical polar
coordinates, m/s

X̂ ,ŷ ,Ẑ  body forces per unit mass,
m/s2

3;, y, 2 Cartesian coordinates, m
?? absolute viscosity, N-s/m^
?)o absolute viscosity at p=0

and constant temperature,
N'S/m̂

0 coordinate in cylindrical po-
lar coordinates

Aa second viscosity coefficient,
Ns/m^

â dilatation,s"*
p density of lubricant, kg/m^
p, density of sphere, kg/m^
p/ density of Huid, kg/m^
po density at p=0, N'Ŝ /m
p* mean density, kg/m^
a normalstress,N/m^
T shear stress, N/m^
tj angular speed, rad/s

Subscripts
solida
solid6
Cartesiancoordinates
cylindrical coordinates
sphericalcoordinates
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6.1 Introduction

This chapter focuses on aspects of fluid mechanics that are important in under-
standing fluid film lubrication. Four aspects of viscous flow are important:

1. A fluid's viscous resistance increases with the deformation rate. Making
a fluid How fast requires a greater force than making it flow slowly.

2. Molecules do not go back to their original positions when the applied force
is removed. The now involves a nonreversible change, and the work done
in producing viscous flow appears as heat in the liquid.

3. A liquid becomes less viscous as its temperature is raised. The greater
thermal energy enables the molecules to escape from their neighbors (less
external force is required to hurry them on).

4. The viscosity of a hquid in nonconformal conjunctions generally increases
as the pressure increases. The viscosity may increase by several orders
of magnitude. This is a fortunate state of affairs, for it implies that the
harder one tries to squeeze out a lubricant, the higher wiH be its viscosity
and the greater its resistance to extrusion.

6.2 Petrov's Equation

Here Newton's postulate (Sec. 4.10) is applied to a full journal running con-
centrically with the bearing, as shown in Fig. 6.1. It is shown later that the
journal will run concentrically with the bearing only when one of the following
conditions prevails: (1) the radial load acting on the bearing is zero, (2) the
viscosity of the lubricant is infinite, or (3) the speed of the journal is infinite.
None of these conditions are practically possible. However, if the load is light
enough, if the journal has a sufficiently high speed, and if the viscosity is suf-
ficiently high, the eccentricity of the journal relative to the bearing may be so
small that the oil film around the journal can be considered practically to be of
uniform thickness.

The oil film in a journal bearing is always thin relative to the radius of the
bearing. Therefore, the curvature of the bearing surface may be ignored, and
the film may be considered as an unwrapped body having a thickness equal
to the radial clearance, a length equal to 2-n*r, and & equal to the width of
the bearing. Assume that the viscosity throughout the oil Aim is constant. In
Fig. 6.2 the bottom surface is stationary and the top surface is moving with
constant velocity t̂ . Petrov (1883) assumed no slip at the interface between
the lubricant and the solids.

Making use of Newton's postulate as expressed in Eq. (4.2) gives the friction
force in a concentric journal bearing as

a , a 0
- = 71o27[T& - = - (6.1)
e c c
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Figure 6.1: Concentric journal bearing.

where N^ is in revolutions per second and % is the viscosity at p = 0 and
at a constant temperature. The coefficient of friction for a concentric journal
bearing can be written as

_ _
to,

(6.2)

where M^ is the normal applied load. The friction torque for a concentric journal
bearing can be written as

(6.3)

where <̂ j = STrA^, the angular velocity in radians per second. Equation (6.3) is
generally called "Petrov's equation" (after N. Petrov, who suggested a similar
equation for torque in his work published in 1883).

The power toss is just the velocity multiplied by the frictionai force. The
power loss for a concentric (lightly loaded) journal bearing can be expressed in

2w

Figure 6.2: Developed journal and bearing surfaces for a concentric journal
bearing.
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horsepower as

*-̂ A<°<°-'̂
where

% = viscosity at p = 0 and at a constant temperature, Ibf-s/in^
r = radius of journal, in.
5 = width of journal, in.
JVa = speed, r/s
c = radial clearance, in.

Note that Eq. (6.4) is valid for only these units.

6.3 Navier-Stokes Equations

Lubricants in hydrodynamic lubrication analyses and in many elastohydrody-
namic lubrication analyses are assumed to behave as Newtonian fluids. As
given in Chapter 4 the shear rate is linearly related to the shear stress. Besides
assuming that the fluid behavior is Newtonian, assume also that laminar flow
exists. Navier (1823) derived the equations of fluid motion for these conditions
from molecular considerations and by introducing Newton's postulate for a vis-
cous fluid. Stokes (1845) also derived the governing equations of motion for a
viscous fluid in a slightly different form, and the basic equations are thus known
as "Navier-Stokes equations of motion."

The Navier-Stokes equations can be derived by considering the dynamic
equilibrium of a fluid element. It is necessary to consider surface forces, body
forces, and inertia forces.

6.3.1 Surface Forces

Figure 6.3 shows the stresses on the surface of a fluid element in a viscous
fluid. Across each of the three mutually perpendicular surfaces there are three
stresses, yielding a total of nine stress components. Of the three stresses acting
on a given surface the normal stress is denoted by cr and the shear stress by
T. The stresses on the surface perpendicular to the 2 axis have been omitted
to avoid overcrowding, the first subscript on the shear stresses refers to the
coordinate direction perpendicular to the plane in which the stress acts, and
the second designates the coordinate direction in which the stress acts. The
following five relationships should be noted in relation to the surface stresses:

1. For equilibrium of the moments of the fluid element the stresses must be
symmetric; that is, the subscripts on the shear stresses can be reversed in
order.
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Figure 6.3: Stresses on two
surfaces of a fluid element.

2. The hydrostatic pressure p in the fluid is considered to be the average of
the three normal stress components

The minus sign is used because hydrostatic pressures are compressive,
whereas positive stresses are tensile.

3. The magnitude of the shear stresses depends on the rate at which the
fluid is being distorted. For most fluids the dependence is of the form

where

= absolute viscosity, N-s/m^
i = components of velocity vector, m/s (
; = components of coordinate vector, m

(6.7)

= M, M =
= y, â  = 2

Note the similarity of Eq. (6.7) to Newton's postulate [Eq. (4.1)]. The
terms in parentheses in Eq. (6.7) are a measure of the distortion of the
fluid element.

4. The magnitude of the normal stresses can be written as

^2??--— (6.6

where
dM 3u

^ — . < L (6.9)

and Aa is a second viscosity coefficient. The divergence of the velocity
vector, the dilatation $3, measures the rate at which fluid is flowing out
from each point; that is, it measures the expansion of the fluid.
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5. From Eq. (6.8)
<9%

0*2; — —p -)- A^^ -p- 2n—

<9v
^ " " d^

Substituting these expressions into Eq. (6.6) gives

3A.̂  + 27;̂  = 0
Aa = -2??/3 (6.10)

Therefore, the second viscosity coefficient can simply be expressed in
terms of the absolute viscosity.

The conclusions about the surface stresses can be expressed as

7ij'=7,, (6.11)

(7i = -p + An&, + 2??- (6.13)
02;

The normal and shear stresses tend to move the element in the T, g/, and 2
directions. The surface forces resulting from these stresses can be expressed as

-^oLEdydg (6.14a)
<9â

and

(6.145)

6.3.2 Body Forces

The forces needed to accelerate a fluid element may be supplied in part by
an external force Reid, perhaps gravity, associated with the whole body of the
element. If the components of the external force field per unit mass are Xn, %,
and Zo, these forces acting on an element are

,Xa/9&E&/dz Yo/3d:E&/dz Za/3c!a:&/c!,2: (6.15)

Note that the units of X̂ , %, and Za are meters per second squared since p,
the density, has units of Newton-seconds squared per meter to the fourth power
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6.3.3 Inertia Forces

The three components of fluid acceleration are the three total derivatives Dw/Di,
Du/D̂ , and Dw/D̂ . The signiAcance of the total derivative can be seen from
the following. Consider only the T component of velocity tt.

M = /(̂ ,y,2,t) (6.16)

The change in tt that occurs in time <A is

L?M = *̂ **"t "T *̂ *"3' "t* *o*"̂  "̂ * *o* (̂ '̂  ' )

in the limit as <A — > 0, da;/dt = M, dy/d^ = v, and dz/dt = w. Therefore, if Eq.
(6.17) is divided throughout by cK while making use of the preceding, the total
derivative for the M component can be written as

Du dM dtt du c?M .̂  .̂
-prr = -?rr + M— +v— +!i;— 6.18)
Dt 9t <9z 9y d^

Similarly, for the v and w components of velocity,

Du dv dv dv df , ,
—̂ = — +M—+V— +M— 6.19

. .
- 6.20

/̂ z

The total time derivative measures the change in velocity of one fluid element
as it moves about in space. The term d/d^ is known as the "local derivative,"
since it gives the variation of velocity with time at a fixed point. The last three
terms are grouped together under the heading "convective differential."

The resultant forces required to accelerate the elements are

7̂)7°̂ ^̂  p— dzdyo!2 /?— dxdy&z (6.21)

6.3.4 Equilibrium

The surface, body, and inertia forces acting on a fluid element having been
defined, the requirement for dynamic equilibrium can now be stated mathe-
matically. When the common factor cMyd2 is eliminated from each term and
the resultant inertia force is set equal to the sum of the body and surface forces,

D% .., d<7,,; dr...,. di*,,.,

+ (6.23)

Copyright © 2004 Marcel Dekker, Inc.



162 FUNDAMENTALS OF FLUtD FILM LUBRICATION

(6.24)

Making use of Eqs. (6.11) to (6.13), the Navier-Stokes equations in Carte-
sian coordinates are

DM ^ dp 2 d , . d

Dv ^ dp 2 d . , d / dv
r̂r = pYa - irD^ ^ dy

dp 2 d

*̂dy
The terms on the left side of these equations represent inertia effects, and

those on the right side are the body force, pressure gradient, and viscous terms
in that order. Equations (6.25) to (6.27) are the most general form of the
Navier-Stokes equations as expressed in Cartesian coordinates for a Newtonian
fluid. These equations play a central role in fluid mechanics, and nearly all
analytical work involving a viscous fluid is based on them. These equations
so far have not been restricted to either constant density or constant viscosity.
They are valid for viscous compressible How with varying viscosity.

Note that if the inertia terms in Eqs. (6.25) to (6.27) are neglected (left side
of these equations set equal to zero), this form of the equations is sometimes
referred to as the "Stokes equations."

6.3.5 Standard Forms

For all the forms of the Navier-Stokes equations to be presented in this section,
the viscosity is assumed to be constant (77 = 770)-

Cartesian Coordinates

If the viscosity is assumed to be constant (?) = %); the Navier-Stokes equations
in Cartesian coordinates can be simplified and rearranged to give

Dw ^ dp ,
— = ̂ -ir+?7obr^ + 7r2+-^+rir ^Di ox 2 2 2
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v*E** '3 02

If, besides the viscosity being constant, the density is also constant (p = po),
the last term on the right side of these equations is zero. Earlier [Eq. (6.9)]
^ = dtt/da: + dv/dy + dw/32 was deRned as the dilatation, or the measure of
the rate at which the Ruid is Rowing out from each point, that is, a measure of
the fluid expansion. If the Ruid density equals the density at p = 0 and at a
fixed temperature (p = po), then ̂  = 0.

Cylindrical Polar Coordinates

In cylindrical polar coordinates with r, 0, 2 such that a: = rcos9, y = rsin#,
and 2 = 2, the Navier-Stokes equations for constant viscosity and constant
density can be expressed as

^ --- X2" +^-x—r d0 02

(6.31)

^QQ-<^ c ^ (6.33)
or r <% 02

where
^ 1 9 1 d^ d^ . ,

(6.34
8r

Spherical Polar Coordinates

The comparable equations to (6.31) to (6.34) for the Navier-Stokes equations
expressed in spherical polar coordinates r, 0, (̂, where

37 = r sin 0 cos <̂ <

y = r sin 9 sin <̂  (6.35)

2 = r cos 0
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d^ dr r d0 r sin 0 d^ r po dr

-t- ^2^Y?2 2v^ 2 dvp 2v^COt0 2 dv^\ /cqc\

/3o\ ^*"72*"r2*dVr2 r2sin0*dVy ^ ' ^

d^ ^ dr 7* d0 7*sin0 d<^ r r

1 1 dp , 770 ̂ 2^ , ̂^ _ va _ 2cosP d^V
"^^^2^ ,̂2.;,,2̂  ^2.;^2,i.aj.A"""^' sm t̂  r^ sm

TJgTJ^ COt 0
+** a ' ozf ' ^—H *dr r dt? rsm0

1 1 dp
po r sin 0 d^

^ i ^ ""'' i ""p ) fRis)
- < T ..? _;._2 /i ̂  ,̂2 r-;̂  /) ̂ J. ' -.9 -:̂ 2 /i )̂̂. ) ^u.tjuj

where

2 l d / 2 ^ \ 1 d / . d\ 1 d2
" ̂2 37 ̂  d7/ ̂  r2 sin 0 N ̂  N/ ̂  r2 sin̂  ̂ d^ ( ' ^

Cartesian Coordinates - Turbulent Ftow

Up to this point laminar flow has been assumed. Most of the book will be
concerned only with laminar flow. However, it is important to describe the
Navier-Stokes equations when confronted with turbulent flow.

For laminar flow the velocity pattern is steady and very predictable, whereas
for turbulent flow the velocity pattern changes where eddies and vortices and
pressure show random variation with time and position. Because of this the
instantaneous value has little practical significance, and it is the mean value
that is of interest.

Thus, we may express the pressure and velocities as

= M + M W =

where asterisked values are mean and primed values are fluctuations.
Substituting Eq. (6.40) into Eqs. (6.28) to (6.30) and following the proce-

dure given, for example, in Szeri (1980) gives

--
(XE

dp*

(6.41)
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dp* d^v* ^ r ,, , .,*i
w+'°̂ "̂ ^̂ ^
("V)1 - [P* (̂ '-T] (6.42)

- [p.(̂ ')*]-[;,*(tAt/)*] (6.43)

If we neglect inertia terms and body force terms and retain only dominant
turbulent stresses, the above equations become

Equations (6.44) to (6.46) show that in turbulent flow the pressure distribution
across the film is no longer hydrostatic, as it was in laminar How.

6.4 Continuity Equation

The Navier-Stokes equations contain three equations and four unknowns: M, v,
w, and p. The viscosity and density can be written as functions of pressure
and temperature. A fourth equation is supplied by the continuity equation.
The principle of mass conservation requires that the net outHow of mass from a
volume of Huid must be equal to the decrease of mass within the volume. This
is readily calculated with reference to Fig. 6.4. The flow of mass per unit time
and area through a surface is a product of the velocity normal to the surface and
the density. Thus, the a: component of mass Hux per unit area at the center of
the volume is /w. This flux, however, changes from point to point as indicated
in Fig. 6.4. The net outflow of mass per unit time therefore is

da;
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2 9x

-%r

pw

o!z
- pu

dx

Elemental
volume

1 3fpt/J
2 3x

g;

Figure 6.4: Velocities and densities for mass Row balance through a flux volume
element in two dimensions.

and this must be equal to the rate of mass decrease within the element,

d;
Upon simplification this becomes

When the y direction is included, the continuity equation results.

If the density is a constant, the continuity equation becomes

(6.48)

This equation is valid whether or not the velocity is time dependent.
The continuity equation in cylindrical polar coordinates where 2 = 2, a: =

rcos#, and y = rsin0 can be expressed as

(6.49)
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Figure 6.5: Flow between

parallel Hat plates.

The continuity equation in spherical polar coordinates (r, 0, $!)) while making
use of Eq. (6.35) is

§ + 4 IT (̂) + — L- ̂ (̂, sin 0) + -̂ L- JL (̂  ) = o (6.50)
<% r^dr ^ ^ rsm0cw

The continuity equation for turbulent flow is

Now that general expressions for the Navier-Stokes equations and the con-
tinuity equation have been developed, the next four sections will illustrate how
these equations in simplified form can be used for some specific applications.

6.5 Flow Between Parallel Flat Plates

Consider the rate of flow through the clearance between two parallel surfaces
shown in Fig. 6.5. The top surface is moving with a velocity tt̂  and the bottom
surface is at rest. The following assumptions are imposed:

1. The inertia effect is small.

2. Body force terms can be neglected.

3. Viscosity and density can be considered constant.

4. dp/fiz = dp/dy = 0.

5. The film thickness is much smaller than other dimensions.

For these considerations the reduced Navier-Stokes equation is

1 dp

Integrating twice gives

^=i^ + ,4z + B (6.52)
% &E 2

where A and D are integration constants. The no-slip boundary conditions are
imposed:
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(a)
At rest At rest

Figure 6.6: (a) Couette and (b) Poiseuille velocity profiles.

1. 2 = 0, M = 0

2. 2 = 7t, M = Ma

From boundary condition 1, B= 0. Boundary condition 2 gives

- _ Ma /t dp
/t 2% da;

1 dp , 2 L\ , "ô
' (6.53)

For dp/da; = 0 the Colette term is M = M̂ 2:/̂ . For M^ = 0 the Po^eMtMe term
is M = —(dp/&E),z(A — 2r)/2̂ o- Figure 6.6 shows the Couette and PoiseuiMe
velocity profiles. The velocity gradient can be written as

_ _ _ L \ , i

dtt\ /t dp tta
^A=o 2?7oda; /t

dM\ /t dp Ma

Some other interesting velocity profiles are shown in Fig. 6.7.
The volume flow rate per unit width can be written as

Substituting Eq. (6.53) into this equation gives

2=0 ,=o 12??o ̂ ̂
PotseuiHo Couette

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)
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I j
dx dx dx

<0 >0

>0 >0 )̂ <o
= ̂ T

=0

Figure 6.7: Some interesting velocity profiles.

6.6 Flow in a Circular Pipe

Consider the flow in a circular pipe as shown in Fig. 6.8. Cylindrical coordinates
wilt be used with their origin at the tube center. The fluid velocity is zero at
the pipe walls. The pressure at the left end of the tube is higher than that at
the right end and drops gradually along the tube length. This pressure causes
the fluid to How from left to right.

The following assumptions are imposed:

1. Viscosity and density can be considered constant.

2. The inertia effect is small.

3. Body force terms can be neglected.

4. dp/dr = dp/cfP = 0.

5. tt,. = up = 0 and Ug = /(r).

Figure 6.8: Flow in a circu-
lar pipe.
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With these assumptions the Navier-Stokes equations in cylindrical polar
coordinates as expressed in Eqs. (6.31) to (6.33) reduce to the following equa-
tions:

dp
0 = --- +

or
r dp _ _

dr^ dr dr \ dr

Integrating once gives

î = _L^ + ̂ (6.59)
dr 2% d^ r

Integrating again gives

V;E = h .A hi r + R (6.60)
4?̂ o d^

The boundary conditions are

1. ̂ 2 = 0 when r = a.

2. From considerations of symmetry dv^/dr = 0 when r = 0.

Making use of boundary condition 2 and Eq. (6.59) results in ̂ 4= 0. Making
use of boundary condition 1 gives

4?7od2

.'. fz = -̂(â  —r^) (6.61)
4% d2

The volume Bow rate can be written as

g = 2?r / Ugfdr
7o

Substituting Eq. (6.61) into this equation gives

g = - (6.62)
8??o d2 ^ ^

Note that a negative pressure gradient is required to get a positive How in the
2 direction.
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Figure 6.9: Flow down a vertical plane.

6.7 Flow Down a Vertical Plane

Consider a vertical plane and a fluid moving down the plane due to gravity.
Figure 6.9 describes the physical situation. The fluid has a uniform thickness
of /t along the plane. The following assumptions are imposed:

1. Viscosity and density can be considered constant.

2. The inertia effect is small.

3. The body force term in the 2 direction contains gravitational acceleration;
the body force terms in the !/, 2 directions are zero (% = Za =0).

4. There are no pressure gradients.

5. The fluid velocity varies only in the 2 direction.

6. The film thickness is much smaller than the other dimensions.

With these assumptions the Navier-Stokes equations as expressed in Eqs.
(6.28) to (6.30) reduce to

Integrating gives

Integrating again gives

(6.63)

(6.64)

The boundary conditions are
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1. M=0 when 2 = 0.

2. Assuming negligible air resistance, the shear stress at the free surface must
be zero.

.'.—-= 0 when 2 = A
Ct2

From boundary condition 2 and Eq. (6.63),

2 , +^ (6'65)

From boundary condition 1, B = 0;

' M = - (2/t — 2) (6.66)
2%

The volume How rate per unit width can be expressed as

Substituting Eq. (6.66) into this equation gives

(6.67)
J'/o

The main goal of presenting the three simple viscous How examples just covered
is to show the importance of the various terms in the Navier-Stokes equations.
These simple solutions are also used in describing the various types of viscometer
in the next section.

6.8 Viscometers

The viscosity of fluids can be measured by many methods based on different
principles. Only the more typical or most important types of viscometers are
discussed here. Also the emphasis is on the principles by which these vis-
cometers operate. The following classifications of viscometers are considered:
capillary, rotational, and falling sphere. Each of these is considered separately.

6.8.1 Capillary Viscometers

This type of viscometer (shown in Fig. 6.10) is based on measuring the rate at
which a Huid Hows through a small-diameter tube. Usually, this takes the form
of measuring the time taken to discharge a given quantity of Huid. From the
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2a Figure 6.10: Important features of a cap-
illary viscometer.

How in a circular pipe covered earlier in this chapter [Eq. (6.62)],

If p, is the pressure at the inlet of the liquid contents and ̂  is the length of the
capillary tube,

But the pressure head developed is simply

where /t{ is the height of the capillary tube and /% is the density at p = 0 and
a constant temperature.

or

(6.68)

where %,o = ??o//9o is the kinematic viscosity at p = 0 and a fixed temperature,
and
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Recall that <? is the volume flow rate per unit time.

1
go<-

where B* is a constant that is a function of the apparatus.

6.8.2 Rotational Viscometers

Two different types of rotational viscometer are considered: the rotational cylin-
drical viscometer and the cone-and-plate viscometer.

Rotational Cylindrical Viscometer

As shown in Fig. 6.11 the rotational cylindrical viscometer consists of two
concentric cylinders with a fluid contained between them. The outer cylinder
rotates and torque is measured at the inner cylinder. Let

T; = inner cylinder radius
fo = outer cylinder radius
â = length of annulus
c = radial clearance, 7*0 — r; (c <g r\)
^ = angular velocity

From Newton's postulate [Eq. (4.2)],

where
/i= area, 2̂ *7*
tt = velocity,

The torque on the inner cylinder is

(6.70)
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0.1cm
(0.04 in.)

Figure 6.11: Rotational
circular viscometer.

Cone-and-Plane Viscometer

Figure 6.12 shows the essentials of a cone-and-plane viscometer. The angle a
is small. The surface speed of the cone at any radius r is M = ojr. The film
thickness is /t = rtana S3 ra. From Newton's postulate,

The torque is

M /̂

^ Jo

^ = 3a

(6.71)

6.8.3 Falling-Sphere Viscometer

The absolute viscosity % of a fluid at p = 0 and at a constant temperature
can be determined by measuring the time it takes for a ball to fall through a
tube (preferably of glass so that the ball can be easily observed). If a sphere is
falling through a fluid under a constant force, it will assume a constant velocity.
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dr

^ m, rad/sec

Figure 6.12: Cone-and-
plane viscometer.

Stokes' formula can be applied for a sphere moving through an infinite fluid.
A sphere falling freely under gravity in a liquid will be attaining a velocity M^
given by

where
r = radius of sphere, m
/?g = density of sphere, kg/m^
py = density of fluid, kg/m^
<? = gravitational acceleration, m/s^
% = absolute viscosity at p = 0 and a fixed temperature, N-s/m^

The Stokes formula given in Eq. (6.72) is for an infinite fluid and not for a
fluid in a glass tube as is the case in a falling-sphere viscometer. From Jacobson
(1991) the correction to account for the tube diameter and the eccentric position
of the sphere within the tube is

(6.73)

where

= radius of tube, m

and Bo is given by

where

27
277T2 Jo

\/l + € COS <̂ <

e = eccentricity ratio =

(6.74)

(6.75)
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and e is the eccentricity of the sphere in the tube. It should be noted that when
e = 0 (sphere is concentric with tube),

B. = — = 0.1334 (6.76)
27?!*

and when e = 1 (sphere is in contact with tube),

For any other eccentric position, Eq. (6.74) needs to be evaluated.
If the sphere falls at a constant velocity, then

Ma = ̂/* (6.78)

where
/̂  = height that sphere falls, m
^ = time it takes for sphere to fall, s

Using Eqs. (6.73) and (6.78) the absolute viscosity at p = 0 and a fixed tem-
perature can be expressed as

/ ̂  \
(6.79)

Note that for a falling-sphere viscometer the absolute viscosity is directly pro-
portional to the time it takes for the sphere to travel a fixed distance.

6.9 Closure

This chapter focused on viscous Huid How, which is important in understand-
ing Huid film lubrication. Petrov's equation was derived and gave the friction
torque in a concentric journal bearing. Navier-Stokes equations were derived
in general form and gave the dynamic equilibrium of a Huid element. It was
necessary to consider the surface forces, body forces, and inertia of a Huid el-
ement. The continuity equation was also derived by applying the principle of
mass conservation to a Huid element. The Navier-Stokes equations and the con-
tinuity equations were expressed in Cartesian, cylindrical, and spherical polar
coordinates.

Having the general expressions for the Navier-Stokes and continuity equa-
tions, the next development in this chapter was to illustrate how these equations
can be applied to various physical conditions. Some of the physical conditions
considered were How between parallel Hat plates, How in a circular pipe, How
down a vertical plane, and various types of viscometers. The emphasis in consid-
ering these applications was to point out the significance of the various terms in
the Navier-Stokes equations. The presence of the Couette and Poiseuille terms
in the velocity and How was emphasized.
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6.10 Problems

6.1 A viscous fluid flows parallel to the axis in the annular space between two
coaxial cylinders of radii Ri and % and infinite length. Show that the
flow rate between these coaxial cylinders when both cylinders are at rest
and there is an axial pressure gradient is

21

)̂ -1-
8%

6.2 Two immiscible liquids of viscosities ??i, and % flow together down a
vertical plane in distinct layers of thicknesses Ai and /t2- The thinner fluid
is assumed to be closest to the plane. What are the boundary conditions
that determine the velocity distribution? Determine the velocity and How
rate for the two regions. For the special case of % = 2??i, /9i = /?2, and
l̂ = ̂2] show that <?2/<?i = 2.

6.3 Viscous Huid is contained between two parallel flat plates that are a dis-
tance ̂  apart. One of the plates moves in its own plane with velocity 3tta
and the other in the opposite direction with velocity M^. If the flow in the
direction of motion of the faster plate is M^/t/2 per unit width, determine
the pressure gradient.

6.4 A viscous Huid is contained between two parallel Hat plates that are a
distance A apart, one of which is fixed while the other moves in its own
plane with velocity Mo. There is a pressure gradient dp/da; in the direction
of motion.

Show that the velocity distribution can be expressed in the form

where

and M^ is the mean velocity due to the pressure gradient alone. Find the
value of A corresponding to

(a) Couette How

(b) Poiseuille How

(c) A How for which the volume How rate is zero

(d) Zero shear stress on the Hxed plate

(e) Zero shear stress on the moving plate
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6.5 A laminar Bow takes place along a pipe of radius a that is inclined at an
angle of a to the horizontal. Define the appropriate Navier-Stokes equa-
tion. Determine what the velocity (ug) mean velocity (t̂ ), and volume
flow rate are in the pipe. Show also that the pressure will remain constant
along the pipe when

The viscosity (%) and density (po) are assumed constant throughout the
pipe.

6.6 Starting with the general Navier-Stokes equations in Cartesian coordi-
nates [Eqs. (6.25), (6.26), and (6.27)] determine appropriate equations if
77 = constant = 770- Express in terms of the dilatation.

6.7 Starting with the general Navier-Stokes equations [Eqs. (6.25), (6.26)
and (6.27)] determine the appropriate equations if 77=constant=??Q and
/9=constant=/9Q.

6.8 Starting with Eq. (6.52) and with the boundary conditions 2=0, tt = M{,,
and z = /t, M = Ma, determine the equation for the velocity. If M& = Ma/2

show the velocity profile across the film for pressure gradients — > 0 and

6.9 Starting with Eqs. (6.31) to (6.33) and the boundary conditions given for
flow in a circular pipe indicate which boundary condition is used for the
various terms in reducing the equations to Eq. (6.59).

6.10 Starting with Eqs. (6.28) to (6.30) for flow down a vertical plane using
boundary conditions given in Sec. 6.7 indicate which boundary condition
is used in reducing the equations to Eq. (6.63).

6.11 A shaft of radius 7?i is held concentric within a sleeve of radius %- If
the shaft is stationary while the sleeve moves with an axial velocity of
vo; determine an equation for the volume flow rate. Also, what is the
force per unit length required to move the sleeve? The pressure gradient
in the direction of motion is assumed to be zero. Constant viscosity and
density are assumed. Inertia and body force terms are neglected. Assume
(.R2-.Ri)/-Ri- 1 x 10-3.

6.12 A journal bearing has a diameter of 200 mm and a width of 50 mm while
rotating at 300 rpm and supporting a radial load of 10 kN. Calculate the
oil viscosity from Petrov's law if r/c = 100 and the coefficient of friction
is 0.003.

6.13 A shaft is rotating at 1000 rpm and is supported by two journal bearings
at the two ends of the shaft. The bearings are lubricated with SAE 40
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oil at a temperature of 25°C. A 5 kN bad is applied 0.5 m from the
left bearing where the total shaft length is 2.5 m. The bearing width is
25 mm, the diameter is 50 mm, and the radial clearance is 0.0315 mm.
Determine the coefficient of friction and power loss using Petrov's law.

6.14 A journal bearing has a diameter of 50 mm, a width of 100 mm, and
rotates at 1000 rpm. The bearing is lubricated by SAE 10 oil at a tem-
perature of 110°C and supports 5 kN. Calculate the coefficient of friction
and power loss.
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Chapter 7

Reynolds Equation

Symbols

integration constants %=
integration constants
characteristic length in i/ direc- A
tton, m Aeh
radial clearance, m T
acceleration due to gravity (9.8 t
m/s') ;„
Him thickness, m ô
Him thickness where dp/dx = 0, M, t;, u;
m
characteristic length in z direc- Mo
tion,m
turbulent How constant given in ô
Eq. (7.65)
turbulent How constant given in tuo
Eqs. (7.62) and (7.63)
characteristic length in x direc- M, v, iD
tion,m
dimensionless pressure, H

p pressure, N/m
po characteristic pressure, N/m^
9 volumetric How rate, m^/s
<?' volumetric How rate per unit

width, m^/s
K Reynolds number
Kx modiHed Reynolds number in

direction, po"ô o/??ô o
Ky modiHed Reynolds number in

direction,

modified Reynolds number in z
direction, /9otMô o/??o
gasconstant
r̂ p̂/?; as deHned in Eq. (7.64)
dimensionless time, ̂/io
time,s
temperature, °C
characteristic time, s
velocity in T,i/,andzdirec-
tions, m/s
characteristic velocity in a; direc-
tion, m/s
characteristic velocity in ?/ direc-
tion, m/s
characteristic velocity in ̂  direc-
tion, m/s
dimensionless velocity in 3;, y,
and z-direction
mean surface velocity in ar-direc-
tion, (ttt, + Mb)/2, m/s
mean surface velocity in ̂ -direc-
tion, (̂  -)- vt)/2, m/s
velocities in r, ̂ , and $ direc-
tions of cylindrical polar coordi-
nates,m/s
velocities in r, 0, and <̂  direc-
tions of spherical polar coordi-
nates,m/s
dimensionless length parameter,
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dimensionless length parameter, coordinates
y/bo p density, kg/m^
dimensionless length parameter, p dimensionless density, p/po
z//to pm density where dp/dz = 0 ,
absolute viscosity, N-s/m^ kg/m^
characteristic absolute viscosity, <7g squeeze number, po^o
N-s/m^ -r viscous shear stress,
dimensionless absolute viscosity, tj angular speed, rad/s

coordinate in cylindrical polar

7.1 Introduction

The full Navier-Stokes equations presented in the last chapter, in which inertia,
body, pressure, and viscous terms are included, are sufficiently complicated to
prohibit analytical solutions to most practical problems. There is, however, a
class of flow condition known as "slow viscous motion" in which the pressure
and viscous terms predominate. Fluid Rim lubrication problems are in this
class. It will first be demonstrated that indeed the pressure and viscous terms
of the Navier-Stokes equations are the most important terms.

7.2 Dimensionless Numbers

The following characteristic parameters may be defined:

&o characteristic length in y direction, m
Ao characteristic length in ,z direction, m
ô characteristic length in 2 direction, m
to characteristic time, s
tto characteristic velocity in T direction, m/s
vo characteristic velocity in y direction, m/s
tug characteristic velocity in 2; direction, m/s
po characteristic density, kg/m^
% characteristic absolute viscosity, N-s/m^

These characteristic parameters are used to define the following dimensionless
parameters:

— — - —
/to io Mo
p _ ?? /tgp
— — — !̂

uo wo po %

Substituting Eqs. (7.1) into the first Navier-Stokes equation expressed in
Eq. (6.25), while making use of Eqs. (6.9) and (6.18) as well as Xa in the
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body force term being equivalent to gravitational acceleration (? gives

ô <9M ^ dM ô vo _ <% ô wo _ dt/ _ ô5 ??o / 4\ ̂ 1
9T dX &o Mo dV Tto tto 8Z

2 770 1 <9

^ ^ '

770 . o
^ ^ ' ̂

The inertia, pressure, viscous, and gravitational effects from Eq. (7.2) are com-
pared in defining several dimensionless numbers.

7.2.1 Reynolds Number

The relative importance of inertia to viscous forces in any flow problem can be
judged from the value of the Reynolds number !R.

inertia
viscous

Note that the inverse of the Reynolds number occurs throughout Eq. (7.2). The
Reynolds number expressed in Eq. (7.3) is the conventional Reynolds number
found in fluid mechanics. However, in fluid film lubrication because of the
dominance of the viscous term d^M/dZ^ the modified Reynolds number ??z is
used. It is defined as

inertia /̂ û u'nj /^ .
jt̂  = = (<.4

viscous 770̂ 0

Note the occurrence of the modified Reynolds number in Eq. (7.2). The modi-
fied Reynolds numbers are also defined in the y and 2 directions as

(7.5)

?7o

The squeeze number is also defined as

??o&o

(7.6)

770̂ 0
(7.7)

Recall that K^, K^, Kg, and <ŷ  are all dimensionless and of order ^o/^o- Two
examples illustrate that this is true.
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Example 7.1: Typical Journal Bearing

Given Typical values of parameters used in defining the modified Reynolds
number for a journal bearing are

d = 0.05 m
fo = Trd = 0.157 m
7/0 = 0.5 N-s/m^
/9o = 850 kg/m3
TV,, = 2000 r/min
Mo = 2000 r/min (7rd/lr)(l min/60 s) = 5.24 m/s
/to = c = d/1000 = 5 x 10-3 ̂

Find The value of the Reynolds number for this bearing.

Solution From Eq. (7.4),

(850) (5.24) (5 x
-(0.5) (0.157)

Example 7.2: Typical Thrust Bearing Pad

Given

fo = 0.03 m
ô/̂ o = 1 *10"3
Mo = 20 m/s
% = 0.5 N'S/m̂
po = 850 kg/m^

Find The value of the Reynolds number for this bearing.
Solution From Eq. (7.4)

(850) (20) (0.03) (10-6)
(0.5)

In both sample problems the modiAed Reynolds number is considerably less
than unity and of the order /to/^o- It is clear that in typical hydrodynamically
lubricated bearings the viscous forces are much greater than the inertia forces.

Substituting Eqs. (7.4) to (7.7) into Eq. (7.2) gives the Arst Navier-Stokes
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equation as

^ --— + -—

I d

In Eq. (7.8) the inertia terms and the gravity term are of order /to/^o- The
term wo/Mo is also of order ô/̂ o. The pressure gradient term and the first
viscous term are of order 1. The remaining viscous terms are of order (/to/̂ o)
or (7to/&o) - Therefore, neglecting terms of order (̂ o/̂ o) or (Ao/&o) in Eq.
(7.8) gives

Similarly, for the second and third Navier-Stokes equations, neglecting terms of
order (Ao/̂ o) or (Ao/&o) gives

<9v ^ dv ^ dv ^ 3t) b(i IdP 1 d / d^\ . ̂ .
^ + ̂ + ^ + ^ = - + (7.10)

— = 0 - P = /(X,y,T) (7.11)

Also, the continuity equation can be expressed as

Therefore, Eqs. (7.9) to (7.12) are the Navier-Stokes and continuity equations
to be used when higher order effects are considered.

7.2.2 Taylor Number

In journal bearings a regular toroidal vortex flow may occur before the laminar
flow breaks down into turbulence (see Fig. 7.1). This phenomenon was studied
by G. I. Taylor in relation to concentric cylinders, and in 1923 he reported that
vortices formed at a Reynolds number of
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Figure 7.1: Toroidal vortex flow in a jour-
nal bearing.

Thus, the Taylor number T̂  that describes when vortex flow first starts to occur
can be expressed as

1700 (7.14)

This describes when the vortices appear. Relating this to the modified Reynolds
number denned in Eq. (7.4) requires that both sides of Eq. (7.13) be multiplied
by 7̂ /ĉ o which gives

If ho = c and = 1

(7.15)

This indicates that once the inertia terms approach the viscous terms, laminar
flow conditions do not hold and vortices are formed.

7.2.3 Froude Number

The only body forces normally encountered in lubrication are gravity and mag-
netic forces. The Froude number shows the relation of inertia to gravity forces.

Froude number =
inertia
gravity

(7.16)
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A direct ratio of gravity to viscous forces is found by dividing the Reynolds
number by the Froude number.

/ inertia \

Reynolds number _ \viscousy _ gravity _ po^oP r? i7*s
Froude number / inertia \ viscous %Mo

\ gravity/

For example, for a typical journal bearing, besides the information given earlier
in Example 7.1, g = 9.8 m/ŝ .

?<2 f^ 24*)2
Froude number = i = 17.8

This implies that the inertia forces are larger than the gravity forces. Also,

Reynolds number _ ̂ §g _ (850) (25 x 10*̂ ) (9.8) _ .
Froude number %!4) (0.5) (5. 24)

Therefore, the gravity forces can be neglected in relation to the viscous forces.

7.2.4 Euler Number

The importance of the pressure term relative to the inertia term can be judged
from the value of the Euler number, which is defined as

Euler number = = (7.18)
inertia

A direct ratio of the pressure to the viscous forces can be obtained by multi-
plying the Euler number by the Reynolds number, or

,̂  , , ^/Ti - - - \ pressure inertia pressure
(Euler number) (Reynolds number) = -- = -

inertia viscous viscous

_ PO

For example, for a typical journal bearing, besides the information given earlier
in Example 7.1, po = 5 MPa = 5 x 10" N/m^.

Euler number = -̂ ? = ,/̂ /°' = 214.3
(850) (5.24)2

Therefore, the pressure term is much larger than the inertia term. Furthermore,
from Eq. (7.19),

(5 x 1Q6) (0.157)
(Euler number) (Reynolds number) = A 2(0\5 5.24) = 0.03
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Therefore, the viscous term is larger than the pressure term, but both terms
need to be considered. Furthermore, in elastohydrodynamic lubrication, where
in Chapter 1 we discovered that the pressure is generally three orders of magni-
tude larger than in hydrodynamic lubrication, we might And the pressure term
to be of more importance than the viscous term.

7.3 Reynolds Equation Derived

The differential equation governing the pressure distribution in fluid film lubri-
cation is known as the "Reynolds equation." This equation was first derived in a
remarkable paper by Osborne Reynolds in 1886. Reynolds' classical paper con-
tained not only the basic differential equation of fluid film lubrication, but also
a direct comparison between his theoretical predictions and the experimental
results obtained by Tower (1883). Reynolds, however, restricted his analysis to
an incompressible fluid. This is an unnecessary restriction, and Harrison (1913)
included the effects of compressibility. In this section the Reynolds equation is
derived in two different ways, from the Navier-Stokes and continuity equations
and directly from the principle of mass conservation.

7.3.1 From Navier-Stokes and Continuity Equations

From the order-of-magnitude analysis in the preceding section it was discovered
that the general Navier-Stokes equations given in Eqs. (6.25) to (6.27) reduce
to Eqs. (7.9) to (7.11) when terms of order (̂ o/̂ o) and (/to/&o) and smaller
are neglected. This then is the starting point of the derivation. Further neglect-
ing terms of order ̂ o/̂ o or Ao/^o and only keeping terms of order 1 reduces
Eqs. (6.25) to (6.27) to

From Eq. (7.11) for steady-state conditions the pressure has been shown to be
a function of only x and y. Thus, Eqs. (7.20) and (7.21) can be integrated
directly to give general expressions for the velocity gradients

dw 2 9p yl , ^
ir- = -ir + - 7.22

where A and C* are integration constants.
The viscosity of the lubricant may change considerably across the thin film

(̂  direction) as a result of temperature variations that arise in some bearing

Copyright © 2004 Marcel Dekker, Inc.



REYNOLDS EQUATION DERIVED 189

problems. In this case, progress toward a simple Reynolds equation is consid-
erably complicated.

An approach that is satisfactory in most fluid film applications is to treat
?? as the average value of the viscosity across the film. Note that this does not
restrict the variation of viscosity in the 2 and ?/ directions. This approach is
pursued here.

With ?? representing an average value of viscosity across the film, integrating
Eqs. (7.22) and (7.23) gives the velocity components as

i- + B (7.24)

7i + D (7.25)

If zero slip at the fluid-solid interface is assumed, the boundary values for
velocity are

The subscripts a and & refer to conditions on the upper (curved) and lower
(plane) surfaces, respectively. Therefore, tta, ̂ a and Wa refer to the velocity
components of the upper surface in the a;, y, and 2 directions, respectively, and
Mb, Vb, and Wb refer to the velocity components of the lower surface in the same
directions.

With the boundary conditions applied to Eqs. (7.24) and (7.25), the veloc-
ity gradients and velocity components are

^ - ̂  (7.26)92 y 2??

22 — /t \ dp

2??

p /: — 2

- ̂-̂  (7.27)

+̂t̂  (7.28)

. 7.29
2?? / dy /: /t

Note that if Mb = 0, Eq. (7.26) is exactly Eq. (6.54) and Eq. (7.28) is exactly
Eq. (6.53). With these expressions for the velocity gradients and the velocity
components, expressions can be derived for the surface shear stresses and the
volume flow rate.

The viscous shear stresses acting on the solids as defined in Eq. (6.7) can
be expressed as

= 7? -X- + ̂-
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In the order-of-magnitude evaluation, dw/d^ and dM/dt/ are much smaller than
and 9v/d̂ . Therefore,

,,,̂  (7.30)

and the viscous shear stresses acting on the solid surfaces can be expressed,
while making use of Eqs. (7.26) and (7.27), as

- ^ 3? 7? (M6 - M.)

The negative signs on the viscous shear stresses indicate that they act opposite
to the direction of motion.

The volume flow rates per unit width in the 2 and y directions are defined
as

<?̂ . = / Mcfz (7.36)

^ = / vdz (7.37)
Jo

Substituting Eqs. (7.28) and (7.29) in these equations gives

dp

Note that if M^ = 0, Eq. (7.38) is exactly Eq. (6.58), derived for the volume How
rate between parallel flat plates. The first term on the right side of Eqs. (7.38)
and (7.39) represents the well-known Poiseuille (or pressure) How, and the sec-
ond term represents the Couette (or velocity) flow.
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Example 7.3

Given A piston pump without rings pumps an oil with a viscosity of 0.143
Pa-s at a pressure differential of 20 MPa. The piston moves concentrically in
the cylinder so that the radial clearance is constant around the piston. The
piston is 100 mm in diameter and 80 mm long and the radial clearance is 50
m̂. The piston moves with a speed of 0.2 m/s.

Find Determine the leakage past the piston when

(a) The piston pumps the oil (like a pump)

(b) The oil drives the piston (like a hydraulic cylinder)

Solution The pressure gradient is

rt6\
= 2.5 x 1QS N/m^

dz Az 0.080

(a) When the piston pumps the oil, the cylinder wall passes the piston from
high pressure to low pressure. From Eq. (7.38) the pressure now and the
motion How together are

(50)3 (iQ-is) (gg) (ips) (5Q) (iQ-

(12)(0.143) *̂ 2

= 7.292 x lO*^ ̂ 3/g

(b) When the oil drives the piston, the pressure flow is opposite to the flow
from the motion

3 dp /t (Ma + M;,)

(50)3 (10-is) (2.5) (1QS) (5Q) (10-6) (Q.
(12)(0.143) *̂  2

= -4.150 x lO*^ ̂ 3/g

Thus, when the piston pumps the oil, the leakage is 7.292 cm̂ /s; and
when the oil drives the piston, the leakage is -4.150 cm̂ /s. Therefore,
the cylinder wall motion pulls oil into the high-pressure region.

Returning to Eqs. (7.28) and (7.29), the Reynolds equation is formed by
introducing these expressions into the continuity equation derived in Eq. (6.47).
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Before doing so, however, it is convenient to express the continuity equation in
integral form.

Now a general rule of integration is that

'o dz"̂ '"'̂ """̂ '̂ ^̂ ).̂  .f̂ '!/-̂ ) (7-40)

Hence, if /a is assumed to be the mean density across the Rim (as was done
earlier for the viscosity across the Rim), the M component term in the integrated
continuity equation is

<% 9 / f'' , \ <97: 3

Similarly, for the v component

a

The tu component term can be integrated directly to give

7o <92

Therefore, the integrated continuity equation becomes

, dp d/t d / /̂  \ d/t 9

(7.41)
The integrals in this equation represent the volume Row rates per unit width
(q̂ . and q') described in Eqs. (7.38) and (7.39). Introducing these How rate
expressions into the integrated continuity equation yields the general Reynolds
equation

0 =

7.3.2 From Laws of Viscous Flow and Principle of Mass
Conservation

The Reynolds equation can be derived directly by considering a control volume
Rxed in space and extended across the lubricating Rim. Consider the rate of
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mass How through a rectangular section of sides Aa; and Ay, thus fixing the
coordinate system and extending the lubricating film between the surfaces as
shown in Fig. 7.2. Note that one surface is represented by the plane 2 = 0
and the other by a curved surface so that the film thickness at any instant is
a function of 2 and y only. This is exactly the coordinate system used in the
previous derivation of the Reynolds equation.

The mass of lubricant in the control volume at any instant is /9/tAa;Ay.
The rate of change within the control volume arises from the change in the
difference between the rate of mass flowing into the control volume and the
rate leaving the control volume, which is — (dpĝ /da:) Aa^Ay in the a: direction
and — (<9/x?̂ /ch/) A^Ay in the y direction.

The principle of mass conservation demands that the rate at which mass is
accumulating in the control volume <9 ((/ô ) /di must be equal to the difference
between the rates at which mass enters and leaves. Therefore,

(7.43)
L/̂  (yy tŷ .

But

and
d , .̂ / 3̂  3̂ \ ,d,o ,̂.
- (p/t) = p ̂ - ̂  - ̂- - î J + ̂ (7.44)

By making use of Eqs. (7.38), (7.39), and (7.44), Eq. (7.43) becomes

3

This is exactly Eq. (7.42), the general Reynolds equation derived from the
Navier-Stokes and continuity equations.

7.4 Physical Significance of Terms in Reynolds
Equation

The first two terms of Eq. (7.45) are the Poiseuille terms and describe the net
flow rates due to pressure gradients within the lubricated area; the third and
fourth terms are the Couette terms and describe the net entraining flow rates
due to surface velocities. The fifth to seventh terms describe the net flow rates
due to a squeezing motion, and the last term describes the net flow rate due to
local expansion. The flows or "actions" can be considered, without any loss of
generality, by eliminating the side-leakage terms (3/<9y) in Eq. (7.45).
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Q^Ay ^^Ax Ay

Figure 7.2: Mass How through rectangular-section control volume, (a)
plane; (b) y-2 plane; (c) 2-g/ plane. [Froyn FamrocA and
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Figure 7.3: Density wedge.

d /^dp^ d [p/t(Mn-t-Mb)*l

dz ̂ 12?̂  9ẑ / dz [ 2 J

M

PoiscuiUe Couette

^ + ̂ )̂ dp p/t d ,
rs fi n a \̂ " ' ̂ ^̂2 oz 2 03;

/ d^\

\ ozy

Squeeze

P ("tt + ̂t) dA
2 <9z

Density wedge Stretch Physical wedge

Local expansion

(7.46)

It can be seen that the Couette term leads to three distinct actions. The
physical significance of each term within the Reynolds equation is now discussed
in detail.

7.4.1 Density Wedge Term ,,) /t/2]

The density wedge action is concerned with the rate at which lubricant density
changes in the sliding direction as shown in Fig. 7.3. If the lubricant density
decreases in the sliding direction, the Couette mass flows for each location of
the three velocity profiles of Fig. 7.3 differ. For continuity of mass flow this
discrepancy must be eliminated by generating a balancing Poiseuille now.

Note from Fig. 7.3 that the density must decrease in the direction of slid-
ing if positive pressures are to be generated. This effect could be introduced by
raising the temperature of the lubricant as it passes through the bearing. The
density wedge (sometimes called the "thermal wedge") mechanism is not im-
portant in most bearings. It has been suggested that it may play a significant
role in the performance of parallel-surface thrust bearings, where the major
pressure- generating actions are absent.
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Figure 7.4: Stretch mechanism.

7.4.2 Stretch Term (p̂ /2) [d (̂  +

The stretch action considers the rate at which surface velocity changes in the
sliding direction. This effect is produced if the bounding solids are elastic and
the extent to which the surfaces are stretched varies through the bearing. For
positive pressures to be developed, the surface velocities have to decrease in
the sliding direction, as shown in Fig. 7.4. This action is not encountered in
conventional bearings.

7.4.3 Physical Wedge Term [p (t̂  + Mb) /2]

The physical wedge action is extremely important and is the best known device
for pressure generation. This action is illustrated for the case of a plane slider
and a stationary bearing pad in Fig. 7.5. At each of the three sections consid-
ered, the Couette volume How rate is proportional to the area of the triangle
of height /t and base M. Since /t varies along the bearing, there is a different
Couette flow rate at each section, and flow continuity can be achieved only if a
balancing Poiseuille flow is superimposed. For a positive load-carrying capacity
the thickness of the lubricant film must decrease in the sliding direction.

Figure 7.5: Physical wedge mechanism.
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Figure 7.6:
mechanism.

Normal squeeze

7.4.4 Normal Squeeze Term p (ŵ

Normal squeeze action provides a valuable cushioning effect when bearing sur-
faces tend to be pressed together. Positive pressures will be generated when the
film thickness is diminishing. The physical wedge and normal squeeze actions
are the two major pressure-generating devices in hydrodynamic or self-acting
fluid film bearings. In the absence of sliding, the effect arises directly from the
difference in normal velocities (ŵ  — W{,), as illustrated in Fig. 7.6. Positive
pressures will clearly be achieved if the film thickness is decreasing (w?, > Wa).

7.4.5 Translation Squeeze Term —/9M

The translation squeeze action results from the translation of inclined surfaces.
The local film thickness may be squeezed by the sliding of the inclined bearing
surface, as shown in Fig. 7.7. The rate at which the film thickness is decreasing
is shown in the figure. Note that in this case the pressure profile is moving
over the space covered by the fixed coordinate system, the pressure at any fixed
point being a function of time.

Figure 7.7: Translation squeeze
mechanism.
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Heat
Figure 7.8: Local expansion mecha-
nism.

7.4.6 Local Expansion Term

The local time rate of density change governs the local expansion term. The
pressure-generating mechanism can be visualized by considering the thermal
expansion of the lubricant contained between stationary bearing surfaces, as
shown in Fig. 7.8. If heat is supplied to the lubricant, it will expand and
the excess volume will have to be expeHed from the space between the bearing
surfaces. In the absence of surface velocities the excess lubricant volume must
be expelled by a pressure (Poiseuille) flow action. Pressures are thus gener-
ated in the lubricant, and for a positive load-carrying capacity, dp/d% must be
negative (i.e., the volume of a given mass of lubricant must increase). Local
expansion, which is a transient mechanism of pressure generation, is generally
of no significance in bearing analysis.

Standard Reduced Forms of Reynolds Equa-
tion

and w& = 0, the

(7.47)

7.5

For only tangential motion, where w^ =
Reynolds equation given in Eq. (7.45) becomes

where

M = = constant = constant

Equation (7.47) is applicable for elastohydrodynamic lubrication. For hy-
drodynamic lubrication the fluid properties do not vary significantly throughout
the bearing and thus may be considered to be a constant. Also, for hydro-
dynamic lubrication the motion is pure sliding so that t) is zero. Thus, the
corresponding Reynolds equation is

-&E (7.48)
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Equation (7.47) not only allows the fluid properties to vary in the a; and t/
directions, but also permits the bearing surfaces to be of finite length in the 2/
direction. Side leakage, or flow in the y direction, is associated with the second
term in Eqs. (7.47) and (7.48). If the pressure in the lubricant film has to be
considered as a function of a: and y, the solution of Eq. (7.47) can rarely be
achieved analytically.

In many conventional lubrication problems side leakage can be neglected,
and this often leads to analytical solutions. If side leakage is neglected, Eq.
(7.47) becomes

(,49,

This equation can be integrated with respect to a: to give

Making use of the boundary condition that

= 0 when ai = 2;̂

gives

Substituting this into Eq. (7.50) gives

This is the ŵ eyrâ ed /arm o/ ̂e ReynoMs e^uoMon. Note that the subscript
77t refers to the condition at all points where c!p/dai = 0, such as the point of
maximum pressure. No assumptions were made about the density or viscosity
of the fluid in Eq. (7.51). If the density does not vary much throughout the
conjunction, it can be considered constant and Eq. (7.51) reduces to

4* m- /t-^rn ,-̂ ,^ = 12,77-̂ - (7.52)

The Reynolds equation that is valid for gas-lubricated bearings is discussed
next. The equation of state for a perfect gas is

P = pR^ (7.53)

where

R = gas constant (universal gas constant/molecular weight)
^ = absolute temperature
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Therefore, from Eq. (7.53)

Substituting this equation into Eq. (7.47) yields the Reynolds equation nor-
mally used for gas-lubricated bearings for only tangential motion. Because the
viscosity of a gas does not vary much, it can be considered to be constant.

^ P̂  + ̂ P̂  = 12̂ oiF (7.55)<9z \ dx/ dy \ dyy da;

The comparable equation to (7.47) as expressed in cylindrical polar coor-
dinates is

d - . ̂  -
* ̂ ^ + ̂ir "7̂dr \ ?; dr / r d̂  \ 7; d6< / \ dr

where v^ = (v̂ ti + v,-b) /2 and v$ = (v̂ a + v#h) /2. If the viscosity and the
density are assumed to be constant, this equation reduces to

It should be pointed out that Eqs. (7.56) and (7.57) express the Reynolds equa-
tion for cylindrical polar coordinates as applied to a thrust bearing where the
film direction is in the 2 direction and the bearing dimensions are in the r, 0
directions. If one is interested in expressing the cylindrical polar coordinates as
applied to a journal bearing, the Reynolds equation would be different in that
0 and 2 describe the dimensions of the bearing and r describes the film shape.
The Reynolds equation that occurs for the general representation of Eq. (7.45)
is

dx ̂  2 7 <% \ 2 ,/

This equation is exactly the same as (7.45) if

d/t <% , dp
p (u<K - Mb) - P^a^ P̂ a-X- + ̂ 7̂ =

da: dy d;

This implies that
dh d/t d/t , ,
— =M^-W6-Ma^ Vo-x- (7.59)
d^ dx dy

An attempt will be made to prove that Eq. (7.59) is true. First, observe
that the film thickness /t is a function of 2, y, and t.
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From the definition of a total derivative,

d^ dx dy

But
cfa; dy

Ma = -7- â = 177at at
d/t d/t dA

M'm - ̂ h = -̂ r + Mm^- + Va"X-d^ da; dy
or dA ,% d/t

--=Wa-Wh-Ma^ -- V^^- (7.60)
d^ da; oy

thus proving that Eqs. (7.45) and (7.58) are the same.
Making use of Eqs. (6.51) and (6.44) to (6.46) while following the procedure

given in Szeri (1980), the Reynolds equation for turbulent now is

_
dz ^ ' ^

Equation (7.61) is applicable for thrust or journal bearings. Constantinescu
(1962) found that

^ = 12 + 0.53 (A;2R,,,)°'̂  (7.62)

^ = 12 + 0.296 (̂ R̂ )°' (7.63)

where

R^ = 1̂  (7.64)
?7

A; ̂  0.125R°̂  (7.65)

7.6 Different Normal Squeeze and Sliding Mo-
tions

The last section described various Reynolds equations when only tangential
motion exists. This section describes how the Reynolds equation is altered
when considering various tangential and normal squeeze velocity components.
The velocity components and the coordinates used are shown in Fig. 7.9. If the
density is assumed to be constant and side leakage is neglected for simplicity,
the Reynolds equation expressed in Eq. (7.45) can be rewritten as
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Table 7.1: Different tangential and normal squeeze motions that may occur in
bearings.

^̂
"l—
— "1

— -̂  **""'

"l"*-
"1-̂

"1-**

Y*

^̂ t
x = 0

"1-̂

*<3

Mn — î Q — 0
Mb = ttl,lMa = 0

M^ = — Ml,U<a = 0

m = o,tm = o

M5 = ̂ tl,̂ '̂̂  = 0

t*h = tii,u^ = 0

Ua = Ul COSCt ̂  Ul
d/t

U!u = — U 1 Sin <3 = Ua

^h ) b

"a = 0,tt)̂  = 0

m = M1,1U[, = 0

Note that
dh

T<0 -r < 0
M
A

x> 0 — > 0
c!̂

Ma = — Ml,U!n = 0

Mb = 0, mb = 0

Ml c!/t Ml Ot̂ t1 + 11 + 111=—— + 0 + 0=-^ —
2 dr 2 <iT

, , iti d/t Mi <̂ /t
I+H+III= — — + 0 + 0 = — —

2 da: 2 d^

1 ! IH TH "̂  + "̂  ̂  1 n ! n ^ ̂
2 aa; aa;

1+11 1 HI "* " "* ̂  ! 0 1 0 0
2 tiT

^ ^ Mi d/t d/t Mi d^t
1+11+111= ^ — +0 + M1— = — —

2 dT dx 2 dT

I+H+IĤ ^ + 0 + C=^^

1+11+111̂ +̂0 + 0̂ ^

Figure 7.9: Normal squeeze and sliding velocities.
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Table 7.1:

o
<J!̂ ****\

&̂7

Qy
"1 — -

,̂0^̂ ^r̂ )
Q)
($)
@

d/t
Mtt = Ml, Mis = ̂1'5"

t?X
Mb = o, mb = o

M^ = —Mi + Mi = 0
a/t

M*a =M1-—
3x

a/t

OT
Mb = Ml,M)b = 0

d/ts
c!̂;
d/n

M{, = Ml, 1Mb =Mi— —
â

d/t̂

' " dx
dAb

Mb = -Ml,!Db = -Ml— —
ftT

d/:
Ma = Ml.tfQ = Ml

dx
M[, = 0, U!b = 0

Ml d/t d/t Ml d/t
1+11+HI = -J-— +o + Mi— = ̂  —

2 dx ax 2 ax

I+H+HI=0+0+Mi^=.i^
aT aT

n mm "'""' i n i 7,,̂  Mi^
2 dz dx

1 1 11 1111 "i-"i^ i o i ̂ /̂ "
2 dx ' " ' "* dx

d^b d'/t
+M1— — =M1 —

dx dx

TIIHII -"l-"l^ ,, dt.i1 1 1 1 111— 1 U ! Mj
2 dx dx

, î- n+M1-— = 0
dx

, —Mi d/: d/t Mi d/t
t+H+III=— L ̂- + 0 + Mi— = — —

2 dx dx 2 dx

Collecting terms gives

d / ̂  dp\ M;,-M^d/t /t d
" *** = " *" (7.66)

A number of different tangential and normal squeeze motions may occur and are
depicted in Table 7.1. The terms on the right side of Eq. (7.66) are designated
as I, II, and III. As the table shows, care must be taken to make sure that the
physical motion experienced in a particular application is represented by the
appropriate Reynolds equation. Note that some quite different geometries and
velocities produce the same equation. However, an understanding of why this
is so is important in order to avoid improper interpretation.
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7.7 Closure

The chapter began with the exploration of various dimensionless numbers that
describe the significance of the terms within the Reynolds equation. The
Reynolds number compares the inertia and viscous terms; the Froude num-
ber compares the inertia and gravity terms. The ratio of the Reynolds number
to the Froude number compares the gravity and viscous terms.

The Reynolds equation was derived by coupling the Navier-Stokes equations
with the continuity equation and by using laws of viscous How and the princi-
ple of mass conservation. The Reynolds equation contains Poiseuille, physical
wedge, stretch, local compression, and normal and transverse squeeze terms.
Each of these terms describes a specific type of physical motion, and the physi-
cal significance of each term was brought out. Standard forms of the Reynolds
equations that are used throughout the text were also discussed. The chapter
closed with a description of 13 different sliding and/or normal squeeze motions
with the corresponding Reynolds equation.

7.8 Problems

7.1 Starting from the Navier-Stokes equations expressed in cylindrical polar
coordinates [Eqs. (6.31) to (6.33)] derive the Reynolds equation given in
Eq. (7.56). Assume you are applying the cylindrical polar coordinates
(r, 0, 2) to a thrust bearing where 2 is in the direction of the lubricating
Him (/t) and ̂  <g r.

7.2 From relationships between Cartesian and cylindrical polar coordinates
prove that Eq. (7.47) when the viscosity and density are constant (77 = %
and /9 = /9o) is equivalent to Eq. (7.57).

7.3 Compare the Reynolds equation for laminar How conditions with that
appropriate for turbulent flow conditions. Also list operating conditions
and applications where turbulence in fluid film distribution is most likely
to occur.

7.4 A water-lubricated journal bearing in a boiler feed pump has a shaft of
radius 0.10 m which rotates at 10 rev/s. The kinematic viscosity in the
full fluid Him region may be taken as directly proportional to the film
thickness and has a value of 4 x 10"̂  rn^/s at a film thickness equal to
the radial clearance of 0.10 mm. Determine if the bearing is operating in
the laminar or turbulent flow regime. If laminar flow is predicted, what
change in these operating conditions would produce the onset of vortex
How.

7.5 Write the Reynolds equation for the situations shown below. The circles
represent infinitely long cylinders, and all velocities are in relation to a
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fixed coordinate system. The lubricant can be assumed to be Newtonian,
incompressible, and isoviscous.

(d)

7.6 For the situation described in each diagram given below, express the ap-
propriate Reynolds equation and sketch the expected pressure distribu-
tions. It can be assumed that the bearings are of infinite width and that
the lubricant is Newtonian, isoviscous, and incompressible and does not
experience cavitation. The shaded members shown in the diagrams are
at rest.

(a)

-u—

(c)
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(e)

! I
T I

(f)

7.7 To decrease the leakage past a seal of the type discussed in Example 7.3,
the sealing pump is tapered and the film shape is

Because of the roughness of the surfaces the outlet (minimum) film thick-
ness ̂ o has to be at least 10 ̂m. Find the optimum Aim shape to minimize
the total leakage past the 10-mm-wide seal during a full work cycle (back
and forth) of the piston when the fluid viscosity is 0.075 Pa-s, the piston
speed is 0.8 m/s in both directions, the stroke length is 85 mm, the sealing
pressure is 1 MPa, and the piston diameter is 50 mm.

/i = 0.2 mm

7.8 An oil pump is designed like a journal bearing with a constant oil film
thickness according to the sketch above. The wrap angle is 320°. The
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61m thickness is 0.2 mm and the oil viscosity is 0.022 N-s/m^. The shaft
diameter 2r=60 mm and the length of the pump in the axial direction
is 50 mm. Find the volume pumped per unit time as a function of the
resisting pressure at the rotational speed A^=1500 rpm.
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Chapter 8

Hydrodynamic Thrust
Bearings - Analytical
Solutions

Symbols

A, B integration constants
& width of bearing, m
Cp specific heat of material at con-

stant pressure, J/(kg-°C)
P dimensionless shear force
/' tangentiai (friction) force per

unit width, N/m
g acceleration due to gravity

(9.8 m/s^)
N dimensionless Him thickness,

/t/Sh

Hm dimensionless Rim thickness
where dP/JX = 0

Np dimensionless total power loss,

= 0,
film thickness, m
film thickness where

outlet Him thickness, m
rate of working against vis-
cous stresses (power loss), N-m/s
length in ̂-direction, m
Number of pads
location of parallel step from
inlet

dimensionless pressure,
PSh/(?7t)M̂ )

dimensionless inlet pressure,

dimensionless pressure where

dimensiontess outlet pressure,

p pressure, Pa (or N/m^)
Pa ambient pressure, Pa (or N/m^)
Pi inlet pressure, Pa (or N/m^)
Pm pressure where 6%p/d2 = 0, Pa

Po outlet pressure, Pa (or N/m^)
Q dimensiontess volume How rate,

volumetric How rate, m^/s
volumetric How rate per unit
width, m^/s
inside radius, m
outside radius, m
shoulder height, m
change in temperature, °C
velocity in 2 direction, m/s
mean surface vetocity in 2-dir-

209
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ection, m/s
dimensionless tangential load,

dimensionless normal toad,

velocity of Huid in ̂ -direction,
m/s
load per unit width, N/m
total thrust load, N
dimensionless T coordinate, T/̂
dimensionless center of pressure,
Xcp/^

dimensionless critical 2 coordi-
nate, Xcr/^
Cartesian coordinate in direct-
ion of sliding, m
location of center of pressure in
the T direction, m
location of critical location of
T coordinate, m

cartesian coordinate in side-leak-
age direction, m
dimensionless z-coordinate
critical dimensionless z-coord-
inate, 2cr/^o
Cartesian coordinate in direct-
ion of Aim, m
absolute viscosity, Pa-s
(or N'S/m̂ )
absolute viscosity at p = 0
and constant temperature,
Pa-s (or N-s/m^)
coefficient of sliding friction
density, kg/m^
shear stress, Pa (or N/m^)
dimensionless stream function
dimensional stream function,
m2/s
angular velocity, rad/s

8.1 Introduction

A hydrodynamically lubricated bearing is a bearing that develops load-carrying
capacity by virtue of the relative motion of two surfaces separated by a Huid
Him. The processes occurring in a bearing with fluid film lubrication can be
better understood by considering qualitatively the development of oil pressure
in such a bearing.

8.2 Mechanism of Pressure Development

An understanding of the development of load-supporting pressures in hydrody-
namic bearings can be gleaned by considering, from a purely physical point of
view, the conditions of geometry and motion required to develop pressure. An
understanding of the physical situation can make the mathematics of hydro-
dynamic lubrication much more meaningful. By considering only what must
happen to maintain continuity of flow, much of what the mathematical equa-
tions tell us later in this chapter can be deduced.

Figure 8.1 shows velocity profiles for two plane surfaces separated by a
constant lubricating film thickness. The plates are extremely wide so that side-
leakage flow (into and out of the paper) can be neglected. The upper plate is
moving with a velocity M^, and the bottom plate is held stationary. No slip
occurs at the surfaces. The velocity varies uniformly from zero at surface /If?
to t̂  at surface ̂4'5', thus implying that the rate of shear du/dz throughout
the oil Him is constant. The volume of fluid Rowing across section ̂ 4yt' in unit
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Stationary

Figure 8.1: Velocity profiles in a parallel-surface slider bearing.

time is equal to that flowing across section I?I?'. The flow crossing the two
boundaries results only from velocity gradients, and since they are equal, the
How continuity requirement is satisfied without any pressure buildup within the
film. Because the ability of a lubricating Him to support a load depends on the
pressure buildup in the Him, a slider bearing with parallel surfaces is not able
to support a load by a Huid Him. If any load is applied to the surface /H?, the
lubricant will be squeezed out and the bearing will operate under conditions of
boundary lubrication.

Consider now the case of two nonparallel plates as shown in Fig. 8.2a. Again
the width of the plates in the direction perpendicular to the motion is large so
that lubricant How in this direction is negligibly small. The volume of lubricant
that the surface yl'B' tends to carry into the space between the surfaces ̂ 4B and
4̂'B' through section yl̂ 4' during unit time is .<4C"yl'. The volume of lubricant
that the surface tends to discharge from the space through section BJ3' during
the same time is BD'B'. Because the distance yM' is greater than the distance
BB', the volume ̂4C"/t' is greater than the volume BD'B' by the volume ̂FC".
From How continuity the actual volume of oil carried into the space must equal
the volume discharged from this space.

It can be surmised that there will be a pressure buildup in the lubricating
Him until Row continuity is satisHed. The velocity profiles due to PoiseuiHe How
are shown in Fig. 8.2b. The How is outward from both the leading and trailing
edges of the bearing because How is always from a region of higher pressure to a
region of lower pressure. Note that the pressure How at boundary yl/1' opposes
the velocity How but that the pressure How at BB' is in the same direction as
the velocity How.

The results of superimposing Couette and PoiseuiHe Hows are shown in Fig.
8.2c. The form of the velocity distribution curves obtained in this way must
satisfy the condition that the How rate through section ̂1̂ ' is equal to the How
rate through section BB'. Therefore, the area /l#C"yl' must be equal to the
area B/D'B'. The area between the straight, dashed line TtC" and the curve
4̂RC" in section /1̂ 4' and the area between the dashed line BD' and the curve
B7D' represent the pressure-induced How through these areas.
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Moving

Figure 8.2: Flow within a fixed-incline slider bearing: (a) Couette How; (b)
PoiseuiHe How; (c) resulting velocity pronle.
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The pressure is maximum in section JJ', somewhere between sections ̂ 4̂'
and BB'. There is no Poiseuille How contribution in section JJ', since the
pressure gradient is zero at this location and all the How is Couette. Note
that continuity of How is satisfied in that triangle Ĵ f'J' is equal to the areas

' and

8.3 General Thrust Bearing Theory

Solutions of the Reynolds equation for real bearing configurations are usually
obtained in approximate numerical form. Analytical solutions are possible only
for the simplest problems. By restricting the Row to two dimensions, say the 2-
2 plane, analytical solutions for many common bearing forms become available.
The quantitative value of these solutions is limited, since How in the third
dimension y, which is known as "side leakage," plays an important part in Huid
Him bearing performance. The two-dimensional solutions have a deHnite value,
since they provide a good deal of information about the general characteristics
of bearings, information that leads to a clear physical picture of the performance
of lubricating films.

Besides neglecting side leakage, another simpliHcation is achieved by ne-
glecting the pressure and temperature effects of the lubricant properties, namely,
viscosity and density. The viscosity of common lubricants is particularly sen-
sitive to temperature, and since the heat generated in hydrodynamic bearings
is often considerable, the limitation imposed by this assumption is at once ap-
parent.

Introducing variable viscosity and density into the analysis creates consider-
able complications, even in the case of two-dimensional How. The temperature
rise within the film can be calculated if it is assumed that all the heat pro-
duced by the viscous action is carried away by the lubricant (the adiabatic
assumption).

From Chapter 7, Eq. (7.52), the two-dimensional Reynolds equation ex-
pressed in integrated form for constant density can be written as

This equation is used in this chapter as the starting point for analyzing various
thrust bearing conHgurations. Before proceeding with the various Him conHg-
urations in thrust bearings, more needs to be said about thrust bearings in
general.

Many loads carried by rotary machinery have components that act in the
direction of the shaft's axis of rotation. These thrust loads are frequently car-
ried by self-acting or hydrodynamic bearings of the form shown in Fig. 8.3. A
thrust plate attached to, or forming part of, the rotating shaft is separated from
the sector-shaped bearing pads by a lubricant Him. The load-carrying capacity
of the bearing arises entirely from the pressures generated by the geometry of
the thrust plate over the bearing pads. What was physically observed earlier
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- Lubricant

Bearing pad -

,- Thrust

—Bearing pad

Figure 8.3: Thrust bearing geometry.

in this chapter will be demonstrated analytically, that this lubricating action is
achieved only if the clearance space between the stationary and moving com-
ponents is provided with certain geometrical forms.

It is clear that the lubricant flow between the thrust plate and the bearing
pads represents a three-dimensional flow problem. However, for the present
purpose, flow in the radial direction is neglected. In this chapter each pad is
analyzed along a section formed by the mean arc ̂ 4yl', as shown in Fig. 8.3.
The effect of curvature on this section is neglected, the oil film geometry being
represented by the 2-2 plane. This simple representation allows the total load-
carrying capacity of the thrust bearing to be written as

where

(8.1)

o = number of pads in thrust bearing
^ = normal load-carrying capacity per unit width of one pad, N/m

This expression will lead to an overestimate of the load-carrying capacity for a
given oil Him thickness, since lubricant How in the radial direction (side-leakage
direction) will tend to reduce the mean oil film pressure. Side-leakage effects
are considered in Chapter 9.

Results from the analysis of various bearing configurations are expressed
in dimensionless form for ease in comparing the important bearing character-
istics. The following general definitions and relationships are employed. The
definitions should be related to the bearing geometry shown in Fig. 8.4.
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Figure 8.4: Force components and oil
Mm geometry in a hydrodynamically
lubricated thrust sector.

The forces acting on the solids can be considered in two groups. The loads,
which act in the direction normal to the surface, yield normal loads that can
be resolved into components tû . and M̂ . The viscous surface stresses, which
act in the direction tangent to the surface, yield shear forces on the solids that
have components /' in the a? direction. The component of the shear forces in
the 2 direction is negligible.

Once the pressure is obtained for a particular film configuration from the
Reynolds equation, the following force components act on the solids:

^
'L = <6= / P<^

Jo

-dx

1/2

' = tan

Shear forces per unit width acting on the solids are

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)
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Substituting Eq. (7.32) into this equation gives

Making use of Eq. (8.4) gives

Similarly, the shear force per unit width acting on solid at is

Note from Fig. 8.4 that
,. = 0 (8.10)

= 0 (8.11)ẑa

These equations represent the condition of static equilibrium.
The viscous stresses generated by the shearing of the lubricant Him give

rise to a resisting force of magnitude — /& on the moving surface. The rate of
working against the viscous stresses, or power loss, for one pad is

^ = -A^ = -/â -n)̂  (8.12)

The work done against the viscous stresses appears as heat within the lubricant.
Some of this heat may be transferred to the surroundings by radiation or by
conduction, or it may be convected from the clearance space by the lubricant
How.

The bulk temperature rise of the lubricant for the case in which all the heat
is carried away by convection is known as the "adiabatic temperature rise."
This bulk temperature increase can be calculated by equating the rate of heat
generated within the lubricant to the rate of heat transferred by convection:

Or the adiabatic temperature rise in degrees Celsius may be expressed as

A^ = -̂ - (8.13)
pgCp

where
p = density of lubricant, kg/m^
^ = volume flow rate in direction of motion, m^/s
Cp = specific heat of material at constant pressure, J /(kg-°C)
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Figure 8.5:
bearing.

Parallel-surface slider

Some of the relevant equations used in thrust bearing analysis having been
defined, attention will be focused on three simple slider bearings: (1) parallel
surface, (2) fixed incline, and (3) parallel step. The same nondimensionalization
is used to define the resulting performance parameters for all three types of
bearing so that they can be directly compared. Throughout this chapter it
is assumed that the pressure-generating mechanism is the physical wedge as
discussed in Sec. 7.4.3.

8.4 Parallel-Surface Sliding Bearing

Figure 8.5 shows a parallel-surface slider bearing. The film thickness is constant
for the entire bearing length. Using the Reynolds equation defined in Eq. (7.48)
while neglecting the side-leakage term and assuming a constant film thickness
gives the reduced Reynolds equation of

Integrating twice gives

The boundary conditions are:

1. p = 0 at x = 0.

= 0

p = Ac +

(8.14)

*" * Figure 8.6: Fixed-incline slider bear-
ing.
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2. p = 0 at z = f.

Making use of these boundary conditions gives p = 0. Hence, a parallel-surface
slider bearing does not develop pressure due to the physical wedge mechanism.
Having no pressure development implies that this type of bearing will not be
able to support a load. This is the same conclusion arrived at earlier in the
chapter (Sec. 8.2) from physical arguments.

8.5 Fixed-Incline Slider Bearing

Figure 8.6 shows a fixed-incline slider bearing. A fixed-incline slider consists of
two nonparatlel plane surfaces separated by an oil film. One surface is stationary
while the other moves with a uniform velocity. The direction of motion and the
inclination of planes are such that a converging oil film is formed between the
surfaces and the physical wedge pressure-generating mechanism (described in
Sec. 7.4.3) is developed in the oil Aim; it is this pressure-generating mechanism
that makes the bearing able to support a load.

8.5.1 Pressure Distribution

The analysis of this type of bearing begins with the integrated form of the
Reynolds equation as expressed in Eq. (7.52). The only change to this equation
is that Ma = 0 and a constant viscosity % is assumed.

dp ^ - /t̂  /o ir-<- = 6̂ -̂ - (8.15)

where /̂  is the film thickness when dp/dz = 0.
The oil film thickness can be written as a function of x:

(8.16)

Choosing to write the film thickness and pressure in dimensionless terms, where

= ̂ R x = y (8.17)

causes Eqs. (8.15) and (8.16) to become

(8.19)
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Integrating Eq. (8.18) gives

Making use of Eq. (8.20) in the preceding equation gives

The boundary conditions are

1. P=0 when X=0 -̂  # = #„ + 1.

2. P=0 when X=l -> R = R..

Making use of boundary conditions 1 and 2 gives

2Rc (1 + R,)
^ = 1 + 2R.

and

Substituting Eqs. (8.22) and (8.23) into (8.21) gives

P= _ 6̂  1*) _ (8.24)
(R. + 1 - X)2 (i + 2R.)

Note that the dimensionless pressure is a function of Jf and Ro . The variation
of P with X for various values of Ro is shown in Fig. 8.7. It can be seen that
the pressure distribution increases with decreasing %,. Recall that Ro = ̂ o/ŝ .
Therefore, if the shoulder height ŝ  remains fixed, Fig. 8.7 indicates that as the
outlet film thickness ̂ o becomes smaller, the pressure profile increases without
any limits. This figure also shows that for large % there is little pressure
buildup in a fixed-incline thrust bearing.

Evaluating the film thickness at the location where the pressure gradient is
equal to zero gives

Rtrt = % + 1 " -Xyn

Making use of Eq. (8.22) gives

V ^ ° ^0 Itn

As .Ho — > 0, the location of the maximum pressure ̂ Ŷ  — > 1, but as .%, — * oo,
m̂ ***> 1/2. Note that #0 — + 0 implies that either Ao — > 0 or Sft — * oo, but
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.2 .4 .6
Dimensionless Cartesian coordinate, X = x/l

1.0

Figure 8.7: Pressure distributions of fixed-incline slider bearing.

#o "> °o implies that either /to —> oo or ŝ  —> 0. The situation of ŝ  —> 0
implies parallel surfaces, but as concluded in Sec. 8.4, parallel surfaces do not
develop pressure.

With the location of the maximum pressure defined by Eq. (8.25), the
maximum pressure can be found directly from Eq. (8.24), which when X = X̂
gives

Note that as R^ *** 0, ̂t *> oc and that as #o —) oo, F̂  —^ 0. This corre-
sponds to the conclusion made earlier while discussing Fig. 8.7. Equation (8.26)
can be expressed in dimensional terms as

(8.27)
+ +

From Eq. (8.27) it is observed that s^ —> 0, which corresponds to a parallel
film, and ŝ  —> oo both produce p̂ t **> 0.

The shoulder height that produces a maximum pressure can be obtained
from dpni/<9s7t = 0. Evaluating this gives

(s?Jopt = 3.28)

Equation (8.28) will be helpful in practical designs, since if a description of
the surface is known, one can (e.g., from Table 9.2) predict what the minimum
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outlet Aim thickness should be. The shoulder height can then be established
by using a safety factor and Eq. (8.28).

8.5.2 Normal Load Component

The normal load per unit width can be written as

This equation can be written in dimensionless form by making use of Eq. (8.17).

Because dF/dX = —1, as shown in Eq. (8.20),

(8.29)

Substituting Eqs. (8.21) to (8.23) into this equation gives

L- (8.30)

The variation of W^ with Fo, shown in Fig. 8.8, suggests that as Fo — > 0, this
bearing has a tremendous potential to support a load. These results should be
tempered by the knowledge of the assumptions imposed in getting this result,
namely, that side leakage was neglected and smooth surfaces and isothermal
conditions were assumed.

8.5.3 Tangential Force Components

The force per unit width in the direction of motion due to pressure being de-
veloped is

By making use of Eq. (8.17) the preceding equation may be expressed in di-
mensionless form as

(8.31)
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1
Film thickness ratio, H^ = /t

Figure 8.8: Effect of film thickness ratio on normal load-carrying capacity.

8.5.4 Shear Force Components

The shear force components per unit width acting on the solids are

The viscous shear stresses were defined in Chapter 7 [Eqs. (7.32) and (7.33)].
Making use of these equations while letting M^ = 0 and assuming a constant
viscosity gives

f = _ /^
' Jo V2^

_

Equation (8.17) can be used to put these equations in dimensionless form:

F, = ̂^ = - iî  + ̂  Ux
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-2

0 1
Film thickness ratio, Ho = /1,/s,,

2 Figure 8.9: Effect of film thick-
ness ratio on force components.

By making use of Eqs. (8.18) and (8.19) the preceding equations can be ex-
pressed as

(8.32)
2R.

6
(8.33)

The dimensionless force components Wga, F,, and F̂  are plotted as functions
of No in Fig. 8.9. Note that the dimensionless force components W^a; -P&, and
F*a have the term ŝ /̂ , whereas W^ has the term

8.5.5 Friction CoefHcient

The friction coefficient can be expressed as

Film thickness ratio,

Figure 8.10: Effect of film thick-
ness ratio on friction coefficient
parameter.
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Making use of Eqs. (8.30) and (8.32) gives

2F.
(8.34)

2R.

The variation of /̂ /ŝ  with % is shown in Fig. 8.10. Note that as /to — >
0, the friction coefficient approaches zero. This implies that the normal load
component becomes much larger than the tangential load component as /to
decreases.

8.5.6 Volume Flow Rate

The volume flow rate per unit width can be expressed from Chapter 7 as

* * 12̂ - 2 - '

Evaluating the flow rate where dp/&r = 0 and setting t̂  = 0 gives the volume
flow rate as

<̂  = (8.35)

The dimensionless volume flow rate can be expressed as

The dimensionless volume flow rate Q is plotted as a function of #0 in Fig.
8.11. This figure shows that as #o increases, the dimensionless volume flow
rate increases.

8.5.7 Power Loss and Temperature Rise

The total rate of working against the viscous stresses, or the power loss, can be
expressed from Eq. (8.12) as

= -/b (r. - r,) Mb (8.12)

Expressed in dimensionless form,

_ /*pS,, _ /̂  _ _r- _ _, - / % \ _ 6

" Ŵ (r.-n) W4̂  ' '̂"̂ . + 1^ 1 + 2R. ̂ ^

AH the heat produced by viscous shearing is assumed to be carried away by
the lubricant (adiabatic condition). The bulk temperature increase can be
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13 1

0 1
Fitm thickness ratio,

Figure 8.11: Effect of film thickness ratio on dimensionless volume flow rate.

calculated by equating the rate of heat generated within the lubricant to the rate
of heat transferred by convection. Therefore, from Eq. (8.13) the lubricant's
temperature rise is

(8.13)
g^ Q

where

/9o = constant lubricant density, kg/m^
ĝ . = volume flow rate per unit width in sliding direction,
Cp = specific heat at constant pressure, J/(kg-°C)

The dimensionless temperature rise may be expressed as

5.38)

Figure 8.12 shows the effect of Him thickness ratio on dimensionless adiabatic
temperature rise. As #o ** 0, the dimensionless adiabatic temperature rise
approaches infinity.

8.5.8 Center of Pressure

The location of the center of pressure Zcp indicates the position at which the
resulting force is acting. The expression for calculating the location is

4xcp= /
70

Therefore, the dimensionless center of pressure can be written as

(8.39)
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0 1
Film thickness ratio,

Figure 8.12: Effect of film thick-
ness ratio on dimensionless adia-
batic temperature rise.

Substituting Eqs. (8.19) to (8.21) into (8.39) gives

6
(8.40)

(1 +

Figure 8.13 shows the effect of film thickness ratio on center of pressure. The
center of pressure is always more toward the outlet than toward the inlet
(Xcp > 0.5).

8.5.9 Velocity Profile and Stream Function

From Eq. (7.28) for a stationary top surface (tt̂  = 0), the fluid velocity can be
written as

)̂ ^̂

By using Eq. (8.17) this equation can be expressed in dimensionless form as

where

Z=± and

(8.42)

(8.43)

From Eq. (8.42), M/ut = 0 when

1. Z,, = R
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.70

.65

.60

.55

.50
0 1

Film thickness ratio,

1 Figure 8.13: Effect of film thickness
2 ratio on dimensionless center of pres-

sure.

or at the top surface
2.

Note that condition 2 can only exist when

(S.44)

> 0 and thus when

Substituting Eq. (8.18) into Eq. (8.44) while making sure that the inequal-
ity in Eq. (8.43) is satisfied gives

0 < 2R - 3R̂

Making use of Eqs. (8.19) and (8.22) gives this inequality as

3.45)

(8.46)

This inequality is only satisfied if R^ < 1. This then implies that reverse flow
exists when

< 1 and 3.47)

If these inequalities are satisfied, then o!P/a!X > 0 and X <
Substituting Eq. (8.18) into Eq. (8.42) gives

where

o + 1 -

3.48)

(8.49)
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850)
^

Thus, M/Mb is just a function of X, Z, and Ro-
A "streamline" is a type of curve that has been used to describe the flow

of fluid. More specifically, a streamline is a curve everywhere parallel to the
direction of the fluid flow. Surface boundaries are streamlines, since the fluid
cannot cross the surface boundary. The definition of a streamline may be given
mathematically, while neglecting the side-leakage term, as

^ = ̂  (8.51)
M M

The continuity equation given by Eq. (6.48) can be satisfied while neglect-
ing the side-leakage term by introducing a new function defined by

n=# and ^ = -# (8.52)
d.y ox

where <̂  is a function of T and 2 and is called the "stream function." By using
the chain rule of partial differentiation the total derivative of (̂  can be expressed
as

^=g^ + g^ (8.53)

Making use of Eq. (8.52) gives

&?5 = -UJ6& + M6?2 (8.54)

is set equal to zero, we obtain the definition of a streamline given in Eq.
(8.51). That is, lines of constant ̂  represent streamlines.

Equation (8.52) can also be expressed in dimensionless terms of a stream
function $ as

.̂ = 1̂  = ̂  (8.55)
M;, Mb <9.y dZ

where $ = (̂ /M;,ŝ . Substituting Eq. (8.42) into this equation and integrating
gives

+ ̂ "" (8.56)

This equation can be easily evaluated by using Eqs. (8.18), (8.19), and (8.22).
Also from the continuity equation, while neglecting the side-leakage term,

the velocity in the z direction can be written as
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Substituting Eq. (8.48) into this equation gives

Note from this equation that w/Mb (̂ /̂ )̂ = 0 when Z = 0, when Z == R, and
g

at R = -Rm- Making use of Eqs. (8.19) and (8.22) gives the critical value of
g

X, where R = xRm as

Note that 0 < X̂  < 1 when Ro < 1.
By making use of Eq. (8.52) the stream function can be written as

9R (''US)

Figure 8.14 shows contours of streamlines within the lubrication film for
four different film thickness ratios. In this figure the A# value indicates the
constant incrementation of # between the specified $ values. No backflow is
observed to occur in parts (a) and (b), which correspond to Ro = 2.0 and Ro
= 1.0, respectively. Backflow is, however, found in parts (c) and (d), which
correspond to Ro = 0.5 and Ro = 0.25, respectively. Also shown in this figure
is the pressure distribution within the bearing as well as the locations where w
= 0 and M = 0. The straight line shown for M = 0 is when R = 3/2R̂  and
when Eq. (8.58) is satisfied. The curved line shown when M = 0 is when Eq.
(8.44) is satisfied. The results of Fig. 8.14 indicate that as Ro becomes smaller,
the more difficult it is for the fluid to pass through the bearing.

8.6 Parallel-Step Slider Bearing

Lord Rayleigh, as long ago as 1918, demonstrated that a parallel-step geometry
produced the optimum load-carrying capacity when side leakage was neglected.
This bearing has not, however, enjoyed the same development and applications
as the pivoted-pad slider bearing. Past neglect of this mathematically preferable
configuration has been due to doubts about the relative merits of this bearing
when side leakage is considered. Figure 8.15 illustrates the geometric shape of
the film in this bearing as well as a typical pressure profile resulting from the
analysis.

The parallel-step slider bearing is analyzed here by considering two con-
nected parallel-surface bearings. The subscripts ̂  and o will be used to denote
conditions in the inlet and outlet films, respectively.
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-1.21

-1.00

II
IA

(a)

-.066

(b)

Figure 8.14: Streamlines in nxed-incline bearing at four Aim thickness ratios
#.. (a) #„ = 2; (b) #„ = 1 (critical value);
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.375

Figure 8.14: Concluded, (c) % = 0.5; (d) J7. = 0.25.

8.6.1 Pressure Distribution

From Eq. (7.48), with side leakage neglected and a constant Him thickness in
the inlet and outlet regions, the appropriate Reynolds equation is

cfp
= 0

This equation can be integrated to give

dp
— = constant

This result shows that the pressure gradients in the inlet and outlet regions
are constant. Since the film thicknesses in the two regions are different, their
pressure gradients are also different. Thus, since there will be no discontinuity
in pressure at the step,

(8.60)
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Figure 8.15: Parallel-step slider bearing.

Also the flow rate at the step must be the same, or ̂ ̂  = ̂  ;. Making use of
Eq. (7.38) and equating the now for the inlet and outlet regions while assuming
constant viscosity gives

, 3.61)

Equations (8.60) and (8.61) represent a pair of simultaneous equations with
unknowns (dp/c!̂ ); and (e!p/&E)o. The solutions are

6%"h (1 - "s (8.62)

3.63)

The maximum pressure (at the step) can be found directly by substituting Eqs.
(8.62) and (8.63) into (8.60) to give

(1 - Ms) S/t
3.64)

By making use of Eq. (8.17), Eq. (8.64) can be written in dimensionless form
as

PmS^ 6n,,(l-ns)

(l - n.) (R. + 1)̂  + n^R3
3.65)
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The bearing configuration that produces the largest p^ is achieved when

P̂yn P̂?n

Using these conditions in Eq. (8.64) gives

and
0 = (1 - Kj (Tto + ̂)̂  (/t. - 2̂ ) + w,̂  (8.67)

Solving for r̂  and ŝ  in these equations gives

% = — = 1.155 (8.68)
Sh

n, =0.7182 (8.69)

This is the optimum parallel-step bearing configuration that Lord Rayleigh
(1918) described in his classic paper. Knowing the maximum pressure and that
the pressure gradients are constants allows the dimensionless pressure in the
inlet and outlet regions to be written as

= 6*̂ ) 0<X<,, (8.70)
3 - -

6(1 -

The pressure distribution is shown diagrammatically in Fig. 8.15. Note that
P = 0 everywhere if Ro — ̂ oo or if n^ = 0 or 1. Also note that .% — > oo implies
that s?t — > 0 (a parallel film) or that /to — > oo.

8.6.2 Normal and Tangential Load Components

The normal load per unit width can easily be determined for this simple form
of pressure distribution. That is, û  is directly proportional to the triangular
area formed by the pressure distributions.

'"" (8.72)
2 fl-n,..Uh... + .s..l3 + n.,h.3

The dimensionless normal load can be expressed as

t\2 3?ts(l-7T.s)

(l-n,)(̂  + l)^+n,R3 2

Note that W^ = 0 if #0 —^ oo or if n^ = 0 or 1 and is thus a function of n^ and
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The tangential toad components per unit width acting on the bearing in
the direction of motion are equal to the pressure at the step multiplied by the
step height.

l̂ h = Wx6 = 0

/̂ o

<,. = -/ P^ = p̂ ^ (8.74)
Jfto + Sh

or

In dimensionless form this equation becomes

* (1 - n,) (R. + 1)' + n,R3 " '

Note that tVxa = 0 if Ro — ̂ oo or if 71,̂ =0 or 1.
The general expression for the shear force per unit width at the moving

surface can be written as

,- ,<
/t= / (T2T,i);=o6̂ + / (7*̂ ,!)̂ =o

./O n̂̂

Making use of Eq. (7.34) yields

2

Making use of Eq. (8.60) gives

-"* 2

Making use of Eq. (8.74) gives

Similarly,

2 Ao (̂ o **!* ̂ /i)

Equations (8.76) and (8.77) can be expressed in dimensionless form as

+ ̂  *

^ ^

2 R. (1 + R.)
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8.6.3 Friction Coefficient and Volume Flow Rate

The friction coefficient for a paraliet-step slider bearing can be directly written
from Eqs. (8.78) and (8.73) as

The volume How rate per unit width can be expressed by making use of Eqs.
(7.38) and (8.60) as

2

The volume flow rate expressed in dimensionless form is given by

, ,
I- iio + 1 (8.81)

This expression reduces to the simple parallel-step slider bearing result (Q=l),
corresponding to Couette How between Hat plates if % = °<o or if n^ = 0 or 1.

8.6.4 Power Loss, Temperature Rise, and Center of Pres-
sure

The rate of work produced against viscous shearing, or the power loss, can be
expressed from Eq. (8.12) in dimensionless form as

= -Fb (8.82)

The adiabatic temperature rise can be written from Eq. (8.13) as

Equations (8.82) and (8.81) were used in this equation. The center of pressure
when both the inlet and outlet regions are considered can be expressed as

This equation can be expressed in dimensionless form as

Making use of Eqs. (8.70), (8.71), and (8.73) gives
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Therefore, the center of pressure coincides with the step location when ̂s = x-

1 2
Also, Xcp —> - as 7̂  —> 0 and Xcp -̂  - as K<, = 1. These results correspond to

pressure proAles that approach the form of right triangles in pads having steps
near their ends.

8.7 Closure

This chapter has considered film shapes in three different slider bearings: par-
allel surface, fixed incline, and parallel step. Only flow in the z-z plane, or in
the direction of motion, has been considered. The properties of the lubricant,
namely, density and viscosity, were assumed to be constant. A positive pressure
profile was obtained from the physical wedge effect in all the film shapes except
a parallel film, where the pressure was zero throughout the bearing length. The
appropriate Reynolds equation used to evaluate these film shapes was

The pressure profile was determined from this equation and the particular Rim
shape to be evaluated and then used to evaluate load components, shear force
components, power loss, adiabatic temperature rise, friction coefficient, volume
flow rate, stream functions, and center of pressure.

Of all these calculations the most important in most design considerations
is the normal load-carrying capacity per unit width ŵ ,. For the fixed- incline
slider bearing the dimensionless normal load-carrying capacity was found to be

2

This implies that the normal applied bad per unit width is directly proportional
to the viscosity %, the velocity M&, and the length ̂  squared while also being
inversely proportional to the shoulder height ŝ  squared. The film thickness
ratio is defined as J7o = ^o/Sh- The stream functions within the lubricated
film in an infinitely long, fixed-incline slider bearing is presented. Locations of
reverse flow within the conjunction are clearly visible.

For a parallel-step slider bearing the dimensionless normal applied load is
a function not only of the film thickness ratio, as was found for the fixed-incline
slider bearing, but also of the location of the step. Recall that in this chapter
side leakage was neglected.
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8.8 Problems

8.1 A slider bearing has an exponential Rim shape, as shown in the sketch,
and a film thickness defined as /t = (/to + ŝ ) e"̂ . An incompressible
fluid is assumed, and no side flow is considered (only How in the 2-2
plane). Determine the pressure within the bearing as well as the normal
load components, the shear force components, the friction coefficient, the
volume How rate, the power loss, and the adiabatic temperature rise within
the bearing. Assume tn = 10 m/s, A,, = 60 ̂tm, ̂ = 0.1 m, and 770 = 0.1
Pa-s.

i.2 A Hat strip of metal emerges from a liquid bath of viscosity % and pressure
p^ above ambient and has velocity u& on passing through a slot of the
form shown in the sketch. In the initial convergent part of the slot the
Him thickness decreases linearly from /to + s?, to ̂ o over a length fug on
each side of the strip. In the Hnal section of the slot the film on each side
of the strip has a constant thickness /̂  over a length ̂  (1 — n̂ ).

P=P,

p = p, °̂

A
. ^ !-̂-

/̂ ^ n - 0

State clearly the boundary conditions required to determine the pressure
distribution along the slot length in the sliding direction on the assump-
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tion that the liquid is isoviscous and incompressible and the slot is in-
finitely wide.

Sketch the pressure distribution along the T axis and show that the volume
flow rate per unit width ̂  on each side of the strip can be written in
dimensionless form as

(H. + 1)' + + 1) (1

where

. + 1) + 2 (1 - 71s) (% +

and

Demonstrate that for P; equal to zero the expression for Q reduces to
forms appropriate to the parallel-surface and fixed-incline-surface bearing
situations as n^ approaches zero and unity, respectively.

Determine the minimum value of J-̂  required to ensure that the peak

pressure in the slot is located at the inlet, where 7t = Tto + s/t if 71,3 = -

and .%)=!-

!.3 In designing a fixed-incline self-acting thrust pad when the width of the
pad is much larger than the length, it is of interest to know the magnitude
and location of the maximum pressure. The viscosity of the lubricant is
0.05 N-s/m^, the sliding velocity is 10 m/s, the pad length is 0.3 m, the
minimum Rim thickness is 15 ̂m, and the inlet Him thickness is twice the
outlet film thickness.

i.4 A parallel-step thrust bearing is shown below. Side leakage is neglected.
The inlet pressure is greater than zero but less than pm, the pressure at
the step. The outlet pressure is zero. Determine the velocity of the fluid
across the Aim while in the inlet and outlet regions. That is,
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where

!.5 From the results of Problem 8.4 evaluate and plot the velocity profile in
the inlet and outlet regions when n^ = 0.75, R, = 2.0, F*m = 1.0, and Ĵ
= 0.5.

!.6 A thrust bearing analysis is to be performed on the bearing shown below.
The pressure at a; = 0 and at a; = ̂  is zero. The analysis should consist
of considering the lubrication in the two separate regions (1) 0 < T < ŵ
and (2) fn,g < a; < ̂  and equated at the common boundary (a; = n^ ).
Side leakage is to be neglected. Starting with the appropriate Reynolds
equation, determine the pressure throughout the bearing. Also show that
the pressure at the common boundary (a: = Hŝ ), when S; = 0, is exactly
Eq. (8.70) or (8.71) for a parallel-step bearing.

i.7 The very wide slider bearing shown is lubricated with an oil having a
viscosity of 0.03 N-s/m^ and consists of two parts, each with a constant
film thickness. Find the pressure distribution in the oil and the load per
unit width of the bearing. All dimensions are in millimeters.

0.180

200 100

0.060

. = 8 m/s
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8.8 An infinitely wide slider bearing, shown in the sketch, has three sections
with film thicknesses 2Ai, a^i, and /̂ , respectively. Find which value of
a gives the maximum load-carrying capacity for given values of /ti, ̂ , M&,
and ??. Use the Reynolds equation and the oil flow equation.

0/1,

i.9 Given the infinitely wide slider bearing shown in the sketch, find the
pressure distribution by using the Reynolds equation.

Reference

Lord Rayleigh (1918): Notes on the Theory of Lubrication, P/M/os. Mat?., vol.
35, no. 1, pp. 1-12.
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Chapter 9

Hydrodynamic Thrust
Bearings - Numerical
Solutions

Symbols

A,,... integration constants
width of bearing, m
specific heat of material at con-
stant pressure, J/(kg-°C)
volumetric specific heat,

Fourier coefficient
dimensionless outlet film thick-
ness, /to/Sh
film thickness, m
outlet film thickness, m
rate of working against viscous
stresses (power loss), N-m/s
dimensionless pivot location,

length in direction of sliding, m
length from inlet to pivot posi-
tion,m
rotational speed, r/min
number of pads
location of parallel step
dimensionless pressure,

volumetric side flow rate, m
radius, m
shoulder height, m
inlet temperature, °C
temperature, °C
shoulder height, m
surface 6 velocity, m/s
dimensionless normal load,

total thrust load of bearing, N
normal load, N
dimensionless Cartesian coordinates
Cartesian coordinates
change
absolute viscosity, Pa-s (or N-s/m^)
absolute viscosity at p = 0 and con-
stant temperature, Pa-s (or N-s/m^)
length-to-width ratio, ̂/&
coefficient of sliding friction
density of lubricant, kg/ra

pressure, N m
volumetric now rate,

Subscripts
: inner
min minimum
o outer
&, y, z coordinates

241
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9.1 Introduction

The analysis of thrust slider bearings in Chapter 8 restricted the lubricant How
to two directions (a:, 2). Flow of lubricant in the third direction (y) is known
as "side leakage." The T coordinate is in the direction of sliding motion, y is
transverse to the direction of sliding motion, and 2 is across the fluid film. This
chapter is concerned with the side-leakage effect in slider bearings.

For bearings of finite width the pressure along the bearing side edges is
ambient, and if hydrodynamic pressures are generated within the lubricant film
due to the physical wedge mechanism, some flow will take place in the third
(?/) direction. In this case the flow perpendicular to the direction of motion
(side-leakage effect) has to be included, and the appropriate Reynolds equation
is Eq. (7.48) with M^ = 0.

o^\ a / a^\ ^L; (9.1)
Analytical solutions for slider bearings that consider side leakage are not nor-
mally available. Numerical solutions generally have to be resorted to when
considering the side-leakage direction. One of the few analytical solutions that
is available is for a parallel-step slider bearing.

For a thrust bearing, as considered in Chapter 8 and also in this chapter,
a thrust plate attached to, or forming part of, the rotating shaft is separated
from the sector-shaped bearing pads (see Fig. 8.3) by a lubricant film. The load-
carrying capacity of the bearing arises entirely from the pressure generated by
the motion of the thrust plate over the bearing pads. This action is achieved
only if the clearance space between the stationary and moving components
is convergent in the direction of motion (physical wedge pressure-generating
mechanism).

The pad geometry parameters affecting the pressure generation and there-
fore the load-carrying capacity of the bearing are (1) pad length-to-width ratio
A = f/5, (2) Rim thickness ratio Ro = ̂ o/ŝ , and (3) step or pivot location
parameter n^. This last parameter is not applicable to a fixed-incline thrust
bearing. Recall that the pad length-to-width ratio did not appear in Chapter
8 because side leakage was neglected. Side leakage is considered in this chap-
ter, and three different thrust bearings are investigated: two fixed-pad types
(namely, a parallel-step and a fixed-incline) and a pivoted-pad bearing.

9.2 Finite-Width, Parallel-Step-Pad Slider Bear-
ing

A sketch of the parallel-step-pad slider bearing is shown in Fig. 9.1. In the
solution the inlet and outlet regions are first considered separately and then
combined at the common boundary. Therefore, the film thickness is considered
to be constant in the two regions.
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t
b

[ Outlet I
Inlet region T*region*n

Figure 9.1: Finite parallel-step-pad
slider bearing.

9.2.1 Pressure Distribution

The Reynolds equation given in Eq. (9.1) reduces to

,9x2
(9.2)

when the Him thickness is constant. Equation (9.2) is a Laplace partial differ-
ential equation. Letting

P=^12-P

causes Eq. (9.2) to become

+

(9.3)

(9.4)

The pressure on the exterior boundaries of the inlet and outlet regions is zero,
but the pressure on the common boundary is not known. It is assumed that the
pressure on the common boundary is given by the following Fourier sine series:

=,,= E (9.5)

The summation is over the odd values because of symmetry, and fy is the
Fourier coefficient to be evaluated later.

The general solution for P can be put in the following form for the inlet
region:

+ R, sin (j'TrY) (7, cosh (JTrAX) + A, sinh (j

(9.6)
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Note that Eq. (9.6) does satisfy Eq. (9.4).
The boundary conditions for the inlet region are:

1. Pi = 0 when X = 0 for all values of K.

2. Pi = 0 when F= 0 for all values of X.

3. P, = 0 when V= 1 for all values of X.

4. Pi = T K* sin (j'Tt-V) when X = n,.
J'=l,3,..

From boundary conditions 1 and 2, A, = C, = 0. From boundary condition 4,

3=1,3,... 3 = 1,3,...

sinh (j?

*y sin (jTrV) sinh (j?

Note that boundary condition 3 is automatically satisfied by Eq. (9.8) .
For the outlet region the solution is taken to be of the same form as Eq.

(9.6).

P. = E, cos (j'TrV) + Gj sin (jn-y) n, cosh (jn-AX) + 7j sin
J=l,3,...

(9.9)
The boundary conditions for the outlet region are

1. P. = 0 when X = 1 for all values of V.

2. P. = 0 when V= 0 for all values of X.

3. Po = 0 when V= 1 for all values of X.
OO

4. P. = ̂  F* sin (j'TrV) when X = n..
3 = 1,3,...

From boundary condition 2, E.,= 0. From boundary condition 1,

R.,=-7,tanh(.7'7rA) (9.10)

Therefore, Eq. (9.9) can be rewritten as

OO

Po= ̂  Ĝ 7,sin(j7ry)[sinh(j'7rAX)-tanh(J7rA)cosh(J7rAX)] (9.11)
3 = 1,3,...
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From boundary condition 4,

j = l,3,... =̂1,3,...

x [sinh (JTrAng) — tanh(_y'7rA) cosh (jTrAn̂ )]

F*
. ^*<.r. _ _ 2 _

** ** sinh(JTrAws) — tanh(J7rA)cosh(J7rAns)

Substituting Eq. (9.12) into Eq. (9.11) gives

P ^ F;sinQ'7ry)sinh[j7rA(l-X)]
— - - - < X < 1 (9.13)

Note that boundary condition 3 is satisfied by Eq. (9.13).
For the pressure to be calculated, the Fourier coefficient Fj" must be evalu-

ated. This is done by making use of the principle of flow continuity. It will be
seen that at any point on the common boundary (X = w.s) the volume rate of
inlet now is the same as the volume rate of outlet flow.

.'. 9x<lx=.i, = <?xo x=tt, (9-14)

Making use of Eq. (7.38) while letting t̂  = 0 and assuming a constant viscosity
yields

2 12%

Then making use of Eq. (9.3) gives

(l + F,,)3(̂ yj =6 (9.15)

where #. = ̂/̂ . From Eqs. (9.8) and (9.13)

^Kinfi'-n-V)
(9.16)

(9.17)

Substituting Eqs. (9.16) and (9.17) into (9.15) gives

3
.
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But

6= V 6̂ -sinO'TrV) (9.19)-

Then substituting Eq. (9.19) into Eq. (9.18) gives

oo

y j'TrAF* sin(j'Try) JR^ coth [ĵ rA (1 - nj] + (1 + R.)̂  co

24
.. F* = ,— — r- (9.20)

j'̂ Â JR3 ̂th [JTrA (1 - n,)] + (1 + R.)̂  coth (JTrAn.) j

Note that as Ro —) oo, which is a parallel-surface bearing, _FJ" —) 0 and .P —> 0.
Once an expression for the Fourier coefficient is known, the pressure in the inlet
and outlet regions can be calculated by substituting Eq. (9.20) into Eqs. (9.8)
and (9.13).

9.2.2 Normal Load Component

The normal applied load can be written as

/* /*Tls /* /*

^̂  ̂ ^ / / Pi <̂  tiv -(- / /

This equation can be written in dimensionless form as

(9.21)
70

Substituting Eqs. (9.8) and (9.13) into this equation gives

cosh (jTrAn̂ ) — 1 cosh [

Equations (9.20) and (9.22) reveal that when side leakage is considered, the
dimensionless normal applied load W; is a function of A as well as Ro and n̂ .
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0

.25

(c)

Step

§
M

.20

.15

.10

.05

.2 .4 .6
Dimensionless film thickness, % = /

1.0

Figure 9.2: Concluded, (c) A = 1; (d) A = 2.
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Table 9.1: Maximum dimensionless normal load-carrying capacity [Dimensionless
outlet film thickness > 0]

Step
location

"s

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Length-to-width ratio, A
1/100 1/4 1/2 3/4 1 3/2 2

Maximum dimensionless normal load-carrying capacity, Wg

0.298570

0.597193

0.895500
1.193245
1.490253
1.786400
2.081597
2.375785
2.668928

0.264269
0.529825
0.787513
1.031140
1.256341
1.460020
1.640043
1.795099
1.924660

0.228659
0.459748
0.675112
0.862610
1.014517
1.127112
1.200150
1.236016
1.238860

0.194657
0.391479
0.564927
0.700004
0.791103
0.839600
0.850630
0.830670
0.786357

0.164811
0.329074
0.463443
0.555898
0.607007
0.622694
0.609714
0.574190
0.521621

0.120508
0.230908
0.305444
0.346178
0.362142
0.359732
0.342147
0.311116
0.268646

0.092064
0.165224
0.205006
0.223081
0.228742
0.225744
0.214448
0.193714
0.162993

9.2.3 Results

The inclusion of side-leakage effects has introduced an additional parameter, the
length-to-width ratio A = ̂/b. Figure 9.2 shows the effect of the film thickness
ratio Ro on the dimensionless load-carrying capacity Wg for five step locations
%s and four A values (4, ̂ , 1, and 2). The following can be concluded from Fig.
9.2:

1. For any combination of % and A the maximum load condition never
occurs when the step location is less than 0.5. The location of the step
should be closer to the outlet than to the inlet.

2. For small A, where side leakage becomes less important, the step location
that produces a, maximum dimensionless load is larger than when side
leakage is not considered.

Table 9.1 tabulates the results shown in Fig. 9.2 as .%, —> 0 as well as results
for three additional A. From this table it is observed that as A becomes smaller,
the maximum load increases. This concurs with the results of Chapter 8 [Eq.
(8.73)], which indicated that when side leakage is neglected and #„ **> o°; the
dimensionless normal load-carrying capacity approaches zero.

The parallel-step bearing shown in Fig. 9.1 has considerable side leakage,
especially for large A, which reduces its normal load-carrying capacity. Shrouds
are sometimes introduced to restrict this side leakage and thereby increase the
bearing's normal load-carrying capacity. Two types of shrouded-step bearings
are shown in Fig. 9.3. The semicircular-step shrouded bearing (Fig. 9.3a) has
a step radius of ̂/2, a Him thickness ratio of 1.43, and a length-to-width ratio
of 1. The resulting normal load-carrying capacity for this bearing is a 45%
increase over that for an optimum unshrouded parallel-step thrust bearing. For
a truncated triangular-step shrouded bearing (Fig. 9.3b) with #„ = 0.89, the
resulting W^ is a 67% increase over that for an unshrouded bearing.

Copyright © 2004 Marcel Dekker, Inc.



250 FUNDAMENTALS OF FLUID FILM LUBRICATION

9.3 Fixed-Incline-Pad Slider Bearing

The simplest form of fixed-pad thrust bearing provides only straight-line mo-
tion and consists of a flat surface sliding over a fixed pad or land having a
profile similar to that shown in Fig. 9.4. The fixed-pad bearing depends for
its operation on the lubricant being drawn into a wedge-shaped space and thus
producing pressure that counteracts the toad and prevents contact between the
sliding parts. Since the wedge action takes place only when the sliding surface
moves in the direction in which the lubricant film converges, the fixed-incline
bearing (Fig. 9.4) can carry load only in this direction. If reversibility is de-
sired, a combination of two or more pads with their surfaces sloped in opposite
directions is required. Fixed-incline pads are used in multiples as in the thrust
bearing shown in Fig. 9.5.

The following procedure assists in designing a fixed-incline-pad thrust bear-
ing:

1. Choose a pad length-to-width ratio. A square pad (A = 1) is generally
felt to give good performance. If it is known whether maximum load or
minimum power loss is more important in the particular application, a
value of the minimum film thickness ratio can be determined from Fig.
9.6.

2. Determine lubricant temperature. Lubricant temperature can be ex-
pressed as

^ = ̂ + ̂ (9.23)

where
t; = inlet temperature
A^= change in temperature due to viscous shear heating

The inlet temperature is usually known beforehand, but the change in
temperature due to viscous shear heating must be initially guessed. Once
the temperature ^ is known, it can be used in Fig. 4.2 or 4.9 to determine
the viscosity of SAE oils.

3. Determine outlet Rim thickness. Once the viscosity is known, the next
least likely parameter to be preassigned is the outlet film thickness. That

b = ̂

1 Figure 9.3: Shrouded-step slider bearings,
(a) Semicircular step; (b) truncated trian-

<*' <"' gular step.
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Film pressure
distribution

- Sliding surface
/ or runner

f * '
'q

1
— * 9-9s—'

^ ̂
t?J(botti
sides)

*

Pads

Figure 9.4: Side view of fixed-incline-
pad bearing. [Firom

Figure 9.5: Configurations of multi-
ple fixed-incline-pad thrust bearing.

is, once a length-to-width ratio A and a dimensionless minimum film thick-
ness (from Fig. 9.7) are known, the dimensionless load can be determined.
The outlet film thickness can be determined from

1/2

(9.24)

4. Check Table 9.2 to see if the minimum (outlet) film thickness is sufficient
for the preassigned surface finish. If (/toJEq. (9.24) ̂  (̂ <?)Tabte9.2, go to step
5. If (Tto)Eq. (9.24) < (7to)TaMe9.2; consider one or more of the following
steps:

(a) Increase the speed of the bearing.

(b) Decrease the load, the surface finish, or the inlet temperature.

Upon making this change, return to step 2.

5. From Fig. 9.8 determine the temperature rise due to shear heating for
a given length-to-width ratio and bearing characteristic number. Recall
from Sec. 4.8 that the volumetric specific heat C*g = /?Cp, which is in
the dimensionless temperature rise parameter, is relatively constant for
mineral oils and is equivalent to 1.36 x 10̂  N/(m̂ -°C). If the temperature
rise as obtained from Fig. 9.8 is within 5% of the previous value, go to
step 6; otherwise return to step 2 with a new value of temperature rise.

6. Evaluate the performance parameters. Once an adequate minimum film
thickness and proper lubricant temperature have been determined, the
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ĉ

H 
S
 

S
 
3
 

S

o

Grind, lap, and
superfinish

o00t̂<oo

without toolmarks;
close tolerances

OO.

13'COSmooth surface
without scratches;
close tolerances

5̂00CM

0.

-oOJ

'CuSmooth surface;

CMS00

close tolerances

§ 
^

'§S
 

=̂
^g 

.̂s
.S d* 

§*i3
o 's 

^
 §

a'̂
 
.

 
§

 
,

H
J
W

^
 ̂

 
g 
o
^
 g

'S 
m 
S
 rg 

-g 
^
 g

g^ s §
^
^

 g
<
S
^
^
'
^
S
§

"
 

fQ
?
 

2
S
 

s

to 
1̂

00
 

°̂

-̂
 ̂
a ̂> aS

^
 &

.S _g
cr ̂
S
 ̂
^ *3
a 3
.S ̂â 
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1.0

'E "

- Maximum
normal
load

- Minimum power
consumed

1 2 3

Length-to-width ratio, ̂  = F/b

Figure 9.6: Chart for determining
minimum film thickness correspond-
ing to maximum load or minimum
power loss for various pad proportions
- fixed-incline-pad bearings.

nc% .Boyd

performance parameters can be evaluated. Specifically, from Fig. 9.9 the
power loss, the friction coefficient, and the total and side flow can be
determined.

Example 9.1
Given A fixed-incline slider thrust bearing has the following operating pa-
rameters: t̂ =16 kN, Mh=30 m/s, ̂  = & = 75mm, SAE 10 oil, and ̂ = 40°C.

Find For the maximum load condition determine the following parameters:

Solution: From Fig. 9.6 for A = ̂ /& = 1 and maximum normal load
condition, 77. = 0.73. From Fig. 9.7 for R. = 0.73 and A = 1, 1/tV; = 8.0.
From Fig. 9.8 for 1/M^ = 8.0 and A=l,

= 13

Inserting the input parameters and the fact that

C, = p<7p = 1.36 x 1Q6 N/(m̂  -° C)

_ 13(16)(1Q3)
(0.9)(1.36)(106)(0.075)(0.075)

= 30.21°C

From Eq. (9.23)
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.s

4 6 10 20 40 60 100 200 400 1000

Bearing number, 1/W^

Figure 9.7: Chart for determining minimum film thickness for fixed-incline-pad
thrust bearings. [From RfMmon^ anJ f?0!/cf

From Fig. 4.9 for SAE 10 oil at 55°C the absolute viscosity is 0.015 N-s/nA
Making use of Eq. (9.24) gives

Sh = /t./F. = 28/0.73 = 38.3 ̂m

All but the last row of surface finish will ensure that /to > (Tto)ai]. Thus, as long
as the surface finish is less than 3.2 //m the design is adequate.

For A = 1 and 1/Ŵ  = 8 the performance parameters are

1. From Fig. 9.9a

^=8.5

(8.5)(38.3) (
0.075
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1 2 4 6 10 20 40 60 100 200 400 1000

Bearing number, 1/l̂

Figure 9.8: Chart for determining dimensionless temperature rise due to viscous
shear heating of lubricant in fixed-inctme-pad thrust bearings. [From

2. From Fig. 9.9b

3. From Fig. 9.9c

1.5̂

4. From Fig. 9.9d

(ll)(16)(lQ3)(30)(38.3)(10-6)

1.5f " (1.5)(0.075)

/tp = 17.06 x 10̂  W = 17.06 kW

-̂ - = 0.58

(0.58)(0.075)(30)(38.3)(10"6) = 5.00 x 1

qs = Q.3o = 1.50 x 10"̂  m^/s
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1 2 4 6 10 20 40 60 100 200 400 1000

Figure 9.9: Chart for determining performance parameters of fixed-indine-pad
thrust bearings, (a) Friction coefficient; (b) power loss; [From RawnontH
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1 2 4 6 10 20 40 60 100 200 400 1000
Bearing number, 1/W,

(c)

1 2 4 6 10 20 40 60 100 200 400 1000

Bearing number, 1/W;

(d)

Figure 9.9: Concluded, (c) Lubricant now; (d) lubricant side now.
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Film pressure
distribution ̂ \

Sliding surface
or runner

Pivot

Figure 9.10: Side view of pivoted-pad
thrust bearing, [̂ "om RawnonG^ ana*

Figure 9.11: Configuration of mul-
tiple pivoted-pad thrust bearing.

9.4 Pivoted-Pad Slider Bearing

The simplest form of pivoted-pad bearing provides only for straight-line mo-
tion and consists of a Bat surface sliding over a pivoted pad as shown in Fig.
9.10. If the pad is assumed to be in equilibrium under a given set of operating
conditions, any change in these conditions, such as a change in load, speed,
or viscosity, will alter the pressure distribution and thus momentarily shift the
center of pressure, creating a moment that causes the pad to change its inclina-
tion and shoulder height ŝ . A pivoted-pad slider bearing is thus supported at
a single point so that the angle of inclination becomes a variable and has much
better stability than a fixed-incline slider under varying conditions of operation.
The location of the shoe's pivot point can be found from the equilibrium of mo-
ments acting on the shoe about the point. For all practical purposes, only two
significant forces may be considered in the moment equation: the resultant due
to film pressure and the reaction force normal to the shoe surface. The force
due to friction in the pivot is ignored.

Pivoted pads are sometimes used in multiples as pivoted-pad thrust bear-
ings, shown in Fig. 9.11. Calculations are carried through for a single pad, and
the properties for the complete bearing are found by combining these calcula-
tions in the proper manner, as discussed in Sec. 9.5.

Normally, a pivoted pad will only carry load if the pivot is placed some-
where between the center of the pad and the outlet edge (0.5 < %s ̂  1.0). For
bidirectional operation the pivot is located at the center of the pad or at Ws =
0.5.

The following procedure helps in designing pivoted-pad thrust bearings:
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Figure 9.12: Chart for determining
pivot location corresponding to maxi-
mum load or minimum power loss for
various pad proportions - pivoted-pad
bearings. [From.

1. Having established whether minimum power or maximum load is more
critical in the particular application and having chosen a pad length-to-
width ratio, establish the pivot location from Fig. 9.12.

2. Just as was done for a Axed-incline-pad thrust bearing, establish the lu-
bricant temperature by using Eq. (9.23). Once the temperature is known,
the viscosity can be obtained from Fig. 4.2 or 4.9.

3. Determine the dimensionless load from Fig. 9.13 and the outlet or mini-
mum film thickness from Eq. (9.24).

4. Check Table 9.2 to see if the outlet film thickness is sufficient for the
preassigned surface finish. If (̂ o)Eq. (9.24) > (̂ o)Tabie9.2, go to step 5. If
(̂ o)Eq. (9.24) < (̂ o)Tabie9.2, consider

(a) Increasing the speed of the bearing

(b) Decreasing the inlet temperature of the bearing

(c) Decreasing the load on the bearing

(d) Decreasing the finish on the bearing lubricating surfaces, thereby
making them smoother.

Upon making this change return to step 2.

5. From Fig. 9.14 determine the temperature rise due to shear heating for
a given length-to-width ratio and bearing characteristic number. If it is
within 5% of the guessed value, go to step 6; otherwise, let this value of
the temperature rise become the new guess and return to step 2.

6. Evaluate the performance parameters once an adequate minimum Aim
thickness and lubricant temperature have been determined. Specifically,
from Fig. 9.15 the film thickness ratio Ho = ̂ o/s/n friction coefficient /i,
total flow q, side flow <?g, and power loss Ap, can be determined.
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6 ,̂
.7 .8

Dimensionless pivot location,

Figure 9.13: Chart for determining outlet film thickness for pivoted-pad thrust
bearings. [Fh3m Ra:mo7!a*: ana* Roya*

.6 .7
Dimensionless pivot location,

Figure 9.14: Chart for determining dimensionless temperature rise due to vis-
cous shear heating of lubricant for pivoted-pad thrust bearing. [R*o
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.7 .8 .9
Dimensionless pivot location, L

Figure 9.15: Chart for determining performance parameters for pivoted-pad
thrust bearings, (a) Dimensionless load; (b) friction coefficient. [From Ra:-

R and
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.6 .7 .8
Dimensionless pivot location,

1.0

.6 .7 .8 .9
Dimensionless pivot location, L-

1.0

.6 .7 .8

Dimensionless pivot location, L

1.0

Figure 9.15: Concluded, (c) Lubricant How; (d) lubricant side How; (e) power
loss.
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Example 9.2
Given A tilting thrust pad has a length and width of 25 mm. Determine
the pivot location if the bearing operates with a minimum power consumption.
Determine what the minimum film thickness is when supporting a normal ap-
plied load of 9000 N at a surface velocity of 7.5 m/s. The lubricant viscosity is
assumed constant at 0.035 N-s/nA

Find Is the minimum film thickness obtained from your calculations adequate
if the surface finish is 0.50 /mi? If not, could you give some suggestions to meet
this requirement?
Solution From Fig. 9.12 for A = 1 and minimum power consumption,

Lp = 0.62

From Fig. 9.13 for Lp = 0.62 and A = 1,

or

It is given that

W; = 9000 N

Mb — 7.5 m/s

= 6 = Q.025 m

^ = 0.26(0.025)i/(0.035)(7.5)(0.025)/9000 = 5.55

From Fig. 9.15(a) for Zp = 0.62 and A = 1, we get

VW7 = 0.45

But

ŝ  = A./J7. = (5.55)(10"6)/0.578 = 9.60 x 10̂  m

From Table 9.2 for a surface finish of 0.50 /̂ m, the allowable minimum film
thickness is 12.5 /̂ m. Thus

(̂ )min = 12.5 X ID"" ̂

Copyright © 2004 Marcel Dekker, Inc.



264 FUNDAMENTALS OF FLUID FILM LUBRICATION

Since the minimum film thickness that we calculated is less than the allow-
able minimum film thickness (̂ o)min obtained from Table 9.2, the pad must be
redesigned.

Some possible suggestions for the redesign are

1. Change the surface finish from 0.5 to 0.2 ̂m.

2. Increase the fluid viscosity from 0.035 to 0.14 N-s/nA

3. Increase the speed from 7.5 to 30 m/s.

4. Decrease the load from 9000 to 1150 N.

Only one of these changes is necessary to meet the requirements, but com-
binations of these changes would make the overall redesign less demanding.

9.5 Thrust Bearing Geometry

This chapter, as well as Chapter 8, deals with the performance of an individual
pad of a thrust bearing. Normally, a number of identical pads are assembled
in a thrust bearing as shown, for example, in Figs. 9.5 and 9.11. The length,
width, speed, and load of an individual pad can be related to the geometry of
a thrust bearing by the following formulas:

6 = r. - r; (9.25)

36

(9.27)

(9.28)

where No is the number of identical pads placed in the thrust bearing (usually
JVo is between 3 and 20). The ?r/36 portion of Eq. (9.26) accounts for feed
grooves between the pads. These are deep grooves which ensure that ambient
pressure is maintained between the pads. Also in Eq. (9.28) w^, is the total
thrust load on the bearing.

In the design of thrust bearings the total normal load-carrying capacity w;
and the angular velocity ̂  are usually specified along with the overall bearing
dimensions ?*„ and r;. The lubricant is usually specified to suit the design
requirements of the associated journal bearing of other components. It therefore
remains only to determine the number of pads JVo and the pad geometry (.%,,
Lp, and A). The bearing performance characteristics may then be evaluated to
check if the design meets the required specifications.
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9.6 Closure

The appropriate form of the Reynolds equation for a hydrodynamicaUy lubri-
cated thrust bearing when side leakage is considered is

The only Him shape that can be solved analytically when considering side leak-
age is that for a parallel-step slider bearing. Since the film shape is constant
within the inlet and outlet regions, the preceding equation reduces to a Lapla-
cian equation that can be readily solved for the pressure. Integrating the pres-
sure over the bearing area enables the normal applied load to be obtained. Side
leakage, which reduces the normal load-carrying capacity, is considerable for a
parallel-step bearing, it therefore was suggested that shrouds be placed at the
sides to restrict the side leakage and thereby increase the bearing's load-carrying
capacity.

Results were presented for fixed-incline-pad and pivoted-pad thrust bear-
ings from numerical evaluation of the Reynolds equation. A procedure was
outlined to assist in designing these bearings. These procedures provide an
optimum pad configuration as well as describe such performance parameters as
normal applied load, friction coefficient, power loss, and lubricant flow through
the bearing.

9.7 Problems

9.1 Compare the dimensionless normal applied load W^ for the following three
types of thrust pad: (a) parallel step, (b) fixed incline, and (c) tilting pad

for A = ̂/& of ̂ , -, 1, and 2. Consider side-leakage effects. Use optimal

geometry for each type of pad at each A. Also compare these results with
the Wg when side leakage is neglected.

9.2 Draw the pressure profile of an unshrouded parallel-step pad when A =
1, R. = 1, n, = 0.5, and V = 0.5 for X = 0.1, 0.2, ..., 0.9. Use Eqs.
(9.8) and (9.13) in your evaluation. Give numerical values of pressure
at the various values of X. Also for the film shape given, determine the
dimensionless normal applied load Wg.

9.3 A thrust bearing carries a load of 50,000 N at a rotational speed of 2000
r/min. The bearing has an outside radius of 0.25 m and an inside radius
of 0.15 m. A surface finish of 1 //m CLA is recommended. The oil is
SAE 10 and the operating inlet temperature is 50°C. Design a suitable
tilting-pad bearing for maximum thrust load. The selected pad geometry,
pivot location, number of pads, and minimum Sim thickness should be
stated together with an estimate of Atmt s^, /tp, ̂ , q, and ̂ .

Copyright © 2004 Marcel Dekker, Inc.



266 FUNDAMENTALS OF FLUID FILM LUBRICATION

9.4 For a fixed-incline-pad slider thrust bearing with û  = 3600 Ibf, M& =
1200 in./s, ̂  = 3 in., 6 = 3 in., and SAE 10 oil with inlet temperature of
40°C, determine the following for a maximum normal load: s/t, /̂ , Â ,
//, /tp, 9, and ̂ .

9.5 For a fixed-incline-pad thrust bearing with a total normal load of 12,000
Ibf, fo = 4 in, n = 2 in, ̂  = 30 r/s, ̂/b = 1, SAE 10 oil, and i;, = 100°F,
determine the following: No, s/t, ̂ ot A^m, /̂ , ̂ p, 9, and 9s-

9.6 For the input parameters given in Problem 9.5, determine the same output
parameters given in Problem 9.5 but for a tilted-pad thrust bearing.

9.7 By starting with Eq. (9.22) show that as A —^ 0 or as the situation is
approached where side leakage can be neglected, the normal load is the
same as discovered in Chapter 8, namely, Eq. (8.73).

9.8 A fixed-incline slider bearing and a pivoted-pad slider bearing are opti-
mized to give minimum relative power loss. The pad length f equals the
width 5. The bearing carries the load t̂  = 10 kN. The viscosity has been
chosen to avoid the surface contact through the lubricant Rim. The slid-
ing speed tt& = 15 m/s. Find the minimum Rim thickness for the bearing
if ??o=0.08 N'S/m̂ , A = f/6 = 1 and ̂  = 0.070 m.

9.9 The flat slider bearing in Problem 9.8 is split into two equal halves, each
with width 6 = 0.035 m. Find the viscosity needed at the running temper-
ature to get the same minimum Rim thickness as in Problem 9.8. The load
is equally split between the two halves, with 5 kN per half. The bearing
halves should both be optimized for minimum relative power loss.

9.10 The Rat slider bearing in Problem 9.8 has load w^ = 10 kN and sliding
speed Mb = 15 m/s. The oil viscosity % = 0.08 N-s/m^, the bearing width
& = 0.070 m, and the bearing length ̂  = 0.070. Find the spring constant
for the bearing if the force variation is small. The spring constant is
deRned as

where
AtUg = load variation
A/tp = oil Rim thickness variation at load application point

9.11 A pivoted-pad thrust bearing carrying the weight of a water turbine for
a hydroelectric power plant is lubricated by water. The design should be
optimized to give minimum power loss when the roughness of the bearing
surface is R^ = 7 //m, indicating that the bearing minimum Rim thickness
should be 100 /mi. The load on the bearing from the weight of the turbine
and the water is 1 MN. The viscosity of water is 0.001 Pa-s and the bearing
length-to- width ratio is 1, which gives minimum power loss for Rve pads
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circumferentially around the bearing with a mean radius equal to the
bearing pad width. Determine the bearing dimensions and calculate the
coefficient of friction at a rotating speed of 100 rpm.

9.12 A propeller shaft thrust bearing for an oil tanker is a pivoted-pad slider
bearing with 12 pads. Each pad is 300 mm wide and 300 mm long and has
a mean radius of 800 mm. The shaft speed is 220 rpm. Find the bearing
pivot position and the optimum lubricant viscosity to get minimum power
loss. Calculate the coefficient of friction and the power loss. The lubricant
inlet temperature is 63°C, the heat capacity of the oil is C*g = 1.72 x 10̂
J/(m3-°C), and the propeller thrust load is 1.3 MN.
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Chapter 10

Hydrodynamic Journal
Bearings - Analytical
Solutions

Symbols

A integration constant
h width of bearing, m
c radial clearance of journal bearing,

m
e eccentricity of journal bearing, m
ft film thickness, m
ftm film thickness where

dp/c%<̂  =1 0, m
TVa angular velocity, rpm
P dimensionless pressure
Pm dimensionless pressure where

p pressure, N/m^
Pm pressure where dp/<%) = 0
9 volumetric How rate, m^/s
q^ volumetric flow rate per width

in transverse direction, m^/s
<7̂ , volumetric How rate per width in

<̂ < direction, m^/s
Q dimensionless How rate
r radius of journal, m
fa radius of shaft, m
?"b radius of journal, m

dimensionless resultant load
in a journal bearing
resultant load per unit width
in a journal bearing, N/m
load per width perpendicular
to line of centers, N/m
load per width along line
of centers, N/m
normal applied toad, N
angle used in defining film
thickness in journal bearing
Sommerfeld variable
eccentricity ratio, e/e
absolute viscosity, Pa-s
absolute viscosity at p = 0
and constant temperature, Pa-s
attitude angle
angle in cylindrical coordinates
angle where o!p/d<̂ =0
angle where p = 0 and dp/̂  = 0
angular velocity, 2̂.%., rad/s
angular velocity of surface &, rad/s
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Figure 10.1: Hydrodynamic journal bearing geometry

10.1 Introduction

The past two chapters have dealt with slider bearing pads as used in thrust
bearings. The surfaces of thrust bearings are perpendicular to the axis of rota-
tion as shown in Fig. 8.3. This chapter and the next deal with journal bearings,
where the bearing surfaces are parallel to the axis of rotation. Journal bearings
are used to support shafts and to carry radial loads with minimum power loss
and minimum wear. The journal bearing can be represented by a plain cylindri-
cal sleeve (bushing) wrapped around the journal (shaft) , but the bearings can
adopt a variety of forms. The lubricant is supplied at some convenient point in
the bearing through a hole or a groove. If the bearing extends around the full
360° of the journal, it is described as a "full journal bearing." If the angle of
wrap is less than 360°, the term "partial journal bearing" is used.

Journal bearings rely on shaft motion to generate the load-supporting pres-
sures in the lubricant film.. The geometry of the journal bearing is shown in
Fig. 10.1. The shaft does not normally run concentric with the bearing. The
displacement of the shaft center relative to the bearing center is known as the
"eccentricity." The shaft's eccentric position within the bearing clearance is
influenced by the load that it carries. The amount of eccentricity adjusts itself
until the load is balanced by the pressure generated in the converging lubri-
cating Rim. The line drawn through the shaft center and the bearing center is
called the "line of centers."

The pressure generated and therefore the load-carrying capacity of the bear-
ing depend on the shaft eccentricity, the angular velocity, the effective viscosity
of the lubricant, and the bearing dimensions and clearance.

The load and the angular velocity are usually specified and the minimum shaft
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x; 0

Figure 10.2: Unwrapped fUm shape
in a journal bearing.

diameter is often predetermined. To complete the design, it wilt be necessary
to calculate the bearing dimensions and clearance and to choose a suitable
lubricant if this is not already specified.

The approach used in this chapter is to present two approximate journal
bearing solutions: (1) an infinite-width solution (side leakage neglected) and
(2) a short-width-journal-bearing theory. These two approximate solutions will
illustrate the many important characteristics of journal bearings.

10.2 Infinitely-Wide-Journal-Bearing Solution

For an infinitely wide-journal-bearing solution the pressure in the axial direction
is assumed to be constant. This approach is valid for diameter-to-width ratios
(Â  = 2r;,/&) less than 0.5. The integrated form of the Reynolds equation can
be written from Eq. (7.52), while assuming a constant viscosity, as

dp
(7.52)

where /̂  denotes the film thickness when dp/da; = 0. Now

dp
(10.1)

The transition from Eq. (7.52) to (10.1) is acceptable, since the film thickness
is small relative to the shaft radius and the curvature of the lubricant film can
be neglected. This implies that the Him shape can be unwrapped from around
the shaft and viewed as a periodic stationary profile with wavelength 27rrb and
that the plane surface of the shaft is moving with velocity w as shown in Fig.
10.2. From Fig. 10.1,

1
cos a = — [?t + 7*6 + e cos (?r — <̂)]

.-. /t = To cos a — ?*b + e cos <: (10.2)
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From the law of sines,
'a

sin a sm <

.'. sin a =
r«

and
2 ,1/2

^ ' ̂  ' (10.3)

Substituting Eq. (10.3) into Eq. (10.2) gives

2
= ?*Q 1 — [ — ) sin^ ci) — ft + e cos ai<

But

g ,2 1^ , / , \2

1 — ) , .̂.. .̂ , ^ 9 \ ,- / ***** ^ S \ r
^\*a/ *^\'a

n
2

or, since r̂  - r& = c,

If— )sin^-If— ) sin̂ -... (10.4)
2 \r^y 8 \r./ J

Since the ratio of e/r̂  is of the order of magnitude 10"̂ , Eq. (10.4) can be
safely reduced to

/t = c(l + ecos<^) (10.5)

where
e = - (10.6)

c
is the eccentricity ratio. Note that 0 < e < 1.

Substituting the Him thickness equation (10.5) into Eq. (10.1) gives

,,,,-(10.7)

An expression for the pressure distribution can be obtained by direct integration
ofEq. (10.7)

1 /i
^
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Table 10.1: Relationship between angle
for various eccentricity ratios 6.

and Sommerfeld variable *y (degrees)

Circum-
ferential

coordinate
angle, ̂), deg

0
10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180

Eccentricity ratio, e
0.2 0.4 0.5 0.6 0.7 0.8 0.9 0.95

Sommerfeld variable, % deg
0

8.17
16.38
24.68
33.10
41.68
50.47
59.51
68.83
78.46
88.43
98.76
109.47
120.53
131.94
143.66
155.62
167.76
180.00

0
6.55
13.16
19.89
26.80
33.95
41.41
49.25
57.56
66.42
75.92
86.14
97.18
109.07
121.85
135.48
149.85
164.77
180.00

0
5.78
11.62
17.58
23.73
30.13
36.87
44.02
51.69
60.00
69.06
79.01
90.00
102.14
115.54
130.20
146.03
162.76
180.00

0
5.01
10.07
15.26
20.62
26.24
32.20
38.59
45.52
53.13
61.57
71.05
81.78
93.99
107.89
123.62
141.14
160.15
180.00

0
4.21
8.47
12.84
17.36
22.16
27.26
32.78
38.83
45.57
53.18
61.92
72.08
84.03
98.18
114.93
134.46
156.47
180.00

0
3.34
6.72
10.20
13.83
17.67
21.78
26.27
31.25
36.87
43.33
50.91
60.00
71.11
84.96
102.41
124.24
150.58
180.00

0
2.30
4.63
7.03
9.54
12.21
15.09
18.25
21.79
28.84
30.58
36.28
43.34
52.39
64.44
81.14
104.90
138.25
180.00

0
1.60
3.23
4.91
6.67
8.54
10.56
12.79
15.30
18.19
21.60
25.76
31.00
37.90
47.49
61.72
84.48
122.66
180.00

Note: When e = 0, T = 0. When c = 1, -C = 0. For 180° < <̂  < 360° the relationship is

10.2.1 Full Sommerfeld Solution

The procedure for evaluating integrals of the type

(1 +

is to introduce a new variable *y = tan (̂ </2). With this procedure the pressure
can be evaluated, but the expression is not particularly useful, since it is difficult
to obtain the load components from a further integration.

Sommerfeld in 1904 neatly overcame these difficulties by using the substi-
tution

1 + e cos (A =
1

1 — € COS -y
(10.9)

This relationship is known as the "Sommerfeld substitution," and *y is known
as the "Sommerfeld variable." Table 10.1 shows the relationship between the
circumferential coordinate angle ̂  and *y for a number of eccentricity ratios.
From Eq. (10.9) the following can be written:
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1/2 „;-

(10.10)
1 - e cos 7

1 — € COS 7

"'"- (10.12)

1 — e cos 7

Making use of the Sommerfeld substitution and the periodic boundary condition
yields

*-"/U'-̂ &̂ .';!/''; tctui-^^^ I t.-̂ -.3̂ y /ir.i^\

P - Po = ^ ,,,... T72 (10.15)

where Po is the pressure at the point of maximum fUm thickness. This equation
represents the Sommerfeld solution for pressure distribution in a fuH journal
bearing. In dimensionless form this equation becomes

Booker (1965) has developed a useful tabulation of integrals normally encoun-
tered in journal bearing analysis.

The pressure distribution is shown in Fig. 10.3 for a full Sommerfeld solu-
tion. Note that positive pressures are generated in the convergent film (0 < <̂  < ?r)
and negative pressures in the divergent film (?r < <̂  < 2?r). Figure 10.3 shows
that the pressure distribution is skewed symmetrically, with the numerical val-
ues of the maximum and minimum pressures and their locations relative to the
point of minimum film thickness being equal. In the derivation of Eq. (10.15),
which is a problem at the end of this chapter,

2c fl - e2) , .
"' Q -1- ,;2 y*-.* . y

Making use of Eqs. (10.17) and (10.5) gives the value of ̂ where dp/c& = 0 as

<̂  = cos** —Î L (10.18)

Note that <̂ n —) ±?r/2 as e —> 0 and ̂  —> ±7!* as e —* 1. From Fig. 10.3 the
maximum pressure occurs in the second quadrant, and the minimum pressure
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Figure 10.3: Pressure distribution for full
SommerfeM solution.

Figure 10.4: Coordinate system and
force components in a journal bear-
ing.

in the third quadrant. The maximum and minimum pressures are equidistant
from the line of centers.

The maximum dimensionless pressure can be written from Eq. (10.16) as

\ 2^ -Po 6e sin ̂  (2 + e cos <̂

Making use of Eq. (10.18) and

sin <Pm = 1 — <

gives

(10.19)

Note that P̂ , -̂  0 as € —< 0 and P̂  —^ oo as e —t' 1.
Once the pressure is known, the load components can be evaluated. It is

convenient to determine the components of the resultant toad along and perpen-
dicular to the line of centers. The coordinate system and the load components
are shown in Fig. 10.4, where

M^ = load component per unit width perpendicular to line of centers, N/m
û  = load component per unit width along line of centers, N/m
ŵ . = resultant load per unit width (equal but acting in opposite direction

to applied load), N/m
$ = attitude angle (angle through which load vector has to be rotated in

direction of journal rotation to bring it into line of centers)
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Figure 10.5: Vector forces acting on
a journal.

From Fig. 10.5, which shows the vector forces acting on the journal,

ŵ . = / pr& sin(7r —
Jo
<.27T

M^ = / pr̂  cos(?r —
Jo

These equations reduce to

/̂
^ = / P*"t< sin ̂ t d^

Jo

^ = — / pr;, cos ̂  c!<̂
Jo

Equations (10.20) and (10.21) can be integrated by parts to give

(10.20)

(10.21)

COS

7

M/ =r f
* 7o

. / ̂  dp
ẑ = ̂  / sm*P-— "

Jo "V*
Substituting Eq. (10.7) into these equations gives

(10.22)

(10.23)

(10.24)

(10.25)

Now r esin'Y \
2\3/2 j
"^ /
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- 2 ' \̂ ^̂
-j ^ i I

4(1 - e ) /-^=o

o (.1 +

^ sin

Substituting these integrals into Eqs. (10.24) and (10.25) gives

/T̂
Ac/

esin-y -2-/(2

4(1-62)̂

Making use of Eq. (10.17) yields

and

= 0 (10.27)

This result demonstrates that for a full Sommerfeld solution the resultant nor-
mal load acts at right angles to the line of centers; that is, the attitude angle is
90°. As load is applied to the bearing, the journal center moves away from the
bearing center at right angles to the load vector.

$ = 90° (10.28)

t̂  = w^ (10.29)

Making use of Eq. (10.17) yields

(10.30)

where the dimensionless resultant load-carrying capacity is a function of the
eccentricity ratio alone.

Attention is drawn to two important cases for full Sommerfeld solutions:
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1. e -* 0 as tVr -> 0.

2. e -> 1 as Wr -> oo.

The first case demonstrates that when the shaft is concentric relative to the
bearing (constant clearance around the bearing), the bearing does not have any
toad-carrying capacity. The second case demonstrates the tremendous potential
of a fluid film journal bearing for supporting radial loads. The result suggests
that load increases can be accommodated by operating at higher eccentricity
ratios, but this suggestion must be tempered by the knowledge that side leakage
has been neglected, that bearing surfaces are not perfectly smooth, and that
restrictively high temperatures will occur in the thin oil Rims that exist at high
eccentricities. The operating eccentricity must be selected with several design
points in mind, but as a design guide it is worth noting that most journal
bearings operate with eccentricity ratios between 0.5 and 0.8.

10.2.2 Half Sommerfeld Solution

It has been noted that the Sommerfeld solution for a full 360° journal bearing
leads to the skew-symmetrical pressure distribution shown in Fig. 10.3. The
pressures in the divergent film are all lower than ambient pressure. Such pres-
sures are rarely encountered in real bearings. Mineral oils contain between 8
and 12% dissolved air. This air will start to come out of solution whenever the
pressure falls below the saturation pressure. In many situations the saturation
pressure is similar to the ambient pressure surrounding the bearing, and in these
cases gas liberation will maintain the pressure in the divergent clearance space
at close to the ambient level.

This hindrance to predicting subambient pressures by the normal Sommer-
feld analysis has led to the suggestion that the subambient pressures predicted
by the analysis should be ignored. This approach, which limits the analysis
to the convergent film, is known as the "half Sommerfeld solution." The ap-
proximation does, in fact, lead to more realistic predictions of some bearing
characteristics, but the simple approach leads to a violation of the continuity of
mass flow condition at the end of the pressure curve. The boundary condition
to be applied at the outlet end of the pressure curve, where the Ml lubricant
film gives way to a ruptured or cavitated film composed of a mixture of gas and
liquid, is discussed later.

The pressure distribution assumed for the half Sommerfeld solution is ex-
actty that shown in Fig. 10.3 for the region <̂  = 0 to ?r. However, from <̂  = n*
to 2?r, instead of the negative pressures shown in the figure, the pressures are
zero.

f^o<^<7r (10.31)
o6 , + e + €cos< " *

and
P = 0 for ?r < ̂  < 2?r (10.32)

Copyright © 2004 Marcel Dekker, Inc.



INFINITELY- WIDE-JOURNAL-BEARING SOLUTION 279

The equations for the film thickness at the location of maximum pres-
sure /t̂ , the angle of maximum pressure <̂  and the maximum dimensionless
pressure P̂  are exactly the same as those developed for the full Sommerfeld
solution. That is, Eqs. (10.17) to (10.19) provide values of ̂, (̂ i, and 7-̂  for
the half Sommerfeld solution.

The load components per unit width tû . and w^ given in Eqs. (10.20) and
(10.21) are exactly the same for the half Sommerfeld solution except that the
integration limits must be written as 0 to ?r. When this is done, the load
components turn out to be

/^b\^
(7) -,1,"=

(10.34)

Introducing Eq. (10.17) for ̂  into Eqs. (10.33) and (10.34),

— (10.35)

Note that tû . in Eq. (10.35) is one-half the corresponding full Sommerfeld so-
lution, since the resultant contribution of subambient pressures perpendicular
to the line of centers is neglected in the present case. In addition, note that for
the half Sommerfeld solution û  is not zero as it was for the full Sommerfeld
solution, since the contributions from the convergent and divergent films do not
now cancel.

In dimensionless form these components become

= 1 ,,̂  ,̂, (10.37)

The resultant load is

In dimensionless form the resultant load is
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Figure 10.6: Location of shaft center for
full and half Sommerfeld journal bearing
solutions.

The attitude angle can be written as

(10.41)

Note that $ = 90° when e = 0 and $ = 0° when e = 1. The shaft starts to
move at right angles to the applied load at extremely light loads, but ultimately
the shaft meets the bearing along the load line. The locus of the shaft center
for full and half Sommerfeld conditions is shown in Fig. 10.6.

10.2.3 Reynolds Boundary Conditions

As described earlier, the half Sommerfeld solution results in more realistic pre-
dictions of load components, but this simple approach leads to a violation of
the continuity of mass flow at the outlet end of the pressure curve. That is, in
Fig. 10.3 the pressure suddenly becomes zero at <& = ?r and then stays at zero
from 7r to 2?r. The pressure distribution approaching ?r violates the continuity
of mass flow condition. A better boundary condition is the Reynolds boundary
condition, where

and =$
02:

at <̂  = (10.42)

Figure 10.7 shows a pressure profile for a bearing using the Reynolds boundary
condition.

10.3 Short-Width-Journal-Bearing Theory

It is shown in Chapter 9 for thrust bearings that side leakage can account for
a substantial reduction in the theoretical prediction of fluid Him bearing load-
carrying capacity. The complete solution of the Reynolds equation [Eq. (7.48)]
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Figure 10.7: Pressure profile for a journal bearing using Reynolds boundary
condition.

for three-dimensional Bow generally requires considerable computational effort.
A useful approximate analytical solution that takes account of side leakage was
presented in 1953 by DuBois and Ocvirk.

When Ma = t̂  = v& = 0, <9a; = 7*&d̂ , m = r&^b, and the viscosity is
constant, Eqs. (7.38) and (7.39) become

dp
(10.43)

127/0 <
(10.44)

DuBois and Ocvirk (1953) state that for short- width journal bearings the term
(̂ 3/12%n.) (dp/%) in Eq. (10.43) is small relative to /trnJb/2. That is, for
short-width journal bearings the pressure-induced How in the circumferential
direction is small relative to the Couette Bow term. Therefore, they assume
that

<4 = ̂  (10.45)

It should be emphasized that this assumption implies not that dp/dx = 0, but
that (/i,3/12?7or[,) (dp/d<̂ ) is small in terms of /tr̂ b/2 for short-width journal
bearings. This assumption further implies that the Poiseuille (pressure) Bow
is more signiRcant in the y direction than in the circumferential (<̂ <) direction.
The result of this assumption is that the Reynolds equation given in Eq. (7.48)
reduces to
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The short- width-journal-bearing theory is valid as long as the diameter-to- width
ratio is greater than 2 (Â  > 2). Of course, the larger A/, is, the better the
agreement with the exact theory.

Assuming no misalignment, the film thickness is a function of <̂  only, and
hence the right side of Eq. (10.46) is independent of y. Integrating twice gives

Now the ?/ axis is chosen to be in the center of the bearing so that the boundary
conditions, as they relate to the y coordinate, can be written as

6
p = 0 when y = ± -

Making use of these boundary conditions results in

,4 = 0

_
"

The film thickness in a journal bearing was denned in Eq. (10.5). The film
thickness gradient can be written as

— = -esin<^ (10.49)
a<p

Substituting Eqs. (10.5) and (10.49) into (10.48) gives

3ŵ  \ sin^ forO<^<?r (10.50)
2 " 3 -^- ^ ^

This equation shows that the parabolic function governs the axial variation of
pressure, whereas the trigonometric function dictates the circumferential vari-
ation of pressure. Subambient pressures predicted by Eq. (10.50) are ignored,
and it is assumed that the positive pressure region from <̂ < = 0 to <̂ < = 7r carries
the total load of the bearing (half Sommerfeld assumption).

The location of the maximum pressure is obtained when dp/di^ = 0. From
Eq. (10.48)

I d

Copyright © 2004 Marcel Dekker, Inc.



SHORT-WIDTH-JOURNAL-BEARING THEORY 283

Substituting Eqs. (10.5) and (10.49) into this equation gives

But sin^ <̂ m = 1 ** coŝ  <̂ )̂ t

(10.51)

Note that (̂^ -̂  ±?r/2 as € —^ 0 and (̂  —) ±7r as e —) 1. The maximum
pressure occurs when <̂  = ̂ mt and y = 0. Therefore, from Eq. (10.50) the
equation for the maximum pressure is

(10.52)

The load components resulting from the pressure development parallel and per-
pendicular to the line of centers under the half Sommerfeld assumption are

/-7T /.h/2

2̂ = 2 / / p7*&sin<^6^/d(A (10.53)
7o Jo

(10.54)

Substituting Eq. (10.48) into these equations gives

^ sin <̂  cos <

When the Sommerfeld substitution given in Eq. (10.9) is used,

^
/ (sm *y cos 1* — e sm *y)

Evaluating these definite integrals yields

i—̂ ?y (10-55)
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The resultant load vector is

The attitude angle is

$ = tan" — = tan" (10.58)
1̂ 2 4e

Note that the attitude angle depends directly on the eccentricity ratio e so
that a single polar curve of e against $ applies for all diameter-to-width ratios
(Â  = 2r&/&). Equations (10.55) to (10.57) can be written in dimensionless form
as

J[ 3/2 (10-59)

TrAr? (lo.eo)

The volume flow of lubricant supplied to the bearing through a central hole
or groove must be equal to the net rate of outflow along the bearing axis (y
direction). The total leakage from the sides of the bearing in the convergent
film region (half Sommerfeld assumption) can be expressed as

Introducing Eq. (10.48) gives

Making use of Eq. (10.49) gives

(10.62)
/o ^

In dimensionless form this equation becomes

2e?r (10.63)

It can be seen from this equation that <?,,—> 0 as e —> 0 (no side leakage) and
<?t/ —> <̂ bft,&c as e —^ 1 (complete side leakage).
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The load-carrying capacity as obtained from the long-width-bearing solu-
tion can be compared with the short-width bearing theory results by comparing
Eqs. (10.40) and (10.61) to give

(short-width bearing) _ ̂ &^ (2 + ê ) [l6e^+7r^(l-e^)]^^
* — ** i /n ^1U.O4^

Ŵ . (long-width bearing) \n, / 24 (1 - ê ) [̂  - e^ (7̂  - 4)]

Note from this equation that the load ratios are functions of &/r& and e. The
long-width-bearing analysis overestimates the load-carrying capacity for all e
and should be used for A^ < 0.5. The short-width-bearing theory provides
a much better estimate for finite bearings of diameter-to-width ratios greater
than 2 (Â  = 2r;,/& > 2). The useful range of &/?!, for the short-width-bearing
theory depends on the eccentricity ratio. Short-width-bearing theory leads to
excessive load-carrying capacities (sometimes exceeding the long-width-bearing
values) at small diameter-to-width ratios (Â  = 2̂ /5).

10.4 Closure

Just as was true in Chap. 8 for the thrust bearings, in this chapter the Reynolds
equations for real journal bearings were obtained only in approximate form. An-
alytical solutions were possible only for the simplest problems. One of these
solutions (infinitely wide solution) was obtained by restricting the flow to two
dimensions, the circumferential and cross-film directions, neglecting the axial
flow. The two-dimensional solutions have a definite value, since they provide
a good deal of information about the general characteristics of journal bear-
ings. Three types of boundary condition were imposed on the two-dimensional
solutions. A full Sommerfeld solution produced a skew-symmetrical pressure
distribution. The pressures in the divergent film were all lower than the ambi-
ent pressure, and such pressures are rarely encountered in real bearings. This
led to the half Sommerfeld solution, which simply equates the negative pres-
sures to zero. The half Sommerfeld solution is more realistic in predicting
journal bearing characteristics than the full Sommerfeld solution, but this sim-
ple approach leads to a violation of the continuity of mass flow at the exit. This
violation of continuity of mass flow leads to a third type of boundary condition
used in analyzing journal bearings, namely, the Reynolds boundary conditions,
p = 0 and dp/<& = 0 at the outlet end. This type of boundary condition gives
excellent agreement with experimental results.

A useful approximate analytical approach also covered in this chapter was
the short-width-journal-bearing theory. It is asserted that the circumferential
Poiseuille How term is less important for short-width journal bearings than ei-
ther the axial Poiseuille flow term or the Couette flow term and therefore can
be neglected. For diameter-to-width ratios greater than 2 (Â  = 2r;,/& > 2) the
short-width journal bearings give a good estimate of load-carrying capacity for
finite-width journal bearings. However, the useful range of short-width-journal-
bearing theory depends not only on 2̂ /5, but also on the eccentricity ratio e.
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Short-width-bearing theory predicts excessive load-carrying capacities, some-
times exceeding the long-width-bearing solution at small 2r;,/&. The half Som-
merfeld boundary conditions used for the infinitely wide bearing overestimate
the normal load-carrying capacity for all eccentricity ratios.

10.5 Problems

10.1 Starting with Eq. (10.7) show all the steps in arriving at Eq. (10.15) by
using the Sommerfeld substitution.

10.2 Show how the resulting load-carrying capacity differs when using the full
Sommerfeld solution from that when using the half Sommerfeld solution
when considering an infinitely wide bearing. Show results in tabular and
graphical form for the complete range of eccentricity ratios 0 < e < 1.

10.3 Show how the resulting load-capacity differs when using infinite-width
and short-width-bearing analysis while considering the complete range of
eccentricity ratios 0 < e < 1. Assume the half-Sommerfeld boundary
condition for both analysis. Show results in tabular and graphical form
for diameter-to-width ratios (Â ) of 1, 2, and 4.

10.4 A journal bearing has a diameter of 50 mm and a width of 100 mm
and rotates at 1000 rpm. The bearing is lubricated by SAE 10 oil at a
temperature of 110°C and supports 5 kN. Calculate the eccentricity for
the Sommerfeld, the half Sommerfeld, and Reynolds approximations.
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Chapter 11

Hydrodynamic Journal
Bearings - Numerical
Solutions

Symbols

e
ft

p
Pmax

bearing number for journal

bearings,

width (in side-leakage direction)
of journa], m
radial clearance of journa] bear-
ing, m
bearing clearance at pad mini-
mum Him thickness, m
eccentricity of journal, m
film thickness, m
minimum Him thickness, c — e, m
preload factor
dimensionless maximum Him

pressure,

pressure, N/m
maximum pressure, N/m^
radial load per area, MPa
dimensiontess volumetric flow
rate, 27rq/fbchaJb
circumferential volumetric How
rate, m^/s
side-leakage volumetric How
rate, m^/s

fa radius of shaft, m
fb radius of journal bearing, m
Atm temperature change, °C
tm absolute temperature, °C
^̂ ; inlet temperature, °C
tt average velocity in sliding direc-

tion, m/s
ttb velocity of journa], m/s
M!,. radial load, N
2,y, 2 Cartesian coordinates
eta offset factor
e eccentricity ratio, e/c
77 absolute viscosity, Pa-s
T/o absolute viscosity at p = 0

and constant temperature, Pa-s
Aj diameter-to-width ratio, 2?*b/&
/i coefHcient of sliding friction
$ attitude angle, deg
^ cylindrical polar coordinate
<^max location of maximum

pressure, deg
<̂ o location of terminating

pressure, deg
t̂ h angular velocity of journal, rad/s
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11.1 Introduction

The preceding two chapters and this chapter focus on hydrodynamically lu-
bricated journal bearings. Chapter 10 dealt with solutions that could be ob-
tained analytically. These included an infinitely wide journal bearing [appli-
cable for diameter-to-width ratios less than g (Â  = 2ft/& < §)] and short-
width journal bearings [applicable for diameter-to-width ratios greater than
2(:.e.,Â  = 2r?,/& > 2)]. The present chapter utilizes numerical solutions in
obtaining results for the complete range of diameter-to-width ratios. Steady
loading conditions are considered throughout most of the chapter, and in the
latter part of the chapter dynamic loading effects are considered.

11.2 Operating and Performance Parameters

From Eq. (7.48) the Reynolds equation appropriate when considering the finite
journal bearing can be expressed as

Now for a journal bearing 3; = r̂ ^ and M = tn/2 = rn̂ t/2.

= O^o^rf—- (11-1)

In Chapter 10 the film thickness around the journal is expressed as

/t = e(l + €cos^) (10.5)

Therefore, Eq. (11.1) can be expressed as

Analytical solutions to Eq. (11.2) are not normally available, and numerical
methods are needed. Equation (11.2) is often solved by using a relaxation
method. In the relaxation process the first step is to replace the derivatives in
Eq. (11.2) by finite difference approximations. The lubrication area is covered
by a mesh, and the numerical method relies on the fact that a function can be
represented with sufficient accuracy over a small range by a quadratic expres-
sion. The Reynolds boundary condition covered in Sec. 10.2.3 is used. Only
the results from using this numerical method are presented in this chapter.

The three dimensionless groupings normally used to define the operating
parameters in journal bearings are

1. Bearing number (also called SommerfeM number) for journal bearings,

^
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2. The angular extent of the journal (full or partial)

3. The diameter-to-width ratio A,, = 2r̂ /&

Recall from Chapter 10 that when the side-leakage term was neglected in Eq.
(11.2), A^ did not exist in the formulation, whereas for the short-width-journal-
bearing theory all three parameters occurred although the region of applicability
was somewhat limited. The results presented in this chapter are valid for the
complete range of operating parameters.

This chapter focuses on the following performance parameters:

1. Eccentricity e

2. Location of minimum film thickness, sometimes referred to as "attitude
angle," $

3. Friction coefficient /̂

4. Total and side now <? and <?s

5. Angle of maximum pressure (̂

6. Location of terminating pressure <̂ o

7. Temperature rise due to lubricant shearing A^

The parameters <3>, ̂ , and <̂ o are described in Fig. 11.1, which gives the
pressure distribution around a journal bearing. Note from this figure that if
the bearing is concentric (e = 0), the Aim shape around the journal is constant
and equal to c and no fluid film pressure is developed. At the other extreme, at
heavy loads the journal is forced downward and the limiting position is reached
when /tmin = 0 and e = c; that is, the journal is touching the bearing.

Temperature rise due to lubricant shearing will be considered in this chapter
as was done in Chapter 8 for thrust bearings. In Eq. (11.2) the viscosity of the
lubricant corresponds to the viscosity when p = 0 but can vary as a function of
temperature. Since work is done on the lubricant as the fluid is being sheared,
the temperature of the lubricant is higher when it leaves the conjunction than
on entry. In Chapter 4 (Figs. 4.5 and 4.6) it was shown that the viscosity of
oils drops off significantly with rising temperature. This is compensated for by
using a mean of the inlet and outlet temperatures:

^ = ̂ + ̂ (11.4)

where
^ = inlet temperature
Ai^ = temperature rise of lubricant from inlet to outlet

The viscosity used in the bearing number A, and other performance parameters
is at the mean temperature i,n.. The temperature rise of the lubricant from inlet
to outlet Aim can be determined from the performance charts provided in this
chapter.
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-̂ Film pressure, p

Figure 11.1: Pressure distribution
around a journal bearing.

11.3 Design Procedure

Now that the operating and performance parameters have been defined, the
design procedure for a hydrodynamic journal bearing can be presented. The
results are for a full journal bearing. Results for a partial journa! bearing can
be obtained from Raimondi and Boyd (1958).

Figure 11.2 shows the effect of the bearing number R, on the minimum film
thickness for four diameter-to-width ratios. The following relationship should
be observed:

^min = C-6 (11.5)

In dimensionless form,
rr
"min —

,
— 1 — €

where
e = e/c = eccentricity ratio

(11.6)

(11.7)

The bearing number for journal bearings is expressed in Eq. (11.3). In a given
design the bearing number is affected by

1. Absolute lubricant viscosity 7/0

2. Angular shaft speed LJb

3. Radial load Wr
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10*' 10*

Bearing number, B,

Figure 11.2: Effect of bearing number on minimum Him thickness for four
diameter-to-width ratios,

4. Radial clearance c

5. Journal dimensions r?, and &

AH these parameters affect the bearing number and thus the design of the
journal bearing.

In Fig. 11.2 a recommended operating eccentricity ratio, or minimum film
thickness, is indicated as well as a preferred operating area. The left boundary of
the shaded zone defines the optimum eccentricity ratio for a minimum coefficient
of friction, and the right boundary the optimum eccentricity ratio for maximum
load. The recommended operating eccentricity for general application is midway
between these two boundaries.

Figure 11.3 shows the effect of the bearing number in the attitude angle
$ [angle between the load direction and a line drawn through the centers of
the bearing and journal (see Fig. 11.1)] for four values of A.,-. This angle estab-
lishes where the minimum and maximum film thicknesses are located within the
bearing. Figure 11.4 shows the effect of the bearing number on the coefficient
of friction for four values of A,,. The effect is small for a complete range of
dimensionless load parameters. Figure 11.5 shows the effect of bearing number
on the dimensionless volumetric How rate Q = 27rg/r;,c&̂ t for four values of A,.
The dimensionless volumetric How rate Q that is pumped into the converging
space by rotating the journal can be obtained from this Hgure. Of the volume
of oil <? pumped by the rotating journal, an amount % Hows out the ends and
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JM
O!
C
m
0)

20

Bearing number, By

Figure 11.3: Effect of bearing number on attitude angle for four diameter-to-
width ratios. [From AMmonc^ anc! j5oy<f

hence is called s!&-JeaA;a<7e voJumeMe /̂ om. This side leakage can be computed
from the volumetric flow ratio gg/t? of Fig. 11.6.

Figure 11.7 illustrates the maximum pressure developed in a journal bear-
ing. In this figure the maximum film pressure is made dimensionless with the
load per unit area. The maximum pressure as well as its location are shown in
Fig. 11.1. Figure 11.8 shows the effect of bearing number on the location of
the terminating and maximum pressures for four values of A^.

The temperature rise in degrees Celsius of the lubricant from the inlet to
the outlet can be obtained from Shigley and Mischke (1983) as

(11.8)
"̂  Q(l-0.5gs/,?)

where p* = !D,-/2r6& and is in megapascals. Therefore, the temperature rise can
be directly obtained by substituting the values of r̂ /̂ /c obtained from Fig. 11.4,
Q from Fig. 11.5, and <?s/<? from Fig. 11.6 into Eq. (11.8). The temperature
rise in degrees Fahrenheit is given by

^ 0.103p*(rt/c)̂

where

(11.9)

(11.10)

and p* here in Eq. (11.9) is in pounds per square inch.
Once the viscosity is known, the bearing number can be calculated and

then the performance parameters can be obtained from Figs. 11.2 to 11.8 and
Eqs. (11.9) and (11.10).
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2x10"
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10

10'

10
Bearing number,

Figure 11.4: Effect of bearing number on friction coefficient for four diameter-
to-width ratios. R*o

The results presented thus far have been for A., of 0, 1, 2, and 4. If A., is
some other value, use the following formula for establishing the performance
parameters:

y =
1 i

+ 24

— 1 — 2&̂1 !/2

- 77- 1 - * !/4 (11.11)

where y is any one of the performance parameters (-%mn; "&t ̂ 6/̂ /c, Q, 9a/9,Pmax!
<̂ 0; or ̂ max) &nd where the subscript on y is the A.,- value; for example, yi is
equivalent to t/ evaluated at A,; = 1. All the results presented are valid for a
full journal bearing.
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10'

Bearing number,

Figure 11.5: Effect of bearing number on dimensionless flow rate for four
diameter-to-width ratios. [From RatmoncK tm<i Royd

1.0

10°
Bearing number,

Figure 11.6: Effect of bearing number on volume side flow ratio for four
diameter-to-width ratios. [From Raymond: ana*
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B

10"' 10°

Bearing number, B,

Figure 11.7: Effect of bearing number on dimensionless maximum film pressure
for four diameter-to-width ratios. [R-om Raymond: ancf .603/6!

Example 11.1

Given A full journal bearing has the speciAcations of SAE 60 oil with an inlet
temperature of 40°C, A^ = 30 rps, w,. = 2200 N, fh = 2 cm, and & = 4 cm.
Find From the figures given in this section establish the operating and per-
formance parameters for this bearing while designing for maximum load.
Solution The angular speed can be expressed as

a = 2?r(30) = 60?r rad/s

The diameter-to-width ratio is

, _ 2̂ 6 2(2)
A, - — = — = l

From Fig. 11.2 for Aj = 1 and designing for maximum load

A, = 0.2 -̂  = 0.53 and e = 0.47

For Bj = 0.2 and A., = 1 from Figs. 11.4 to 11.6

=4.9 4.3 and — = 0.6
9

(b)
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100

20

10-' 10°

Bearing number, B̂

Figure 11.8: Effect of bearing number on location of terminating and maximum
pressures for four diameter-to-width ratios. [.Prom Ra^mowcK and

From Eq. (11.10) the radial load per area is

Wr 2200
p = 2(2)(4) (10-4) Pa = 1.375 MPa

The lubricant temperature rise in degrees Celsius obtained by using Eq. (11.8)
and the results from Eqs. (b) and (c) is

^ _ 8.3(1.375)(4.9) _,.̂
" Q (1 - 0.59s/<?) " 4.3[1 - (0.5)(0.6)] " '

From Eq. (11.4) the mean temperature in the lubricant conjunction is

From Fig. 4.6 for SAE 60 oil at 49.3°C the absolute viscosity is

2.5 x 10"3 reyn = 1.70 x 10̂  centipoise = 0.170 N-s/

From Eq. (11.3) the radial clearance can be expressed as
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The coefficient of friction from Eq. (b) is

4.9c (4.9)(0.0861)(10-3) ^ ̂

The circumferential volumetric flow rate is

^ QrKA^ ̂  (4.3)(2)(10-')(0.0861)(10-3)(4)(10-')60̂
^ 2?r 2?r ^

From Fig. 11.3 for A, = 0.2 and A., = 1 the attitude angle is 61°. From
Fig. 11.7 for A, = 0.2 and Aj = 1 the dimensionless maximum pressure is
Fmax = 0.46. The maximum pressure is

""° ̂ ^ Pa = 2.989 MPa

From Fig. 11.8 for .By = 0.2 and A_, = 1 the location of the maximum pressure
from the applied load is 18° and the location of the terminating pressure from
the applied load is 86°.

11.4 Optimization Techniques

The most difficult of the parameters in the operating conditions to control is the
radial clearance c. The radial clearance is difficult to control accurately during
manufacturing, and it may increase because of wear. Figure 11.9 shows the
performance of a particular bearing calculated for a range of radia! clearances
and plotted with radial clearance as the independent variable. If the clearance
is too tight, the temperature will be too high and the minimum film thickness
too low. High temperature may cause the bearing to fail by fatigue. If the
oil mm is too thin, dirt particles may not pass without scoring or may embed
themselves in the bearing. In either event there will be excessive wear and
friction, resulting in high temperatures and possible seizing. A large clearance
will permit dirt particles to pass through and also permit a large flow of oil. This
lowers the temperature and lengthens bearing life. However, if the clearance
becomes too large, the bearing becomes noisy and the minimum Him thickness
begins to decrease again.

Figure 11.9 shows the best compromise, when both the production tolerance
and the future wear on the bearing are considered, to be a clearance range
slightly to the left of the top of the minimum-Hlm-thickness curve. In this
way, future wear will move the operating point to the right, increasing the film
thickness and decreasing the operating temperature.

Copyright © 2004 Marcel Dekker, Inc.



298 FUNDAMENTALS OF FLUID FILM LUBRICATION

1.0 1.5 2.0

Radial clearance, c, in.

2.5 3.0x10*3

Figure 11.9: Effect of radial clearance on some performance parameters for a
particular case.

11.5 Dynamic Effects

The design procedures for steadily loaded journal bearings given in Chapter 10
and thus far in Chapter 11 enable the designer to estimate the performance
parameters in terms of the operating parameters. For example, the attitude
angle and the eccentricity ratio can be calculated for any steady-state operating
condition. From these values the minimum Aim thickness, a most important
quantity affecting the performance of the bearing, can be calculated.

In many important bearing operating situations the load varies in both
magnitude and direction, often cyclically. Examples include reciprocating ma-
chinery such as diesel and gasoline engines, reciprocating gas compressors, and
out-of-balance rotating machinery such as turbine rotors. Bearings are gener-
ally dynamically loaded. Furthermore, it must be stressed that journal bearings
are not inherently stable. For certain combinations of steady-state operating
parameters, self-excited whir! of the journal can be sustained. If this occurs in
a case with varying load, the whirl orbit will increase rapidly until the journal
and the sleeve come into contact. Journal bearing stability is an important
consideration in high-speed rotating machinery, and unstable operation should
always be avoided.

Half-frequency whirl occurs if the journal center rotates about the sleeve
center at one-half the shaft rotational speed white the eccentricity remains con-
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stant and the sleeve is stationary. When half-frequency whirl occurs, a constant
(zero) pressure exists throughout the bearing. If the shaft precesses about the
bearing center at a rotational speed equal to one-half the shaft speed, the the-
oretical load-carrying capacity is zero and thus the phenomenon is known as
"half-speed whirl."

With dynamically loaded journal bearings the eccentricity and the attitude
angle will vary throughout the loading cycle, and care must be taken to ensure
that the combination of load and speed does not yield a dangerously small
minimum Rim thickness. It is not easy to state a unique value of minimum film
thickness that can be assumed to be safe, since a great deal depends on the
manufacturing process, the alignment of the machine elements associated with
the bearings, and the general operating conditions, including the environment
of the machine.

It is also important to recognize the difference between dynamic effects in
hydrodynamically lubricated bearings and in rolling-element bearings, which
are dealt with in Chapter 22. Although the supporting structure formed by
the rolling elements is discontinuous and moving, the bearing as a whole may
still be treated as though it were a solid, elastic, springlike element. Spring
constants for rolling-element bearings usually fall in the range 1 x 10̂  to 4 x 10̂
N/m in the direction of the load application. The rolling elements act in series
with the shaft and support stiffnesses and combine according to the reciprocal
summation equation. Thus, the dynamic effects as they relate to the fluid
film effects in rolling-element bearings are not important and are generally not
considered.

Hydrodynamic fluid film bearings are quite another matter, and thus the
need for the present chapter. Unfortunately, they cannot be treated as a simple,
direct spring. Although the hydrodynamic fluid film bearing does exhibit a
springlike resistance that is dependent on journal displacement relative to the
sleeve, this force is not linearly related to the displacement nor is it collinear
with it. A hydrodynamic fluid film bearing exhibits damping effects that play
a very important role in the stability of this type of bearing.

11.6 Nonplain Configurations

Thus far this chapter has focused on plain full journal bearings. As applications
have demanded higher speeds, vibration problems due to critical speeds, imbal-
ance, and instability have created a need for journal bearing geometries other
than plain journal bearings. These geometries have various patterns of variable
clearance so as to create pad film thicknesses that have more strongly converg-
ing and diverging regions. Figure 11.10 shows elliptical, offset half, three-lobe,
and four-lobe bearings-bearings different from the plain journal bearing. An
excellent discussion of the performance of these bearings is provided in Allaire
and Flack (1980), and some of their conclusions are presented here. In Fig.
11.10 each pad is moved toward the bearing center some fraction of the pad

Copyright © 2004 Marcel Dekker, Inc.



300 FUNDAMENTALS OF FLUID FILM LUBRICATION

(d)

Figure 11.10: Types of fixed-incline-pad preloaded journal bearing and their
offset factors â . Preload factor m^, 0.4. (a) Elliptical bore bearing (â  = 0.5);
(b) offset-half bearing (ô  = 1.125); (c) three-lobe bearing (â  = 0.5); (d)
four-lobe bearing (ô  = 0.5) [R*om ylMatre and F̂ ac%;

clearance in order to make the fluid film thickness more converging and diverg-
ing than that occurring in a plain journal bearing. The pad center of curvature
is indicated by a cross. Generally, these bearings suppress instabilities in the
system well but can be subject to subsynchronous vibration at high speeds.
They are not always manufactured accurately.

A key parameter used in describing these bearings is the fraction of length
in which the film thickness is converging to the full pad length, called the "offset
factor," and defined as

_ length of pad with converging Aim thickness
full pad length

In an elliptical bearing (Fig. ll.lOa) the two pad centers of curvature are moved
along the vertical axis. This creates a pad with half the Aim shape converging
and the other half diverging (if the shaft were centered), corresponding to an
offset factor â  of 0.5. The offset-half bearing (Fig. ll.lOb) is a two-axial-
groove bearing that is split by moving the top half horizontally. This results
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in low vertical stiffness. Generally, the vibration characteristics of this bearing
are such as to avoid oil whirl, which can drive a machine unstable. The offset-
half bearing has a purely converging film thickness with a converged pad arc
length of 160° and the point opposite the center of curvature at 180°. Both the
three-lobe and four-lobe bearings (Figs. H.lOc and d) have an a^ of 0.5.

The fractional reduction of the film clearance when the pads are brought in
is called the "preload factor" mp. Let the bearing clearance at the pad minimum
film thickness (with the shaft center) be denoted by 0,. Figure 11.1 la shows
that the largest shaft that can be placed in the bearing has a radius ?*b + c;,,
thereby establishing the definition of c?,. The preload factor mp is given by

A preload factor of zero corresponds to all the pad centers of curvature coin-
ciding at the bearing center; a preload factor of 1.0 corresponds to all the pads
touching the shaft. Figures 11.lib and c illustrate these extreme situations.
For the various types of fixed journal bearing shown in Fig. 11.10 the preload
factor is 0.4.

11.7 Closure

The side-leakage term in the Reynolds equation was considered in this chapter
for a journal bearing. Analytical solutions to this form of the Reynolds equa-
tion are not normally available, and numerical methods are used. When side
leakage is considered, an additional operating parameter exists, the diameter-
to-width ratio A^. Results from numerical solution of the Reynolds equation
were presented. These results focused on a full journal bearing, four values of
A^, and a complete range of eccentricity ratios or minimum film thicknesses.
The performance parameters presented for these ranges of operating parameters

1. Bearing number

2. Attitude angle

3. Friction coefficient

4. Total and side How

5. Maximum pressure and its location

6. Location of terminating pressure

7. Temperature rise due to lubricant shearing

These performance parameters were presented in the form of figures that can
easily be used for designing plain journal bearings. An interpolation formulation
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Figure 11.11: Effect of preload factor m,p on two-lobe bearings, (a) Largest
shaft that fits in bearing, (b) mp = 0; largest shaft, r̂ ; bearing clearance
Cf, = c. (c) mp = 1.0; largest shaft, r^; bearing clearance C{, = 0. [7̂"o

was provided so that if A%, is something other than the four specified values,
the complete range of A&, can be considered. Nonplain journal configurations
were also considered. It was found that bearing designs with more converging
and less diverging Him thickness suppressed instabilities of the system. Steady-
state and dynamic parameters are given for a plain journal bearing and three
nonplain journal bearings.

11.8 Problems

11.1 For the same bearing considered in Example 11.1 determine what the
operating and performance parameters are when (a) the half Sommerfeld
infmitely-long-journal-bearing theory of Chapter 10 is used and (b) the
short-width-journal-bearing theory of Chapter 10 is used. Compare the
results.
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11.2 Describe the process of transition to turbulence in the How between con-
centric cylinders when the outer cylinder is at rest and the inner cylinder
rotates. How is the process inBuenced by (a) eccentricity and (b) a su-
perimposed axial Row?

11.3 A plain journal bearing has a diameter of 2 in. and a length of 1 in. The
full journal bearing is to operate at a speed of 2000 r/min and carries
a load of 750 Ibf. If SAE 10 oil at an inlet temperature of 110°F is to
be used, what should the radial clearance be for optimum load-carrying
capacity? Describe the surface finish that would be sufficient and yet less
costly. Also indicate what the temperature rise, coefficient of friction,
flow rate, side flow rate, and attitude angle are.

11.4 Discuss the stability of flow between eccentric, rotating cylinders with ref-
erence to Rayleigh's criterion. Describe the steps involved in the process
of transition to turbulence via the Taylor vortex regime in the How, and
compare the experimentally determined critical Taylor numbers with the
results of the Rayleigh criterion analysis.
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ed. McGraw-Hill, New York.

Copyright © 2004 Marcel Dekker, Inc.



Chapter 12

Hydrodynamic Squeeze
Film Bearings

Symbols

.A,.B
c
e

At

integratioticonstants
radial clearance, m
eccentricity, m
frictionforce,N
Htm thickness, m
minimum Him thickness, m
outlet film thickness, m
length in sliding direction, m
steplocation
dimensionless pressure,

dimensionless pressure when
dp/dz = 0, p̂ /??ô tu
pressure, N/m^
pressure when dp/dT = 0, N/m^
dimensionless circumferential
volumetric How, 2̂ /wM
circumferential volumetric How,
m'/s
radius, m
shoulder height, m
time, s
time change, s
dimensiontess load in T direction

??o

dimensionless normal load
squeeze velocity, m/s
normaltoad,N
normal load per unit length,
N/m
dimensionless length, z/̂
Cartesian coordinate in direction
of sliding, m
Cartesian coordinate in side-
leakage direction, m
Cartesian coordinate across Him, m
eccentricityratio,e/c
absolute viscosity, Pa-s
absolute viscosity at p = 0 and
constant temperature, Pa-s
density, kg/m^
shear stress, Pa
cylindrical polar coordinates

Subscripts
solid a (upper surface)

& solid h (lower surface)
min minimum
z,i/,2Cartesiancoordinates
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12.1 Introduction

As mentioned in Chapter 1 (Fig. 1.4), a positive pressure can be generated in a
fluid contained between two surfaces when the surfaces are moving toward each
other. A finite time is required to squeeze the fluid out of the gap, and this
action provides a useful cushioning effect in bearings. The reverse effect, which
occurs when the surfaces are moving apart, can lead to cavitation in liquid
Rims. For squeeze Rim bearings a relationship needs to be developed between
load and normal velocity at any instant. The time required for the separation
of the surfaces to change by a speciRed amount can then be determined by a
single integration with respect to time.

The starting point of the analysis, as for hydrodynamic lubrication of jour-
nal and thrust bearings, is the Reynolds equation. If the motion is restricted
to normal approach such that the sliding velocities are zero (û  = M{, = Va =
Ub = 0), the general Reynolds equation given in Eq. (7.58) reduces to

d

If the density and viscosity are assumed to be constant, Eq. (12.1) reduces to

where w = — d/t/<% is the squeeze velocity.
In cylindrical polar coordinates Eq. (12.1) can be expressed as

<9r 127? dr r 3612?? ,%/ d;

For constant density and viscosity this equation reduces to

** ^

These are the Reynolds equations that are normally used in analyzing squeeze
film bearings. This chapter is restricted to situations where the density and the
viscosity are considered to be constant [Eqs. (12.2) and (12.4)].

12.2 Parallel-Surface Bearing of Infinite Width

When side leakage is neglected and a parallel film is assumed, Eq. (12.2) reduces
to

Figure 12.1 shows a parallel-surface squeeze film bearing and the coordinate
system that will be used. Symmetry of the oil film geometry makes it convenient
to place the origin of the coordinates at the midpoint of the bearing.
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^-Surface b

Figure 12.1: Parallel-surface squeeze film
bearing.-̂Surface a

Integrating Eq. (12.5) gives

Integrating again gives

(
p= --

The boundary conditions are

p = 0 when 2 = ±-

Making use of these boundary conditions gives ̂ 4 = 0 and
Substituting these into Eqs. (12.6) and (12.7) gives

and

2̂ 3

Letting

Equation (12.9) becomes

where — i < X < ̂ .

and X = -

= - fl -
2 ̂

(12.6)

(12.7)

(12.8)

(12.9)

(12.10)

(12.11)
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The pressure distribution is parabolic and symmetrical about the bearing
center, and the maximum pressure is given by

p _ Pfi/tp _ 3
" * 2 '̂'̂

The tangential load-carrying capacity as deAned at the beginning of Chap-
ter 8 can be expressed as

Wxa=Wxb=0 (12.14)

The normal load-carrying capacity can be written as

In dimensionless terms
Wxa = Wx6 = 0 (12.16)

^ = -̂ * = 1 (12.17)%̂  tv

The shear stress acting on the solid surfaces can be written as

^ (12.18)

(12.19)

The shear forces at the solid surfaces can be written as

/6 = & / (Tsxĵ o 6& = 0 (12.20)

A = 6 / (̂ x)̂ =̂  dx = 0 (12.21)
7—^/2

The volume ftow rate can be written from Eqs. (7.38) and (12.8) as

The volume flow rate increases from zero at the bearing center to a maximum
of w6̂ /2 at the bearing edge. The dimensionless volume flow rate, making use
of Eq. (12.10), is
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where -^ <X < ̂
For time-independent loads (̂  not a function of t), Eq. (12.15) can be

used to determine the time taken for the gap between the parallel surfaces to
be reduced by a given amount. Since w = — d/t/<% and A = ̂ o, from Eq. (12.15)

Rearranging terms and integrating gives

The final outlet Aim thickness /to,2 can be expressed in terms of the initial outlet
film thickness /toj and the time interval A^ as

(12.26)1/2

The differences in the way the load is made dimensionless for normal squeeze
action in contrast to the way it was made dimensionless for a slider bearing
should be observed. For normal squeeze action, as the bearing surfaces move
toward each other, the viscous fluid shows great reluctance to be squeezed out
the sides of the bearing. The tenacity of a squeeze film is remarkable, and the
survival of many modern bearings depends on this phenomenon. The expression
for the dimensionless normal load-carrying capacity of a bearing subjected to
squeeze action can be written as

In Chapter 8 the normal load-carrying capacity for a slider bearing was
made dimensionless in the following way:

Note the difference in exponent on the Ao/f term in Eqs. (12.27) and (12.28).
Another point to be made about the results presented thus far is associated

with the separation of the surfaces. Extremely small separation velocities can
yield extremely low pressures and give rise to cavitation in the form of gas
release or boiling at reduced pressures. One of the most common possibilities
of severe cavitation damage in bearings is associated with changes in operating
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conditions that might tend to pull the bearing surfaces apart in the presence of
the lubricant.

Example 12.1

Given Two parallel plates are 0.025 m long and infinitely wide. The oil
separating the plates is initially 25 ̂ m thick and has a viscosity of 0.5 Pa-s.
The load per unit width is 20,000 N/m.
Find Calculate the time required to reduce the film thickness to a) 2.5 /̂ m,
^ 0.25 /̂ m, and ê ) zero.
Solution

â  For /to = 2.5 ̂m, Eq. (12.25) gives

A, ??ô  / I 1 \ (0.5)(0.025)3
2(20,000) \J2.5 x 10-6)2 ̂  x 10*6)2

A; = 1.95 x 10"̂ ° (0.16 - 0.0016) (10̂ ) = 30.9 s (a)

For /to = 0.25 //m,

At = 1.95 x 10"i" - ̂ -- ^ = 3120 s (b)
(0.25x lO-e)^ 5̂ x 10-6)2 t

For /̂  = 0,

A^= 1.95x10-^° [ -- - - o)=°o (c)
\0 (25x10-6)2^

Equation (c) implies that theoretically the oil would never be squeezed
out of the space between the parallel plates.

Example 12.2
Given A compact disk is, by mistake, dropped into a container of punch
during a party and falls slowly to the bottom. The disk remains horizontal as
it approaches the horizontal flat bottom of the container. Neglect flow through
the central hole. The disk is 120 mm in diameter and 1 mm thick, and the
density of the disk material is 1100 kg/rn̂ . The punch has a density of 930
kg/m3 (40% alcohol) and a viscosity of 0.0015 N-s/n^
Find The time it takes for the compact disk to fall from 2 mm above the
bottom to 1 mm above the bottom.
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Solution As the disk falls to the bottom, the volume inside the radius r is
squeezed out with the flow rate Trr^w = —Trr^d/t/dt. That flow must equal the
pressure flow at a radius r from the center.

^ / ̂  dp\ ,%
' -27T7- - = -TTf^ (a)

- ^ ^

The pressure gradient dp/dr is in the direction of the radius. It is negative as
the pressure falls from the center toward the outside of the disk.

dp 6??r 9/t

Integrating gives

The boundary condition is r = r̂  when p = 0

Substituting Eq. (d) into Eq. (c) gives

The normal applied load is

The buoyance force of the disk in the punch gives

Equating Eqs. (f) and (g) gives

Integrating gives

L 1

1 1

(3)(0.0015)(0.060)2
4(0.001)(9.807)(1100 - 930) (̂0.001)2 (0.002)̂
1.822 s
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It takes a little less than 2 s for the disk to fall from a 2-mm height to a 1-mm
height in the punch.

12.3 Journal Bearing

The film thickness in a journal bearing was defined in Chapter 10 as

^ = C(1 + €COS<^) (10.5)

Making use of Eq. (10.5) results in the following form of Eq. (12.1):

where w = —(%./<% is the normal squeeze velocity.
For the condition of normal squeeze motion in a journal bearing, Fig. 12.2

can be used. Here the <̂ < coordinate starts at the minimum Aim thickness.
Therefore, the film shape is defined as

A = c(l-€cos<^) (12.30)

This change does not affect the Reynolds equation expressed in Eq. (12.29).
When the journal is unwrapped as shown in Fig. 12.2, it can be seen that

the rate at which the film thickness given by Eq. (12.30) is being reduced owing
to the normal squeeze motion, is tu cos <̂ . Thus, for the unwrapped journal the
Reynolds equation is

(12.31)

Integrating with respect to <̂ ) gives

Symmetry about the line of centers requires that dp/d<^ = 0 when (̂  = 0.
Therefore, 4̂ = 0 and

"""* "'"'" (12.33)

With the film thickness relationship given in Eq. (12.30),

Integrating gives

(1 —
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-n 0

Angle in cylindrical coordinates, (

Figure 12.2: Journal bearing with normal
squeeze 61m action. Rotational velocities are

]i

If the pressure p is to have a finite value when e —> 0, it is necessary that

- (12.35)

*m^ cos <yi) (2 — e cos i;
(12.36)

The normal load-carrying capacity can be expressed as

w^ = 2 / prn cos <̂  d^
ô

Substituting Eq. (12.36) into this equation gives

cos <̂  (2 — e cos <̂ <) c[(̂

(1 — ecos<

This reduces to

(12.37)

Figure 12.2 shows that the film thickness is a minimum when ̂  = 0. There-
fore, from Eq. (12.30)

/̂ n = c(l - e) (12.38)

.'. ̂ = -c$ (12.39)

The time of approach can be written as

(12.40)
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Substituting Eq. (12.40) into Eq. (12.37) gives

t/c2 /̂  /"2
——^ / ^ = /
7T7707*;; 7̂  7ti (1 - 23/2

Example 12.3
Given A 5-cm diameter journal bearing has a radial clearance of 25 /nm, a
lubricant viscosity of 1 P, and a load per unit width of 20,000 N/m.
Find Calculate the time it takes for the eccentricity ratio to increase from
0.6 to 0.9.

Solution From Eq. (12.41)

127r(0.1)(0.025)3 / 0.9 0.6
^ * (25)2 (10-12) (20, 000) (0.19)1/2 "

= 4.71(2.064 - 0.750) s = 6.2 s

12.4 Parallel Circular Plate

The geometry of a circular plate approaching a plane in a parallel position is
shown in Fig. 12.3. The appropriate Reynolds equation for cylindrical coor-
dinates is expressed in Eq. (12.4). If the surfaces are parallel, axial symmetry
exists and the pressure is a function only of the radius. Thus,

(12.42)

Integrating gives
dp
&- /tj3 r̂ ^

Since dp/dr will not acquire an infinite value when r = 0, then 4̂ = 0. Hence,

dp
(12.43)

A further integration gives
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Figure 12.3: Parallel circular plate approach-
ing a plane surface.

The boundary condition is that p = 0 when r = r̂ .

and

(12.44)

(12.45)

The normal load component can be written as

The time of approach can be obtained from this equation while letting w =

or

(12.47)
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Figure 12.4: Rigid cylinder approaching a
plane surface.

12.5 Infinitely Long Cylinder Near a Plane

The geometry of the sohd surfaces being lubricated by normat squeeze motion
considered thus far in this chapter has been conformal surfaces. The present
section deals with the nonconformal surfaces of an infinitely long cylinder near a
plane. The geometry and the coordinate system used to describe these surfaces
are shown in Fig. 12.4. The cylinder's length is assumed to be large relative to
its radius so that side leakage can be neglected. As with all the other consid-
erations given in this chapter, the viscosity and the density are assumed to be
constant and the solid surfaces, rigid. The appropriate Reynolds equation is

Integrating once gives

-

Making use of the boundary condition that dp/6%2 = 0 when z = 0 results in
4̂ = 0. Integrating again gives

7 /t3
(12.48)

The film thickness in Fig. 12.4 can be expressed as

1/2

The last term on the right side of this equation can be expressed in terms of a

2 i /3;\^

o2 \ r e8 \r
(12.49)
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Because in the lubrication region T <g! r so that â /r̂  <g ̂  thig equation
reduces to

^ = /t. + ̂ - (12.50)
2r

or

— (12.51)

Thus, Eq. (12.48) becomes

Making use of the boundary condition that A is large when the pressure is zero
results in .6 = 0 and

^ ^ (1 + ;

The normal load component can be written as

Let aP/2r^o = tan^ ̂. Then

&E = (2r/t.)̂ ^ seĉ  ̂ # (12.54)

and

- f7-r
and

Y" (12.56)

The time of approach can be obtained directly from this equation while
making use of the fact that w = — d/],o/;A.

1/2]

(12.57)

(12.58)
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12.6 Closure

A positive pressure was found to occur in a fluid contained between two surfaces
when the surfaces are moving toward each other. A finite time is required to
squeeze the fluid out of the gap, and this action provides a useful cushioning
effect in bearings. The reverse effect, which occurs when the surfaces are moving
apart, can lead to cavitation in liquid films.

It was found that a parallel Elm shape produced the largest normal load-
carrying capacity of all possible 61m shapes. This is in contrast with the slider
bearing results given in Chapter 8, where the parallel film was shown to produce
no positive pressure and therefore no load-carrying capacity. It was also found
that in the normal squeeze action, as the bearing surfaces move toward each
other, the viscous fluid shows great reluctance to be squeezed out the sides of
the bearing. The tenacity of a squeeze film is remarkable, and the survival
of many modern bearings depends on this phenomenon. It was found that a
relatively small approach velocity will provide an extremely large load-carrying
capacity.

The various geometrical shapes considered were a parallel-surface bearing,
a journal bearing, a parallel circular plate, and an infinitely long cylinder near
a plane. For each of these shapes not only is the pressure given, but also the
load-carrying capacity and the time of approach.

12.7 Problems

12.1 Given the parallel stepped bearing shown below, neglect side leakage and
assume only a normal squeeze motion. Determine the pressure distribu-
tion for the inlet and outlet regions. Also determine the location of the
peak pressure, the normal load-carrying capacity, and the volume flow
rate.

12.2 Derive expressions for the pressure distribution, the load-carrying capac-
ity, and the time of approach for a squeeze Aim situation and the following
geometry:
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In cylindrical polar coordinates the Reynolds equation for incompressible,
isoviscous conditions is expressed in Eq. (12.4). In the present problem
axial symmetry is assumed that results in the pressure being a function
of radius only. Thus, the preceding Reynolds equation reduces to

12.3 Derive the expression for the pressure distribution, normal applied load
capacity, and time of approach for the normal squeeze film bearing shown
below. Assume axial symmetry and the pressure at r = .% and r = .Ro is

1
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12.4 The Reynolds equation for squeeze 61m action in an incompressible lubri-
cant contained between two nonparallel bearing surfaces of infinite width
approaching each other with a velocity t̂ o is

Side leakage is neglected. Determine the expression for the time it takes
for the minimum film thickness in an inclined-pad bearing to fall from an
initial value /to,i to a final value ̂ 0,2 under the action of a constant load
per unit width û . The assumptions in the analysis should be clearly
stated.

If the shoulder height is initially equal to the outlet Rim thickness on
a 1.5-in-square pad, calculate the time taken for a load of 500 Ibf on the
pad to reduce the minimum Rim thickness from 0.001 in. to 0.0001 in. if
the lubricant viscosity is 0.5 P.

12.5 The inRnitely wide slider bearing shown has parallel surfaces, sliding speed
Mb, velocity across the film to, oil Rim thickness /t, and bearing length f.
Find the bearing damping constant I? = —du^/dw, where û  is the
bearing load per unit width.

12.6 A squeeze Rim damper is used to stop the motion and damp the kinetic
energy of an overhead crane. The damper consists of two Hat, parallel
steel plates 2 m in the side-leakage direction and 0.1 m long separated by
a 1-mm-thick layer of oil with viscosity 0.1 Pa-s. When the overhead crane
hits the damper, the oil is pressed out from between the plates and the oil
layer becomes thinner. Calculate the damping force at the Rrst moment
of impact and the instantaneous retardation if the speed at impact is 0.2
m/s and the crane mass is 2000 kg. Also calculate the damping force at
the Rrst moment of impact if the crane carries a 10-ton load in a wire.
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Chapter 13

Hydrostatic Lubrication

Symbols

area, m
integration constant
bearing area, m^
projected pad area, m^
recessarea,m^
sill area, m
bearing load coefHcient
length of rectangular pad, m
integration constant
length ofsillofpad,m
orifice discharge coefHcient
diameter of capillary tube, m
orifice diameter, m
pipe inside diameter, m
friction force,N
bearing pad power coefficient
power loss due to pumping loss,
W
total power loss, W
power toss due to viscous dissipa-
tion, W
Blm thickness, m
outlet Him thickness, m
now rate constant of capillary
tube, m"/(sVN)
flow rate constant of orifice,

L width of rectangular pad, m
^ width ofsill,m
ĉ length of capillary tube, m
Us location of parallel step
p pressure,Pa
Pr recess pressure, Pa
ps supplypressure,Pa
g volumetric How rate, m^/s
$t bearing pad flow coefficient
<?c volumetric How rate of capillary

tube, m^/s
<?r radial volumetric flow rate per

circumference, m^/s
9! Reynolds number, 4p<7c/7rc%c77o
r radius, m
?*i inner radius, m
fo outerradius,m
ri, etc. radii used in Fig. 13.5, m
^̂  shoulder height, m
,̂ friction torque, N-m
tt), normal applied load, N
A step height, m
% absolute viscosity at p = 0 and

constant temperature, Pa-s
p density, kg/m^
<̂  angular velocity, rad/s
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13.1 Introduction

Hydrodynamic lubrication, where the bearing surfaces are completely separated
by a Huid film, was considered in Chapters 8 to 11. Film separation is achieved
by using sliding action, with a physical wedge pressure-generating mechanism,
to develop a pressure within the bearing. Such bearings, in addition to having
low frictional drag and hence low power loss, have the great advantage that they
are basically simple and therefore are reliable and cheap and require little at-
tention. Self-acting hydrodynamicaHy lubricated slider bearings have, however,
certain important disadvantages:

1. If the design speed is low, it may not be possible to generate sufficient
hydrodynamic pressure.

2. Fluid film lubrication may break down during starting, direction changing,
and stopping.

3. In a journal bearing as was considered in Chapters 10 and 11, the shaft
runs eccentrically and the bearing location varies with load, thus implying
low stiffness.

In hydrostatic (also called "externally pressurized") lubricated bearings the
bearing surfaces are separated by a fluid film maintained by a pressure source
outside the bearing. Hydrostatic bearings avoid disadvantages 1 and 2 and
reduce the variation of bearing location with load mentioned in disadvantage
3. The characteristics of hydrostatically lubricated bearings are

1. Extremely low friction

2. Extremely high load-carrying capacity at low speeds

3. High positional accuracy in high-speed, light-load applications

4. A lubrication system more complicated than that for self-acting bearings
(considered in Chapters 8 to 11)

Therefore, hydrostatically lubricated bearings are used when the requirements
are extreme as in large telescopes and radar tracking units, where extremely
heavy loads and extremely low speeds are used, or in machine tools and gyro-
scopes, where extremely high speeds, light loads, and gas lubricants are used.

13.2 Formation of Fluid Film

Figure 13.1 shows how a fluid film forms in a hydrostatically lubricated bearing
system. In a simple bearing system under no pressure (Fig. 13.la) the runner,
under the influence of a load û , is seated on the bearing pad. As the source
pressure builds up (Fig. 13.Ib), the pressure in the pad recess also increases.
The recess pressure is built up to a point (Fig. 13.Ic) where the pressure on the
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runner over an area equal to the pad recess area is just sufficient to lift the load.
This is commonly called the "lift pressure" p̂ . Just after the runner separates
from the bearing pad (Fig. 13. Id), the recess pressure is less than that required
to lift the bearing runner (p,. < p̂ ). After lift, flow commences through the
system. Therefore, a pressure drop exists between the pressure source and the
bearing (across the restrictor) and from the recess to the bearing outlet. If
more load is added to the bearing (Fig. 13. le), the film thickness will decrease
and the recess pressure will rise until the integrated pressure across the land
equals the load. If the load is then reduced to less than the original (Fig. 13. If),
the film thickness will increase to some higher value and the recess pressure will
decrease accordingly. The maximum load that can be supported by the pad will
be reached theoretically when the recess pressure is equal to the source pressure.
If a load greater than this is applied, the bearing will seat and remain seated
until the load is reduced and can again be supported by the supply pressure.

13.3 Pressure Distribution and Flow

Consider a bearing of the form shown in Fig. 13.2, where a load ̂  is supported
by a fluid supplied to the recess at pr and the lubricant flow is radial. The
recesses, or pockets, are provided on one of the surfaces to a depth A in order
to increase the resultant pressure. The pressure in the recess is constant over
the whole pocket area if A//to > 10 for liquid lubricants. Assume that p = p^
throughout the recess. Assuming that the film thickness is the same in any
radial or angular position and that the pressure does not vary in the # direction;
from Eq. (7.57) the appropriate Reynolds equation is

Integrating once gives

r^ = ̂dr

Integrating again gives
p = ̂ lnr + B (13.1)

The boundary conditions for the circular thrust bearing shown in Fig. 13.2 are

1. p = p,. at r = n.

2. p = 0 at r = To-

Making use of these boundary conditions gives

P = Pr̂ ^ (13.2)
ln(n/ro)

and
<^P- ^ fioo^
dr rln(r,/r.) ^ ̂
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Bearing runner

Bearing
recess MRestrictor

earing pad

Recess pressure,

Supply pressure,

Figure 13.1: Formation of fluid in hydrostatic bearing system, (a) Pump off; (b)
pressure build up; (c) pressure times recess area equals normal applied load; (d)
bearing operating; (e) increased load; (f) decreased load. [.Fro?7t RzppeJ
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Pr-

Figure 13.2: Radial-flow hydrostatic
thrust bearing with circular step pad.

The radial volumetric Bow rate per circumference is given as

_ _ ^ _
12% &-

The total volumetric Bow rate is

6% In (n/̂ o) 6% In (

13.4 Normal Load Component

(13.4)

(13.5)

Making use of Eq. (13.2) gives the pressure distribution in a radial-Bow hy-
drostatic thrust bearing (shown in Fig. 13.3). The normal load component is
balanced by the total pressure force, or

This reduces to

(13.6)

Note that the load is not a function of the viscosity; therefore, any Huid that
does not attack the bearing materials can be used. Where a fluid is already
present in a device, it is an ideal lubricant. Some examples are

1. Kerosene in aircraft engines
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Figure 13.3: Pressure distribution in
I radial-How hydrostatic thrust bearing.

2. Water in hydraulic machinery

3. Liquid oxygen in a rocket engine

Some other observations about the equations developed:

1. "Lift-off" will occur if (lift pressure) (Trr?) = ŵ . It is important to check
for this in the design of hydrostatic bearings.

2. From Eqs. (13.5) and (13.6) it can be seen that for a given bearing geom-
etry and fluid

w.s (x p,. and Pr ex -g-
*^o

.'. 9 ex w^

Therefore, for a constant Huid flow rate the normal load-carrying capacity û
increases as the film thickness decreases. This means that a bearing with a
constant flow rate is self-compensating. The limiting practical load is reached
when Ao reduces to the size of the surface roughness.

13.5 Frictional Torque and Power Loss

Assuming (1) that the circumferential component of the fluid velocity varies lin-
early across the film and (2) that viscous friction within the recess is neglected,
then from Eq. (6.1) the shear force on a fluid element can be written as

The Motional torque is

; 0

The total power loss required will consist of two parts:
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1. Viscous dissipation:

2. Pumping loss:

ŷ.3̂ 2

Therefore, the total power loss can be expressed as

R, = R^ + Rp = I ! (̂  - r?) + , . (13.10)

Note from this equation that R^ is inversely proportional to /to and Rp is
proportional to /̂ .

Often the bearing velocities are low and only the pumping power is sig-
nificant. Assuming that the bearing outside diameter 2fo is fixed by physical
limitations, many combinations of bearing recess size and pressure will support
the load. For large hydrostatic bearings it can be important to minimize power.
That is, we would like to know the optimum recess size for minimum pumping
power.

Expressing the recess pressure from Eq. (13.6) as

and using Eq. (13.5) gives the power loss due to pumping power as

= Pr<? =

Differentiating with respect to r^ and equating to zero while assuming a constant
load gives

Mp n ^ ) ̂  ° 1-ir-̂ - = 0 and In — = - -̂  — 1
<9n ^ 4

Therefore, r^/fo = 0.53. This produces the minimum pumping power loss.
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Example 13.1

Given A circular step thrust bearing that is hydrostaticaUy lubricated as
shown in Fig. 13.2 and has the following values:

?-„ = 7.5 cm

r̂  = 5.0 cm

W; = 50 kN

JVa = 15 r/s

% = 2.4 x 10*2 N - s/m^

Find Determine the recess pressure, the How rate, and the power loss for this
bearing if the desired Aim thickness is 100 ̂ m.
Solution From Eq. (13.6) the normal load is

^ TTPr (f ̂ - r?)

From this equation the recess pressure can be expressed as

2̂  ln(r./,,) 2(50)(1Q3) ln(7.5/5)
^ * ̂  (̂ 2 _ ̂ 2) - ̂  ̂ io-4 [(7.5)2 _ (5)2] - "'4̂

= 4.13 MPa

From Eq. (13.5) the total volumetric flow rate is

_ TT/̂ p,. 7T(100 X 10-6)3(4.13 X

* 6??o In (r./r,) * 6(2.4)(lQ-2) ln(7.5/5)

= 0.0133 m^/min = 0.8 m^/h

From Eq. (13.10) the total power loss can be expressed as

Thus, the power loss due to viscous dissipation is

[(7.5)̂  -

= 85 W = 0.085 kW
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The power loss due to pumping loss is

Rt = 0.085 + 0.92 = 1.005 kW

Note that R( m .Hp and Rp 3> F̂ .

Example 13.2

Given A Bat, circular hydrostatic thrust bearing is used to carry a load as
high as 25 tons in a large milling machine. The purpose of the hydrostatic bear-
ing is to position the workpiece accurately without any friction. The vertical
positioning of the workpiece is influenced by the oil film thickness and its vari-
ation with load. To minimize the variation for different loads, a step is made
in the bearing as shown in Fig. 13.2. The pressure in the step is constant and
A/^o > 10. Thus, p = Pr through the step or for 0 < r < ?\. The step height
A = 5 mm and 7*0 = 200 mm. The oil viscosity is 0.25 N'S/m̂  and the smallest
value of ̂ o allowed is 50 pm. The oil flow through the bearing is constant at
0.1 x 10-3 ̂ 3/g

Find Determine r̂  such that the oil outlet minimum film thickness /̂  varies
as little as possible when the load varies between 5 and 25 tons.
Solution Assuming that the Rim thickness is the same in any radial or angular
position and that the pressure does not vary in the 0 direction, the appropriate
Reynolds equation is

A
dr

Integrating once gives

Integrating again gives
p = A In r + B (a)

The boundary conditions for the circular thrust bearing are (see Fig. 13.2):

1 . p = p,. at r = r;

2. p = 0 at r = ?*o

Making use of these boundary conditions gives
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The radial volumetric flow rate per circumference is given as

" -̂  M

The total circumferential volumetric How rate is

. 7!*̂ oPr TT̂ oPr / \o = 27rrq.. = ;—;—;—r = —;—;—- = constant (e)
^ ^ 6??om(n/f.) 6??oln(n/̂ ) ^

Making use of Eq. (b) gives the pressure distribution in a radial-How hydrostatic
bearing. The normal load component is balanced by the total pressure force or

This equation reduces to

From Eqs. (e) and (f),

M-r?) 69%

From Eq. (g), (w;)̂  occurs when ̂ . = (̂.)̂in = (̂ i)min' whereas
occurs when /:. = ô ^̂ 1 n = n ,

^ (25,000)(9.807) 2

.'.n,̂ x = 0.1990m

Also

r/,^ 6w (̂  - r̂ ;J ̂  (6)(0.25)(10-4) (0.200' - 0.1990̂ )

"" (̂ )min 2 (5000) (9.807) 2

(̂ °)max = 84.82 X 10-6 ̂  ̂  g^ gg ̂^

The inner radius should be 199 mm, which gives a minimum film thickness
variation of 84.82 - 50 = 34.82 ̂m.
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13.6 Pad CoefRcients

Equations (13.5), (13.6), and (13.9) express the How, load, and power loss
for a circular step bearing pad. The load-carrying capacity of a bearing pad,
regardless of its shape or size can be expressed in a more general form as

^ = atAppr (13.11)

where
a& = dimensionless bearing pad load coefficient
yl = total projected pad area, m^

The amount of lubricant How across a pad and through the bearing clearance
is

9 = 9̂  — (13.12)

where % is the dimensionless bearing pad How coefficient. The pumping power
required by the hydrostatic pad can be evaluated by determining the product
of recess pressure and How. Assume the angular speed to he zero so that the
viscous dissipation power loss is zero.

/... \ 2 t 3
-̂  (13.13)

where % = <%/a;, is the dimensionless bearing pad power coefficient.
Therefore, the designer of hydrostatic bearings is primarily concerned with

the three dimensionless bearing coefRcients (<%, %, and -%). Values of any
two of these coefficients suffice to determine the third. Bearing coefficients are
dimensionless quantities that relate performance characteristics of load, How,
and power to physical parameters. The bearing coefficients for several types of
bearing pad will be considered.

13.6.1 Circular Step Bearing Pad

Rewriting Eqs. (13.5), (13.6), and (13.9) in terms of Eqs. (13.11) to (13.13),
respectively, gives

The total projected pad area is

4̂p = ̂ (13.17)
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1.0

.6 ="

.2 .4 .6
Ratio of recess radius to bearing radius,

1.0

Figure 13.4: Chart for determining bearing pad coefficients for circular step
thrust bearing. [From

Figure 13.4 shows the three bearing pad coefficients for various ratios of
recess radius to bearing radius for a circular step thrust bearing. The bearing
pad load coefficient en varies from zero for extremely smalt recesses to unity
for bearings having large recesses with respect to pad dimensions. In a sense,
06 is a measure of how efficiently the bearing uses the recess pressure to sup-
port the applied load. The bearing pad flow coefficient <% varies from unity
for relatively small recesses to a value approaching infinity for bearings with
extremely large recesses. Physically, as the recess becomes larger with respect
to the bearing, the hydraulic resistance to fluid flow decreases and thus flow
increases. Also from Fig. 13.4. the power coefficient .% approaches infinity for
extremely small recesses, decreases to a minimum as the recess size increases,
and then approaches infinity again for extremely large recesses. For a circular
step thrust bearing the minimum value of % occurs at r;/7*o = 0.53.
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Flow Flow
Figure 13.5: Configurations of annular
thrust pad bearing. [From

13.6.2 Annular Thrust Bearing

Figure 13.5 shows an annular thrust bearing with four different radii used to
define the recess and the sills. In this bearing the lubricant flows from the
annular recess over the inner and outer sills. An analysis similar to that done
in Sees. 13.3 and 13.5 for a circular step thrust bearing yields the following
expressions for the pad coefficients:

1 r -.2 ,,2 .̂2 ,,2 *)r<t ** 7*3 _ 7*2 " ̂ 1

For this type of bearing the projected pad area is

(13.18)

(13.19)

(13.20)

(13.21)

Figure 13.6 shows the pad coefficients for an annular thrust pad bearing
for 7*1/7*4 = ^, §, and .̂ These results were obtained directly by evaluating
Eqs. (13.18) to (13.20). For this figure it is assumed that the annular recess is
centrally located within the bearing width. This therefore implies that ri +)"4 =
7*2+7*3- Note that the curve for the load coefficient a;, applies for all ?*i/?"4 ratios.

13.6.3 Rectangular Sectors

If the pressure drop across the sill of a rectangular sector is linear, the pad
coefficients can be calculated. Figure 13.7 shows a rectangular sector along
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40

32

24

16

1/2

1.2

1.0

Figure 13.6: Chart for determining bearing pad coefficients for annular thrust
pad bearings.

with the linear pressure distribution. The pad coefficients for the rectangular
sector are

= l-4-V + -77F (13.22)

96

The areas of the bearing, the recess, and the sill are given as

(13.23)

(13.24)

(13.25)

Equation (13.23) produces a conservative flow rate and larger loads than
actually experienced; Eq. (13.22) produces slightly smaller loads.
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Figure 13.7: Rectangular hydrostatic pad.

Assuming that the four corners are not contributing,

1

L B

2h L

(13.26)

(13.27)

Equations (13.26) and (13.27) are preferred over Eqs. (13.22) and (13.23), since
they produce results closer to those actually experienced. For example, consider
a square sector having ,B = L and b = f = B/4; then

1. ab= 0.625 from Eq. (13.22).

2. ab = 0.500 from Eq. (13.26).

3. ab = 0.54 (exact value).

Consequently, formula (13.26) is preferred in calculating the load coefficient.
Similar conclusions can be reached about Eq. (13.27).

Figure 13.8 gives the pad coefficients for a square pad and for a rectangular
pad with .B = 2L and & = ̂ . The optimum power loss coefficients are clearly
indicated in the figure.

The hydrostatic bearings considered in this book have been limited to flat
thrust-loaded bearings. Design information about conical, spherical, and cylin-
drical pads can be obtained from Rippel (1963). The same approach used for
the Hat thrust-loaded bearings is used in obtaining the pad coefficients for the
more complex geometries.

13.7 Compensating Elements

Hydrostatic bearings are relatively more complex systems than the hydrody-
namically lubricated bearings considered in the preceding chapters. In addition
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3: 7

^ 3

— 1.4

— 1.2

1.0

J-.8

- 8 .6

— .2

.2 .4 .6 .8 1.0 0 .2 .4 .6 .8 1.0

Figure 13.8: Pad coefficients, (a) Square pad; (b) rectangular pad with B = 2L
and & = &

to the bearing pad, the system includes a pump and a compensating element,
or restrictor. Three common types of compensating elements for hydrostatic
bearings are the capillary tube, the sharp-edge orifice, and constant-flow-valve
compensation. The purpose of the compensating element is to bring a pressur-
ized fluid from the supply manifold to the recess. The type of compensation
will affect the quantity of the fluid in the recess.

13.7.1 Capillary Compensation

Figure 13.9 shows a capillary-compensated hydrostatic bearing as obtained from
Rippel (1963). The small diameter of the capillary tube provides restriction
and resultant pressure drop in the bearing pad. The characteristic feature of
capillary compensation is a long tube of relatively small diameter (fg > 2(Mc).
The laminar flow of fluid through such a tube when inlet and outlet effects
and viscosity changes due to temperature and pressure are neglected can be
expressed as

- Pr) (13.28)
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1 Runner-j

^-Bearing
S)Pr P̂

From pump
Figure 13.9: Capillary-compensated hy-
drostatic bearing. [F̂ om RippeJ

where

128&
(13.29)

For a given capillary tube, &c is a constant expressed in cubic meters. Thus,
from Eq. (13.28) the flow through a capillary tube is related linearly to the
pressure drop across it. In a hydrostatic bearing with capillary compensation
and a Axed supply pressure the now through the bearing wiH decrease with
increasing load, since the recess pressure pr is proportional to the load. For the
assumption of laminar flow to be satisfied, the Reynolds number must be less
than 2000 when expressed as

K = <2000 (13.30)

where /? is the density of the lubricant in kg/m^. Hypodermic needle tubing
serves quite well as capillary tubing for hydrostatic bearings. Very small diam-
eter tubing is available, but diameters less than 6 x 10"̂  m should not be used
because of the tendency to clog.

13.7.2 Orifice Compensation

Orifice compensation is illustrated in Fig. 13.10. The flow of an incompressible
fluid through a sharp-edge orifice can be expressed as

where

*:.=

(13.31)

(13.32)
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and c,j is the orifice discharge coefficient. For a given oriAce size and a given
lubricant, ̂o is a constant expressed in m̂ /(s-N̂ )̂. Thus, from Eq. (13.31) How
through an orifice is proportional to the square root of the pressure difference
across the orifice.

The orifice discharge coefficient ĉ  is a function of Reynolds number. For
an orifice the Reynolds number is

(13.33)

For a Reynolds number greater than approximately 15, which is the usual case
in orifice-compensated hydrostatic bearings, cj is about 0.6 for d<,/dp < 0.1.
For a Reynolds number less than 15 the discharge coefficient is approximately

Cd = 0.2VK (13.34)

The pipe diameter dp at the orifice should be at least 10 times the orifice

diameter do. Sharp-edge orifices, depending on their diameters, have a tendency
to clog. Therefore, d^ < 5 x 10"̂  m should be avoided.

13.7.3 Constant-Flow-Valve Compensation

Constant-How-valve compensation is illustrated in Fig. 13.11. This type of
restrictor has a constant How regardless of the pressure difference across the
valve. Hence, the How is independent of the recess pressure.

The relative ranking of the three types of compensating elements with re-
gard to a number of considerations is given in Table 13.1. A ranking of 1 in this
table indicates the best or most desirable type of compensation for a particu-
lar application. Basically, any type of compensating element can be designed
into a hydrostatic bearing system if loads on the bearing never change. But
if stiffness, load, or How varies, the choice of the proper compensating element
becomes more difficult and the reader is again referred to Rippel (1963).

<-Runner

-Bearing
pad

Supply
manifold

Figure 13.10: Orifice-compensated hydro-
static bearing. [From
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Table 13.1: Ranking of compensating elements [From Rt

Consideration

Initial cost
Cost to fabricate and install
Space required
Reliability
Useful life
Commercial availability
Tendency to clog
Serviceability
Adjustability

Compensating element
Capillary

2
2
2
1
1
2
1
2
3

Orifice

1
3
1
2
2
3
2
1
2

Constant-How
valve
3
1
3
3
3
1
3
3
1

Note: Ranking of 1 denotes best or most desirable element for that
particular consideration.

13.8 Closure

Hydrostatic bearings offer certain operating advantages over other types of bear-
ings. Probably, the most useful characteristics of hydrostatic bearings are high
load-carrying capacity and inherently low friction at any speed, even zero. The
principles and basic concepts of the film formation were discussed, and a circular
step thrust pad configuration was analyzed. The expressions for How, normal
load-carrying capacity, and pumping power loss for a circular step thrust pad
configuration are

(13.5)

21n(r./rJ

,,

(13.6)

(13.9)

To bearing recess

.- -Variable orifice for
controlling flow
set point

From
pump

Figure 13.11: Constant-flow-valve
compensation in hydrostatic bearing.
[From

Copyright © 2004 Marcel Dekker, Inc.



340 FUNDAMENTALS OF FLUID FILM LUBRICATION

Equation (13.6) shows the load-carrying capacity to be independent of bear-
ing motion and lubricant viscosity. There is no problem of surface contact wear
at starting and stopping as was true for slider bearings.

A more general way to express Eqs. (13.5), (13.6). and (13.9) is

9 = 9hn (13.12)

(13.11)

(13.13)

where %, a;,, and .% are only functions of the pad geometry being considered
and 4̂p is the total projected pad area. Results were presented for a circular
step bearing pad, an annular thrust bearing, and rectangular sectors.

Three common types of compensating element for hydrostatic bearings were
considered, namely, the capillary tube, the sharp-edge orifice, and constant-
flow-valve compensation:

1. Capillary compensation implies that the length of the tube ĉ is much
larger than the capillary diameter ( ĉ > 2(Mc). The flow was found to be
proportional to pg — p,-.

2. In orifice compensation the flow was found to be proportional to (p.s — p,-)*

13.9 Problems

13.1 For an annular thrust bearing as shown in Fig. 13.5, start with the ap-
propriate Reynolds equation and determine the flow, the load, and the
pumping power loss for this bearing. Prove that Eqs. (13.18) to (13.20)
are valid.

13.2 A 2-in.-diameter shaft that acts as a pivot in a research machine carries a
radial load of 500 Ib maximum and an axial load of 1000 Ib. It supports
a pair of hydrostatic journal bearings that are centered at A and B, as
shown, and a thrust bearing at C.

500 Ib i

1000lb
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The oil supply is at a pressure of 1500 lb/in.̂ , and the oil viscosity can
be assumed to be 0.8 P. Nominal radial clearance c is 0.001 in.

Select the appropriate pocket sizes, land widths, and capillary dimen-
sions for the journal bearing so that the radial movement at the point of
load application does not exceed 0.001 in. (exclusive of any deflection due
to shaft bending), and select a suitable pocket size for the thrust bearing.

Also determine the full-load and zero-load flow required. Comment
on the results that you have obtained, on any assumptions that you have
made, and on any additional information that would be desirable when
designing this bearing layout.

13.3 A shaft sits in two hydrostatic bearings and is centrally loaded by a force
of 2400 N, as shown in the sketch below.

2400 N

The shaft does not rotate but is simply used as a low-friction pivot for
very small oscillatory motion. The diameter of the shaft is SO mm, and
each of the bearings is 50 mm long and has pockets. The bearing clearance
is 40 /̂ m, and the supply pressure has to be below 2.4 MN/m.^

What dimensions would you make the lands of the bearing, what
would be the minimum film thickness under load (ignore shaft deflections),
and what would be the fluid flow rate for the two bearings if the oil
viscosity is 0.05 N s/m̂ ?

Use capillary restrictors as compensators and specify the size of these.
(Specific gravity of the oil is 0.9.)

13.4 The stepped-parallel bearing shown below is to be used as a pump with
a small volume Bow rate of $ per unit bearing width of an incompressible
lubricant of density /a and viscosity 77 being drawn off at the step location.
Derive the relationship between the How rate and supply pressure while
neglecting side leakage and using the following dimensionalization.

- 2*?' ^ 4P' rr _ ?*°
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Discuss the practicality of the arrangement, outlining any suggestions you
may have for making it more useful from this point of view. Also describe
any possible applications for the device.

13.5 (a) In a circular externally pressurized bearing with capillary restrictor,
what radius ratio 7*t/7*o would you select as a starting point for the
design and why?

(b) What ratio would you normally select for Pr/Ps, where Pr is the
recess pressure and ps is the supply pressure? Give reasons for your
choice.

(c) How does the stiffness vary with decreasing Him thickness?

(d) If the applied load is reduced while keeping the supply pressure con-
stant, what happens to the recess pressure and the Rim thickness?

(e) If the capillary restrictor has its diameter reduced by part of the sys-
tem to half its former value, what factor of the original film thickness
would the pad's final film thickness be?

13.6 The circular hydrostatic thrust bearing shown has inner radius r^, outer
radius r,,, a constant oil film thickness /t, and a constant flow rate g. The
bearing load is J-* and the oil viscosity is ??. Find the bearing stiffness
coemcient Cg = -<

= 3r,
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13.7 A circular hydrostatic thrust bearing has a constant oil film thickness /t.
A central lubricant reservoir, whose height is much larger than the oil
fitm thickness, is fed by a liquid with pressure p,-. Find the pump power
needed if the bearing carries a load P. Given that n=27 mm, 7?=0.00452
N.s/m̂ , A=0.120 mm, r.=200 mm, P = 3.08 x 10̂  N.

Liquid fiow

13.8 A Bat, circular hydrostatic air bearing has an outer diameter of 160 mm
and a 5-mm-deep recess from the 50-mm diameter to the bearing center.
The air pressure in the recess is 2 MPa, and the pressure around the
outside of the bearing is 0.1 MPa,. Determine the pressure distribution
in the bearing if 0.3 kg of air is pumped through the bearing per second.
The air density is 1 kg/m^ at atmospheric pressure and the air viscosity
is 18.2 x 10"6 Pa-s at 22°C. Also, calculate the air Rim thickness and the
friction torque if the bearing rotates at 8000 rpm.

Reference

Rippel, H. C. (1963): Cas% .Bronze
Cast Bronze Bearing Institute, Inc., Clevetand.

, 2nd ed.

Copyright © 2004 Marcel Dekker, Inc.



Chapter 14

Gas-Lubricated Thrust
Bearings

Symbols

J
/C

P
p

integration constants Q
width of bearing, dimension in Qm
side-leakage direction, m <?
specific heat of material at 9m
constant pressure, J/(kg°C) R
volumetric specific heat, Rg
pCp, J/(m̂ °C) [or N/(m2°C)] r
specific heat of material at T
constant volume, J/(kg K) T̂
Fourier coefficient t
groove factor ^
dimensionless film thickness, iq
/t//ttnin M

dimensionless film thickness, v
/t,/̂ r W;

film thickness, m u<z
minimum film thickness, m -Y, Y,
separation constant
Knudsen number, Am /̂  2, y, 2
dimensioniess stiffness Or
length in a; direction, m /?m
oddinteger, 1,3, ... ??
constant used to determine ??o
length of inlet region
number of pads or grooves A^
polytropic gas-expansion
exponent Ag
dimensionless pressure
pressure, Pa As

ambient pressure, Pa
dimensionless volume flow rate
dimensionless mass How rate
votumetric How rate, m^/s
mass How rate, Pa-s
gas constant
groove length fraction
radius,m
dimensionless time
dimensionless torque
time,s
temperature, °C
frictional torque, N-m
velocity in 2 direction, m/s
velocity in y direction, m/s
dimensionless normal load
normal load, N
dimensionless Cartesian co-
ordinate system
Cartesian coordinate system
ri/ro
groove angle
absolute viscosity, Pa-s
absolute viscosity at p = 0 and
constant temperature, Pa'S
dimensionless bearing num-
ber, 6)?oMbh/p,i/̂
dtmensionless bearing num-
ber, 6f?oM̂ /p,,/:;Ln
dimensionless bearing num-

345
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her,
A tength-to-width ratio, ̂ /h Subscripts
Ant mean free molecular path of ^ solid a

gas, m h so[id h
p density, kg/m^ ^ ^̂ er
^ density when p = pa, kg/m^ ^ groove
<7g dimensiontess squeeze number, ^ outer

12??ô /pâ  opt optimum
i/*p step location parameter, y. ridge

/̂(̂ +̂ r + ̂) s step
cj angular velocity, rad/s

14.1 Introduction

Gas-lubricated Aim bearings have commanded considerable attention in recent
years because they possess characteristics that make their use advantageous
in many bearing applications. They are analogous to the hydrodynamic oil-
lubricated bearings considered thus far except that the fluid is compressible.
Furthermore, since air is 1000 times less viscous than even the thinnest mineral
oils, the viscous resistance is very much less. However, the distance of nearest
approach between the bearing surfaces is also correspondingly smaller so that
special precautions must be taken in manufacturing the bearing.

Some strengths of gas-lubricated bearings are as follows:

1. Their friction or viscous resistance is extremely low.

2. The lubricant is ample and clean.

3. The lubricant does not contaminate surfaces.

4. The lubricant operates well from extremely low to extremely high tem-
peratures.

5. The film does not break down from cavitation or ventilation.

Some weaknesses of gas-lubricated bearings are as follows:

1. For the same size bearing the load-carrying capacity of a gas-lubricated
bearing is many times less than that of an oil-lubricated bearing.

2. The surfaces must have an extremely fine finish.

3. The alignment must be extremely good.

4. Dimensions and clearances must be extremely accurate.

5. Speed must be high.

6. Loading must be low.
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7. Their stability characteristics are poor.

Gas bearings are finding increasing usage in gas-cycle machinery, where the
cycle gas is used in the bearings, thus eliminating the need for a conventional
lubrication system; in gyros, where precision and constancy of torque are criti-
cal; in food and textile processing machinery, where cleanliness and absence of
contaminants are critical; and in high-speed dental drills. It is obvious that gas
bearings will find applications only where their strengths outweigh their weak-
nesses. Although their use will always be limited in scope because of inherent
weaknesses, it is broad enough to merit an examination of their behavior as a
machine element.

14.2 Reynolds Equation

From Eq. (7.58), the general form of the Reynolds equations can be expressed
as

<9z \J2773xy dy^dy <9x[ 2 <%[ 2 j di
(7.58)

Now, if t̂  = Vg = % = 0, this equation reduces to

?7 '

The viscosity of gases varies little with pressure. The viscosity thus can
be considered a function of temperature only and can be accounted for in fto-
Therefore, the viscosity can be assumed to be constant throughout the bearing.

.-. 77 = % = constant (14.2)

The equation of state for a perfect gas gives the density as

- = ̂ (14.3)
P

where

R = gas constant = universal gas constant/molecular weight
t̂  = gas temperature

Gas bearings normally operate isothermally. In such a case Eq. (14.3) reduces
to

— = constant (14.4)

Note that a more general, polytropic law can be used where

—i- = constant (14.5)
p" ^ ^
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and where

1 < " < pr (14.6)

where
Cp = specific heat at constant pressure, J/(kg K)
(?„ = specific heat at constant volume, J/(kg K)
n = polytropic gas-expansion exponent

When flow is "adiabatic" (i.e., there is no transferred heat and the change
in internal energy equals the compression work), n = Cp/C,,. When Mow is
"isothermal," n = 1 and we have the equation of state, Eq. (14.4). Experience
shows that Eq. (14.5) applies to many thermodynamic processes.

Inserting Eqs. (14.2) and (14.5) into (14.1) gives

+ 12,
<% \

(14.7)
Letting p = pa.P, ̂  = ̂ minRt x = ̂X, y = 6V, and ̂ = T/ô  gives

(14.8)
C?vY \ / L/-t \ /

where

A = ̂  (14.9)

is the length-to-width ratio,
6?7oM;/

^ = JV ^̂ '̂ ^P""min

is the dimensionless bearing number, and

, ./<2

(14.11)

is the dimensionless squeeze number. For isothermal conditions, ft = 1 and Eq.
(14.8) becomes

Either Eq. (14.8) or (14.12) is normally used in gas lubrication analysis when
laminar flow conditions prevail. As can be seen from these equations, the com-
pressibility of gas complicates the analysis by making the Reynolds equation
nonlinear. That is, the left sides of Eqs. (14.8) and (14.12) are nonlinear in the
variable .P.
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The first simplification to Eq. (14.12) is to consider only time-invariant lu-
brication and thereby drop the d(PR)/3T term. The remaining equation is of-
ten reduced further by ignoring either the side-leakage term d(PR̂ dP/dK)/dy
or the so-called parabolic portion d(PR̂ 9P/dX)/9X of the main bearing flow.
The first of these approximations is the infinitely-wide-bearing approximation;
the second is the short-width-bearing approximation. Both were covered while
considering journal bearings in Chapter 10. If there is no relative motion, as in
hydrostatic bearings, u& = 0 and the Ag term in Eq. (14.12) vanishes.

14.2.1 Limiting Solutions

For steady-state operation, oj = cr̂  = 0 and Eq. (14.12) reduces to

There are two important limiting cases in the solution of the compressible
Reynolds equation given in (14.13).

Extremely Low Velocities (̂  — > 0, Ag — > 0)

Equation (14.13) can be differentiated to yield

Now as M& — > 0 and Ag — > 0, P — > 1.0 and the pressure rise AP — > 0. Therefore,
terms such as dP/9X are small. In particular, (dP/dX)̂  <g; dP/dX and is
therefore negligible. Similarly, (dP/dV)̂  <g <9P/<9y and is therefore negligible.
Furthermore, it can also be shown that J7/P(9P/dX) <g <9#/<9X. Therefore,
Eq. (14.14), when tn — > 0 and Ag — > 0, reduces to

Equation (14.15) is the incompressible form of the Reynolds equation as de-
scribed in Eq. (7.48). This brings us to a first important principle: at extremely
low velocities self-acting gas lubrication can be considered incompressible, and
the results derived for complete -Rim lubrication for liquids apply directly to
low-velocity gas lubrication.

Extremely High Velocities (u{, —> oo, Ag —> oo)

From Eq. (14.13) we can observe that as M{, -̂  oo or as Ag —> oo the only way
for the pressure to remain finite is for dPR/dX —> 0. This implies that

PR = constant (14.16)
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Solution
Asymptotic
Complete / - High-speed asymptote

\%̂  - Incompressible low-
speed asymptote

Retative surface velocity, û

Figure 14.1: Effect of speed on load for self-acting, gas-lubricated bearings.
[Fh)?7!

and that

= constant = (14.17)

A fundamental difference exists in Eq. (14.17) between liquid lubrication and
gas lubrication. In liquid lubrication the pressure and load (integrated pressure)
are directly proportional to velocity and viscosity and independent of ambient
pressure. In self-acting, gas-lubricated bearings a second important principle
is that an extremely high velocity the pressure and load (integrated pressure)
become independent of velocity and viscosity but are directly proportional to
ambient pressure. Note that the high-velocity asymptote is determined solely
from the right side of Eq. (14.13) independent of the terms appearing on the left
side of the equation. This means that the high-velocity asymptote for finite-
width bearings is the same as that for an infinitely wide bearing. This leads to a
third important principle as related to gas lubrication, namely, that side leakage
can be neglected even on short-width bearings if the velocity is sufficiently high.

These three fundamental principles of self-acting gas lubrication are pre-
sented graphically in Fig. 14.1. Repeating these important points:

1. At extremely low velocities gas bearing behavior is closely approximated
by incompressible or liquid lubrication solutions for the same bearing
geometry.

2. At extremely high velocities p/} = constant and load becomes independent
of speed.
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3. At extremely high velocities side-leakage effects are negligible, since finite
and infinite-width-bearing solutions both approach p/t = constant.

14.2.2 Slip Flow

The material covered thus far assumes laminar flow. In slip flow the velocity
profile through the film is different from that seen in laminar flow. In slip flow
a difference exists between surface velocity and average fluid velocity at the
surface. Slip flow only becomes important in gas-lubricating films.

The Knudsen number /C is an inverse measure of the average number of
molecular collisions in a given film thickness.

(14.18)

where A^ = mean free molecular path of gas, m
.̂ = film thickness, m

When /C < 0.01, the flow may be treated as a continuum or as laminar How;
when 0.01 < /C < 15, slip flow becomes significant; and when /C > 15, fully
developed molecular flow results. The mean free path of air molecules at room
temperature and atmospheric pressure is about 0.064 /mi. Thus, a film thickness
of 2.54 /̂ m yields /C = 0.025, and slip is not quite negligible.

Burgdorfer (1959) showed that incorporating slip flow in the boundary con-
ditions results in the following Reynolds equation:

(14.19)
For gases A^p = C, a constant,

.'./C=-̂  (14.20)

If ??T, is defined as a representative Knudsen number such that

m= (14.21)
Po^min

then

" (14.22)

Substituting Eq. (14.22) into Eq. (14.19) gives

(14.23)
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14.3 Parallel-Surface Bearing

Assuming no slip at the gas-surface interface, isothermal conditions, and time
invariant lubrication and neglecting side leakage, the appropriate Reynolds
equation for gas-lubricated bearings is

For a parallel-surface bearing, # = 1; therefore,

(14.25)

Integrating gives

(14.26)

14.3.1 Low-Bearing-Number Results

As Ag -̂  0, Eq. (14.26) reduces to

Integrating gives
*" + .

The boundary conditions are

P = F; at X = 0 (14.27)

P = P. at X = 1 (14.28)

Making use of these boundary conditions gives

... p2 = p.2 + (p2 ̂  p.2) x (14.29)

Note that if P; = P̂ , then P = P; = P<, everywhere. The results for an
incompressible parallel-surface bearing, in Sec. 8.3 are similar. The normal
load-carrying capacity is just the integration of the pressure, or

^
./o
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(14.30)
o

Substituting Eq. (14.29) into Eq. (14.30) gives

-F + 2P,P, + 2Pf-3P._-3P, ^

3(P. + P.)

Note that if P; = Po = 1, W^ = 0 for a parallel-surface bearing.

14.3.2 High-Bearing-Number Results

Equation (14.24) reveals that as Ag —* oo

But 77 = 1 for a parallel-surface bearing and

.'. jy^O (14.32)

or
P = constant = Pi

The normal load-carrying capacity can be obtained by substituting Eq. (14.32)
into Eq. (14.30) to give

W, = /" (̂  - 1) dX = Pi - 1 (14.33)

14.3.3 Intermediate-Bearing-Number Results

Integrating Eq. (14.24) while letting 77 = 1 for a parallel-surface bearing gives

1 ^ ] dP = Ag <

Integrating gives
P-Bln(P + B) = AgX + C (14.34)

Making use of the boundary conditions expressed in Eqs. (14.27) and (14.28)
gives

Pi - B ln(P; + B) = C (14.35)
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, - B !n(P. + B) = Ag + C (14.36)

(14.37)

This equation shows that B can be determined numerically for given values of
Pt, Po, and Ag.

Substituting Eq. (14.35) into Eq. (14.34) gives

P-Bln =Pi + AgX (14.38)

The normal applied load must be obtained numerically by using Eq. (14.37)
to so!ve for B, Eq. (14.38) to solve for P, and Eq. (14.30) to solve for the
dimensionless normal load-carrying capacity.

Note that even for the simplest of film shapes a complete analytical solu-
tion is not possible for gas-lubricated thrust bearings. Therefore, a linearized
analysis needs to be employed if analytical solutions are to be obtained.

14.4 Parallel-Step Bearing

Just as in Sec. 9.1, where a finite- width, parallel-step slider bearing was analyzed
for incompressible lubrication, this section analyzes the same bearing (Fig. 14.2)
but with gas as a lubricant. In the Agure the ridge is where the Aim thickness
is A,-, and the step is where the film thickness is /tg, or A^ + A. The feed
groove is the deep groove separating the end of a ridge and the beginning of
the next step. Although not shown in this figure, the feed groove is orders of
magnitude deeper than /t̂ . A "pad" is defined as including a ridge, a step, and
a feed groove. The feed groove is short relative to the length of the pad. Note
that each pad acts independently, since the pressure profile is broken at the
lubrication feed groove.

14.4.1 Pressure Distribution

With no slip at the gas-surface interface, isothermal conditions, time-invariant
lubrication, and constant Rim thickness, Eq. (14.7) becomes

^ dx

Expanding and rearranging terms give

To solve this equation analytically, linearization assumptions need to be im-
posed. Ausman (1961) first introduced this linearization, which states that
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Figure 14.2: Rectangular-step thrust
bearing. [F̂ o

1. The terms on the right side of Eq. (14.40) are smaH relative to the terms
on the left side and therefore can be neglected.

2. p, which appears as a coefficient in the third term of Eq. (14.40), is re-
placed by the ambient pressure p̂ .

Making use of these linearizations reduces Eq. (14.40) to

d^p d^p _ 6??oM6 dp
(14.41)

Recall from Sec. 9.2.1 that for the same type of bearing but with an incom-
pressible lubricant the appropriate Reynolds equation is Eq. (14.41) but with
the right side of the equation equal to zero [see Eq. (9.2)].

From Eq. (14.41) the separate linearized Reynolds equations for the ridge
and step regions of the finite-width, parallel-step slider are

(14.42)

(14.43)

Subscript r refers to the ridge (see Fig. 14.2), subscript s refers to the step, and
subscript <? refers to the feed groove. Letting

changes Eqs. (14.42) and (14.43) to

(14.44)

(14.45)
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<?2 P, d'Ps A. dP,

where
_
""

(14.46)

(14.47)

(14.48)

Using separation of variables white solving for the pressure gives

= exp

1/2'

sin( Ĵ  V) + Er cos( Ĵ

1/2

(14.49)

= exp )

/ A^
-X -

1/2

(14.50)

where </,. and Ĵ  are separation constants. The boundary conditions are

1. P. = 0 when X = 0.

2. Fr = 0 when

^ _ fs + 4 __ â + 4 ̂  + ̂r + ̂ _ ̂  .
"̂"" "

3. P̂  = P, = cos(mTry) when

+ ̂r + 4

or X = i/!gA, where F̂  is the Fourier coefficient.

5. P̂  = P, = 0 when V = 1/2.
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6. g,. = <?s when X = i/\?A.

For boundary conditions 1 to 5, Eqs. (14.49) and (14.50) become

- E=̂1,3,...
where

The linearized equations describing the mass flow across the ridge and the step
can be written as

_ Pa /PrM^r Pa^ d

2 12% dz

Pa ' '
rt 1 D -̂
2 12%

Note that ĝ ^ and ̂ ^̂  are mass How rates in the ridge and step regions having
units of newton-seconds per square meter. This is quite different from volume
Row rates in Chapter 9 having units of cubic meters per second. By making
use of Eq. (14.44) these equations can be made dimensionless, where

12,706
,

'̂ "

Making use of boundary conditions 3 and 6 gives

(14.53)

By making use of Eqs. (14.51) to (14.53) the Fourier coefficient F̂  can be
solved.

,7 ̂  _ . -l)sin(?7i7r/2)

+

(14.54)
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14.4.2 Normal Load Component and Stiffness

The dimensionless load components for the ridge and the step can be written

,„ O /-ity,. = Ĵ - = i /
PaM A Jo

^ 2 /̂ /2 r^ = -̂ - = - / /
p^ AJo 7o

Substituting Eqs. (14.51) and (14.52) into these equations gives

* [ -̂  + ̂ ̂  ̂̂ '̂ f ̂.̂  ̂ ' ̂ ^ ) (14.56)

The total dimensionless load supported by a rectangular step pad can be written
as

tV = ̂L + ̂i = ̂ + ̂ (14.57)
Pa^O

The equation for the dimensionless stiffness is

Therefore, with Eqs. (14.54) to (14.58) the dimensionless load component and
stiffness for a self-acting, gas-lubricated, ftnite-width-step thrust pad is com-
pletely defined. From these equations it is evident that the dimensionless load
component and stiffness are functions of the following five parameters:

1. The dimensionless bearing number A^ =

2. The length-to-width ratio of the pad A =

3. The film thickness ratio #3 = —

&

4. The step location parameter ̂, =
, + A- + ̂9

5. The groove width ratio /!L = ^ —̂
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&

Figure 14.3: Transformation of rectangular slider bearing into circular sector
bearing.

14.4.3 Optimizing Procedure

The problem is to find the optimal step bearing for maximum load-carrying
capacity or stiffness at various bearing numbers. This means, given the dimen-
sionless bearing number A., find the optima! A, the optimal #a, and the optimal
p̂. The groove width ratio is much less significant than the other parameters.
Therefore, for all evaluations /3g will be set equal to 0.97.

The basic problem in optimizing A, .Ĥ , and ̂  for maximum load-carrying
capacity and stiffness is essentially that of finding values of A, R^, and i/'g that
satisfy the following equations:

(14.59)

<9A
(14.60)

A Newton- Raphson method is used for solving these simultaneous equations.

14.4.4 Step Sector Thrust Bearing

Figure 14.3 shows the transformation of a rectangular slider bearing into a circu-
lar sector bearing. For optimization of a step sector thrust bearing, parameters
for the sector must be found that are analogous to those for the rectangular
step bearing. The following substitution accomplishes this transformation:
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where No is the number of pads placed in the step sector. By making use of
this equation, the dimensionless bearing number can be rewritten as

The optimal number of pads to be placed in the sector is obtained from the
following formula:

No - ' (14.62)* —
In this equation Aopt is the optimum value for the length-to-width ratio. Since
No will normally not be an integer, rounding it to the nearest integer is required.

14.4.5 Results

Figure 14. 4a shows the effect of A^ on A, #a, and ĝ for the maximum load-
carrying capacity and a range of Aa from 0 to 410. The optimum step param-
eters (A, #a, and T/'g) are seen to approach asymptotes as the dimensionless
bearing number A^ becomes small. This asymptotic condition corresponds to
the incompressible solution of A = 0.918, ̂ = 0.555. and % = 1.693. Recall
that for the incompressible solution of a step bearing the right sides of Eqs.
(14.42) and (14.43) are zero.

Figure 14. 4b shows the effect of An on A, Fat and ̂  for the maximum
stiffness. As in Fig. 14.4(a) the optimum step parameters approach asymptotes
as the incompressible solution is reached. The asymptotes for the maximum
stiffness are A = 0.915, ̂  = 0.557, and #„ = 1.470. Note that there is a
difference in the asymptote for the film thickness ratio but virtually no change
in A and ̂  when compared with the results obtained for the maximum load-
carrying capacity.

Figures 14. 4a and b shows that for bearing numbers Ao greater than the
locations where T/!g, A, and #3 approach asymptotic values,

1. The length-to-width ratio A increases (i.e., the length of the pad increases
relative to its width).

2. The step location parameter i/̂  decreases (i.e., the length of the step
decreases relative to the length of the pad).

3. The film thickness ratio #0 increases (i.e., the depth of the step increases
relative to the clearance).

Figure 14. 5a and b shows the effect of dimensionless bearing number Aa
on dimensionless load-carrying capacity and stiffness. The difference in these
figures is that the optimal step parameters are used in Fig. 14.5a as obtained
for the maximum load-carrying capacity and in Fig. 14. 5b as obtained for the
maximum stiffness. Also shown in these figures are values of .Kg and W when
the step parameters are held fixed at the optimal values as obtained for the
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Dimensionless bearing number,

Figure 14.4: Effect of dimensionless bearing number on optimum step parame-
ters, (a) For maximum dimensionless toad-carrying capacity; (b) for maximum
dimensionless stiffness. [Rum
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incompressible solution. The significant difference between these results does
not occur until A,, > 8.

14.5 Spiral-Groove Bearing

An inward-pumping, spiral-groove thrust bearing is shown in Fig. 14.6. The
dimensionless parameters normally associated with a spiral-groove thrust bear-
ing are (1) groove angle ̂, (2) groove width ratio i/̂  = 5,./0g, (3) film thick-
ness ratio .Ha = /3s//i,,-, (4) radius ratio a = r;/ro, (5) groove length fraction
%? = (ro — rm)/(?*o — ft), (6) number of grooves A^, and (7) dimensionless
bearing number As = 3%̂ (?*o — r?)/pgA^. The first six parameters are geo-
metrical parameters, and the last parameter is an operating parameter. The
performance of spiral-groove thrust bearings is represented by the following
dimensionless parameters:

(14.63)
T r p a - r )

where Gy is the groove factor

(M.64)

... , ,,--,(14.65)

The design charts of Reiger (1967) are reproduced as Fig. 14.7. These were
obtained by solving for the pressure in the Reynolds equation [Eq. (14.13)]
for the spiral-groove thrust bearing given in Fig. 14.6 and then solving for the
various performance parameters.

In a typical design problem the given factors are load, speed, bearing enve-
lope, gas viscosity, ambient pressure, and an allowable radius-to-clearance ratio.
The maximum value of the radius-to-clearance ratio is usually dictated by the
distortion likely to occur to the bearing surfaces. Typical values are 5000 to
10,000. The procedure normally followed in designing a spiral-groove thrust
bearing by using the design curves given in Fig. 14.7 is as follows:

1 . Select the number of grooves No .

2. From Fig. 14.7(a) determine the groove factor Oy for a given radius ratio
a = n/fo and A?o.
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Figure 14.6: Spiral-groove thrust bearing,
[.from AManosM ana* .Pan

3. Calculate the dimensionless load Woo. [Eq. (14.63)].

4. If Woo > 0.8, then fo must be increased. Return to step 2.

5. From Fig. 14.7b, given W^ and Qr, establish Ag.

6. Calculate
1/2

If To/Ar > 10,000 (or whatever preassigned radius-to-clearance ratio), a
larger bearing or higher speed is required. Return to step 2. If these
changes cannot be made, an externally pressurized bearing must be used.

7. Having established what d^ and As should be, obtain values of A*oo, ?!?,
and Qm from Fig. 14.7c, d, and e, respectively. From Eqs. (14.64) to
(14.66) calculate &oo, q̂ , and ̂ .

8. From Fig. 14.7f obtain the fHm thickness ratio #o, the groove angle /?a,
and the groove width ratio i/̂ . From Fig. 14.7g obtain the groove length
fraction A,.

14.6 Closure

Gas bearings are analogous to hydrodynamic oil-lubricated bearings except that
the fluid is compressible. Furthermore, since air is 1000 times less viscous than
even the thinnest mineral oils, the viscous resistance is much less.
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0 .02 .04 .06 .08
Inverse of number of grooves, 1/Ng

I I I I Ml
0 10 20 30 40 50
Dimensionless bearing number, A^

.el I I !
0 10 20 30 40 50

t§ ^ I ! I I
ii
=J 20r-

0 10 20 30 40 50
A.

Figure 14.7: Charts for determining characteristics of spiral-groove thrust bear-
ings, (a) Groove factor; (b) toad; (c) stiffness; (d) torque; (e) How; (f) optimal
groove geometry; (g) groove length factor. [From Reaper

Copyright © 2004 Marcel Dekker, Inc.



366 FUNDAMENTALS OF FLUID FILM LUBRICATION

The Reynolds equation in dimensionless terms for a gas-lubricated bearing
where isothermal conditions and no slip flow prevail can be written as

where A = length-to-width ratio, f/&
Ag = dimensionless bearing number for thrust bearings,
^ = squeeze number,

In the preceding equation the compressibility of the gas complicates the analysis
by making the Reynolds equation nonlinear in the pressure f .

When only time-invariant lubrication is assumed, two limiting solutions of
extremely small velocities (Ag — > 0) and extremely large velocities (Ag — > oo)
produce three important principles:

1. At extremely low speeds gas bearing behavior is closely approximated by
incompressible or liquid lubrication.

2. At extremely high speeds p/t = constant and load becomes independent
of speed.

3. At extremely high speeds side-leakage effects are negligible, since finite-
and infinite-width-bearing solutions both approach p/t = constant.

In slip flow a difference exists between surface velocity and average fluid
velocity at the surface. Slip flow becomes important only in gas-lubricated
films. The Knudsen number /C is an inverse measure of the average number of
molecular collisions in a given Aim thickness.

where A^ is the mean free molecular path of the gas. For 0.01 < /C < 15, slip
flow becomes important.

Complete analytical results could not be obtained for a gas-lubricated,
parallel-surface bearing with no slip at the fluid-surface interface, time-invariant
lubrication, isothermal conditions, and no side leakage. This led to a lineariza-
tion approach first proposed by Ausman (1961), which was used to analyze a
gas-lubricated, rectangular-step thrust bearing.

14.7 Problems

14.1 For gas-lubricated, parallel-surface thrust bearings, covered in this chap-
ter, evaluate the pressure and normal load-carrying capacity by using Eqs.
(14.37), (14.38), and (14.30). Calculations are to be done on a digital
computer for

(a) ̂ = 1, Po = 4, and Ag = 1, 3, 6, 10, 30, and 100.
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(b) P; = 4, F. = 1, and Ag = 1, 3, 6, 10, 30, and 100.

Plot pressure profiles and give tabular results of pressure and load-carrying
capacity.

14.2 Discuss the effect of side leakage on normal load-carrying capacity for
gas bearings found in this chapter and that found for liquid-lubricated
bearings covered in Chaps. 8 and 10.
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Chapter 15

Gas-Lubricated Journal
Bearings

Symbols

/
/'

integration constants
bearing number for foil bearings,

Af

width of bearing, dimension in
side-leakage direction, m
groove width, m
radial clearance, m
pivot circle clearance, m
dimensionless friction force,
/Vp.c
friction force, N
friction force per unit width,
N/m
dimensionless film thickness
Him thickness ratio, ̂ s/̂ tr
film thickness, m
central film thickness, m
minimum film thickness, m
outlet film thickness, m
rate of working against viscous
shear (power toss), W
film thickness in ridge region, m
film thickness in step or groove
region, m
length in 2 direction, m
dimensionless stability parameter

ma mass of body, kg
m^ mass of body per unit width,

kg/m
Â o number of pads or grooves
P dimensionless pressure
p pressure, Pa
Pa ambient pressure, Pa
P1,P2 Hrst-, second-,..., order pertur-

bation pressure, Pa
R radius, m
R gas constant
r radius, m
T tension in foil, N
t̂  temperature, °C
tq torque, N-m
u velocity, m/s
Mb surface & velocity, m/s
PF dimensionless load
Wr dimensionless resultant load of a

journal bearing
W^ dimensionless resultant load in a

journal bearing when side leak-
age is neglected

Wr dimensionless resultant first-
order-perturbation load

Wx dimensionless tangential load
W; dimensionless normal load

369

Copyright © 2004 Marcel Dekker, Inc.



370 FUNDAMENTALS OF FLUID FILM LUBRICATION

??
7/0

resultant load in a journal
bearing, N
resultant load per unit length
in a journal bearing, N/m
tangential load, N
tangential load per unit length,
N/m
normal load, N
normal load per unit length,
N/m
Cartesian coordinate in direc-
tion of sliding, m
Cartesian coordinate in direc-
tion of side leakage, m
Cartesian coordinate in direc-
tion of Him, m
groove width ratio, ̂s/(̂ - + ̂)
angular extent of pivoted pad,
deg
groove angle, deg
groove width ratio, &i/b
eccentricity ratio, e/c
coordinate defined in Eq. (15.1)
absolute viscosity, Pa-s
absolute viscosity at p = 0 and
constant temperature, Pa-s

coordinate in cylindrical polar
coordinates
function of Aj defined in Eq.
(15.25)
function of Aj defined in Eq.
(15.26)
dimensionless bearing number
for journal bearings
width-to-diameter ratio
coefficient of sliding friction
angle between line of centers,
deg
density, kg/m
shear stress, Pa
attitude angle, deg
angle in spherical polar coordi-
nates, deg
angular extent from inlet to
pivot location, deg
angular velocity, rad/s

Subscripts
solid a (upper surface)
solid & (lower surface)
ridge
step

15.1 Introduction

In Chapter 14 the focus was on the fundamentals of gas lubrication in general
and on applying these fundamentals to thrust bearings. This chapter contin-
ues with gas-lubricated bearings, but the concern here is with journal bearings.
Recall that journal bearing surfaces are parallel to the axis of rotation, whereas
thrust bearing surfaces are perpendicular to that axis. Self-acting journal bear-
ings, considered in this chapter, rely on shaft motion to generate the load-
supporting pressures in the lubricant film. General information about journal
bearing operation is given at the beginning of Chapter 10 and therefore will not
be repeated here.

15.2 Reynolds Equation

Assuming no slip at the fluid-surface interface, isothermal conditions, and time-
invariant lubrication, the compressible Reynolds equation in Cartesian coordi-
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nates can be written from Eq. (7.55) as

For journal bearings, as considered in Chapter 10 (see Fig. 10.2), it is convenient
to change the variables in the preceding equation to

2 = r̂  y = r( M& = ruj (15.1)

Substituting Eq. (15.1) into Eq. (7.55) gives

d

If
p = paP and A = c#

this equation becomes

where

is the dimensionless bearing number for journal bearings.

15.3 Limiting Solutions

Just as for gas-lubricated thrust bearings in Chapter 14, two limiting cases are
considered here.

15.3.1 Low Bearing Numbers

As in Chapter 14, as the speed a? — > 0 and A., — > 0, P — > 1 and the pressure
rise AP ̂  0.

Therefore, expanding Eq. (15.3) and neglecting these terms results in
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This is the same equation dealt with in Chapter 10 for incompressibly lubricated
journal bearings. Neglecting the side-leakage term in Eq. (15.5) and assuming
a full Sommerfeld solution from Eq. (10.30) gives

From the friction force the friction coefficient is

c(l + 2e2)
MA,-o = - ̂ — - (15.7)

These results are applicable for L<j — > 0 or A., — > 0 for a self-acting, gas lubricated
journal bearing.

15.3.2 High Bearing Numbers

As in Chapter 14, as oj — * oo or Aj — > oo, the only way for the pressure to
remain finite in Eq. (15.3) is for

implying that J**R = constant. A possible solution is .P tx 1/R, and .P is
symmetrical about the line of centers. In Chapter 10 the film thickness wag
derived as

) (10.5)

#=- = ! + € cos <̂  (15.9)

.'.F=- - - — - (15.10)
1 + € COS <̂ ) ^ ^

and therefore the constant 4̂ must be evaluated.
One way to evaluate yl is to evaluate the mass of gas trapped in an infinitely

wide bearing.
f

= 2 / p/tr<^ (15.11)
Jo

where m^ is the mass of gas per unit bearing width. The density in this equation
can be expressed as shown in Eq. (14.3).

But when oj —> oo or A., —> 0, P# = constant = A
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^ (x ̂  (15.12)

From Eqs. (15.9) and (15.10) for a concentric journal (e = 0)

P = R = ̂ =1 (15.13)

Therefore, Eq. (15.10) gives

P=- - - - - (15.14)

The normal load-carrying capacity for an infinitely wide journal bearing when
A' — > oo is

/̂  COS

Wo rn+ € COS ̂
Using the Sommerfeld substitution covered in Chapter 10 [Eqs. (10.9), (10.11),
and (10.14)] gives

The friction force for an infinitely wide journal bearing when <̂  —> oo or A., —> oo
is

/-̂
=-r/

Jo
In dimensionless form this equation becomes

But
2?r/̂  G%(̂  f ̂

0 ^ 7o ^

The friction coefficient when ̂  — > oo and A., — + oo is

,_̂  3(1-

3 [1 _ (1 ,2)1/2] .

These limiting solutions are important information when verifying exact nu-
merical solutions.
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15.4 Pressure Perturbation Solution

Ausman (1959) used the perturbation method to linearize Eq. (15.2) to obtain
an approximate solution. The genera,! concept of the perturbation method is to
substitute Eq. (10.5) and

P = pa + €pi+e2p2 + ... (15.18)

into Eq. (15.2) and neglect all terms of order e^ or higher. This gives

(15.19)

Equation (15.19) can be solved (see Ausman, 1959) for the first-order pertur-
bation pressure, which in turn can be integrated in the usual fashion to obtain
parallel and perpendicular components of the load tDx and il̂ . The results are

^ = ̂_ = _J^ [A + /,(A,,A,)1 (15.20)

-[A-/;(A.,,A.,-)] (15.21)

where

A., = — (15.22)

^,-A \ \ (Ah-AeA.,)sin(2AcA.,)-(AbA,,+Ac)sinh(2AhA,,) ^-^r,\
/̂ (A.,,A.,j — \ /i , A2\l/2 [ t,roA \ 1 + I'gA \.-jl (lo.̂ jj

, _ (Ah - AcA^) sinh(2AhA.,) - (Â Â  + Ac) sin(2AeA^) /it-^\
"̂  '̂ ̂  ** A,,(l + A2)V2 [cosh(2Â A,,) + cos(2A,Â )] ^ ' ^

(15.26)

The equations for the total load and the attitude angle can be written as

IV
$ = tan^-^ (15.28)

W^
Note from Eqs. (15.20) and (15.21) that the Arst-order perturbation solution
yields a load linearly related to the eccentricity ratio e. This is a consequence
of the linearization and is valid only for small e, say e < 0.3, although as a
conservative engineering approximation it may be used for higher values.

Figure 15.1 plots the load parameter and the attitude angle for the first-
order perturbation analysis at several Aj values.
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100

80

60

40

20

Attitude angle
Load

0 .1 .5 .7 1 1.5 2
Dimensionless bearing number, Ay

5 10

Figure 1S.1: Design chart for radially loaded, self-acting, gas-lubricated journal
bearings (isothermal first-order perturbation solution.) [.R"cm Amman

Example 15.1

Given A gas lubricated journal bearing with the Reynolds equation in the
form of Eq. (15.3).

Find Derive the Reynolds equation for a first-order perturbation on eccentric-
ity when

$ = PR^ = 1 + ĝ i and R = 1 + e cos ̂  (a)

Solution

Also we can write that
PR =

9(PR) _ 1
d<^ * R

dR

Substituting Eqs. (a) through (d) into Eq. (15.3) gives

- + = i
^ R3 d^yj R3( 9(y* R R2
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or

Expanding gives

+ T7 I ̂1- ) -

Multiplying by R^ gives

Now we want to perturb ̂  so that

Also

Note that (§)', §S§, (§̂)', and (§)' are of order e' and higher and

thus are eliminated. Making use of Eqs. (/) through (4;), while neglecting terms
of ê  and higher, Eq. (e) becomes

(1 + e$i)(l + ecos^ei + 2(1 + ̂̂  +
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Neglecting terms of order e^ and higher gives

In this equation, ̂ i is the desired value, from which we can calculate ̂  from

Also

15.5 Linearized ^ Solution

Ausman (1961) introduced a linearized p/t solution to the self-acting, gas-
lubricated journal bearing problem that corrected for the deficiency of the Arst-
order perturbation solution at high-eccentricity ratios given in the last section.
The general method of linearization is essentially the same as the perturbation
method except that the product p/t is considered to be the dependent variable.
To do this, Eq. (15.2) is arranged so that p always appears multiplied by /t.
Equation (10.5) and

p^ = paC+A(p^) (15.29)

are then substituted into this equation, and only first-order terms in eccentricity
ratio 6 are retained. It is assumed that A(p/t) is of order e. The resulting
"linearized p/!," equation is

+ T = A,-- - ep.ccoŝ  (15.30)

Equation (15.30) is essentially the same form as the first-order pressure pertur-
bation equation [Eq. (15.19)] and can be solved in the same manner for p/t.
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Once p/3 is found, the pressure can be obtained by dividing by ̂ . The resulting
expression for p is then put into the load component integrals to obtain Wg and
Wz- The results are

-(l -<-)'"

The total load and the attitude angle for the linearized p?t solution are

(15.33)

tan<& = tan=r'=(l-€2) tan<& (15.34)

where Wr and <& are the values obtained from the first-order perturbation so-
lution given in Eqs. (15.20), (15.21), (15.27), and (15.28), respectively.

Figure 15.2 shows the effectiveness of this method in estimating the load
versus eccentricity ratio for particular A., and A.,. The linearized p/t and the
first-order perturbation are the same for e < 0.4 but differ for larger values of
e. For e < 0.4 the linearized p/t solution and the numerical exact solutions are
in good agreement.

The bearing frictional torque and the power dissipated in a journal bearing
are easily estimated by the simple but fairly accurate formulas given here.

(15.35)

(15.36)

Example 15.2
Given A 2.5-cm-diameter by 2.5-cm-wide self-acting, gas-lubricated journal
bearing operates at 1500 rad/s (14,400 rev/min) with an average radial clear-
ance of 7.5 /̂ m and a minimum clearance of 1.5 /̂ m.

Find Estimate the maximum load that can be carried by the bearing. Assume
ambient pressure of 1 x 10̂  Pa and % = 2 x 10*3 p̂ .g

Solution Note that

_ 6770̂ 7-2 _ 6(2 x 1Q-5)(1.5 x 1Q3)(1.252 x 10*4)
" * p^ " (1 x 1QS)(7.52 x 10-12)
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1.4.—

1.2

1.0

O Experimental data (from
SternlichtandElwell. 1958)

*? j Computer solutions

Figure 15.2: Effect of di-
mensionless load on ec-
centricity ratio for fmite-

First-order perturbation length, self-acting, gas-

tubricated journal bear-
ing. Dimensionless bear-
ing number Aj, 1.3;

i I I width-to-diameter ratio
.4 .6

Eccentricity ratio, e
1.0 A.,, 1.5.

2.5

From Fig. 15.1 for A^ = 5 and A., = 1

= 0.7 or ̂  = 0.7-p̂ &(2r)e = 68.?€ N

= 35°

Also, e is obtained as

From Eq. (15.33),

r = 137.4
[1-(l-0.
0.80(1 - 0.64)̂ /2

[1 - (0.64)(0.33)]i/2 = 92 N
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15.6 Nonplain Journal Bearings

Thus far this chapter has been concerned with plain gas-lubricated journal bear-
ings. A problem with using these bearings is their poor stability characteristics.
Lightly loaded bearings that operate at low eccentricity ratios are subjected to
fractional frequency whirl, which can result in bearing destruction. Two types
of nonplain gas-lubricated journal bearings that find widespread use are the
pivoted pad and the herringbone groove.

15.6.1 Pivoted-Pad Journal Bearings

Pivoted-pad bearings were first introduced in Sec. 9.4 as a type of incompress-
ibly lubricated thrust bearing. Pivoted-pad journal bearings are most frequently
used as shaft supports in gas-lubricated machinery because of their excellent
stability characteristics. An individual pivoted-pad assembly is shown in Fig.
15.3. A three-pad pivoted-pad bearing assembly is shown in Fig. 15.4. Gener-
ally, each pad provides pad rotational degrees of freedom about three orthogonal
axes (pitch, roll, and yaw). Pivoted-pad bearings are complex because of the
many geometric variables involved in their design. Some of these variables are

1. Number of pads No

2. Angular extent of pad ap

3. Aspect ratio of pad r/&

4. Pivot location <^p/<2p

5. Machined-in clearance ratio c/r

6. Pivot circle clearance ratio e'/r

7. Angle between line of centers and pad leading edge $p

An individual pad is analyzed first. Both geometric and operating pa-
rameters influence the design of a pivoted pad. The operating parameter of
importance is the dimensionless bearing number A,,-, which was defined in Eq.
(15.4).

The results of computer solutions obtained from Gunter et al. (1964) for
the performance of a single pad are shown in Fig. 15.5. This Agure shows
dimensionless load, dimensionless pivot Him thickness, and dimensionless outlet
Aim thickness as functions of pivot location and eccentricity ratio. These Aeld
maps apply for a pad with the following held Axed:

1. Aspect ratio of pad r/b = 0.606.

2. Angular extent of pad ctp = 94.5°.

3. Dimensionless bearing number A., = 3.5.
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Pivot

Figure 15.3: Geometry of individual pivoted-pad bearing. [From Gunner

Field maps must be generated for other geometries and bearing numbers. Ad-
ditional field maps are given in Gunter et al. (1964).

When the individual pad characteristics are known, the characteristics of
the multipad bearing shown in Fig. 15.4 can be determined. With the arrange-
ment shown in Fig. 15.4 the load is directed between the two lower pivoted pads.
For this case the load carried by each of the lower pads is initially assumed to
be Mj,-cos/?p. The pivot film thicknesses /tpj and /tp̂  are obtained from Fig.
15.5b. Furthermore, the upper-pad pivot film thickness ̂3, the eccentricity
ratio e, and the dimensionless load W,-3 can be determined.

Pivoted-pad journal bearings are usually assembled with a pivot circle clear-
ance c' somewhat less than the machined-in clearance c. When c'/c < 1, the
bearing is said to be "preloaded." Preload is usually given in terms of a preload
coefficient, which is equal to (c — e')/c. Preloading is used to increase bearing
stiffness and to prevent complete unloading of one or more pads. The latter
condition can lead to pad flutter and possible contact of the pad leading edge
and the shaft, which in turn can result in bearing failure.
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- Pivot

- Pivoted partial
journal bearing

Figure 15.4: Geometry of pivoted-pad journal bearing with three pads.
^ a/.

15.6.2 Herringbone-Groove Journal Bearings

A Axed-geometry bearing that has demonstrated good stability characteristics
and thus promise for use in high-speed gas bearings is the herringbone bearing.
It consists of a circular journal and bearing sleeve with shallow, herringbone-
shaped grooves cut into either member. Figure 15.6 shows a partially grooved
herringbone journal bearing. The groove parameters used to define this bearing

1 . Groove angle /?̂

2. Groove width ratio a& = ̂

3. Film thickness ratio R^ =

4. Number of grooves Nn

5. Groove width ratio = &i

f,. + ̂
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Eccentricity
— ratio, e

Angle between
line of centers

and pad
leading edge,

Converging-
diverging
fluid film
/ ./ /

Converging
, fluid film

— ^-Optimum
pivot

_ location

(a) ! I 1* f I ! I
.58 .60 .62 .64 .66 .68 .70 .72 .74 .76

Dimensionless pivot location,

100

I I [ I I I I ! I
.58 .60 .62 .64 .66 .68 .70 .72 .74 .76

Dimensionless pivot location, <t),/otp

Figure 15.5: Charts for determining load coefficient, pivot Him thickness, and
trailing-edge Him thickness. Bearing radius-to-length ratio r/&, 0.6061; angular
extent of pad ap, 95.5°; dimensionless bearing number Aj, 3.5. (a) Dimension-
less load; (b) dimensionless pivot Him thickness. [From Cimier e^ a^
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.9 -

.8

.7

b

0.60i y.70

Figure 15.5: Con-
cluded, (c) Dimen-

.58 .60 .62 .64 .66 .68 .70 .72 .74 .76 sionless outlet film
(c) I I I

Dimensionless pivot location, <t<p/otp thickness.

Figure 15.6: Configuration of concentric herringbone-groove journal bearing.

The operating parameters used for herringbone journal bearings are

1. Width-to-diameter ratio A,, = b/2r.

2. Dimensionless bearing number Aj = 6%̂ r̂ /Pâ r-

Both these parameters are dimensionless.
Figure 15.7 presents the optimum herringbone journal bearing groove pa-

rameters for maximum radial load. These results were obtained from Hamrock
and Fleming (1971). The top portion of each part is for the grooved member
rotating, and the bottom portion is for the smooth member rotating. The only
groove parameter not represented in this figure is the number of grooves to be
used. Hamrock and Fleming (1971) found that the mwwwM?n number of grooves
to he placed around the journal can be represented by No > A.,/15.

Figure 15.8 establishes the maximum normal load-carrying capacity for
the operating parameters of a gas-lubricated herringbone journal bearing. The
optimum groove parameters obtained from Fig. 15.7 are assumed.
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Width-to-
diameter ratio,

40 80 120 160 0 40
Dimensionless bearing number, A.

120 160

Figure 15.7: Charts for determining optimal herringbone journal bearing groove
parameters for maximum radial load. Top plots are for grooved member rotat-
ing; bottom plots are for smooth member rotating, (a) Optimal Rim thickness
ratio; (b) optimal groove width ratio. [.From FamrocA; and

More than any other factors, self-excited whirl instability and low load
carrying capacity limit the usefulness of gas-lubricated journal bearings. The
whirl problem is the tendency of the journal center to orbit the bearing center
at an angular speed less than or equal to one-half that of the journal about
its own center. In many cases the whirl amplitude is large enough to cause
destructive contact of the bearing surfaces.

Figure 15.9, obtained from Fleming and Hamrock (1974), shows the stabil-
ity attained by the optimized herringbone journal bearing. In this figure the
dimensionless stability parameter is introduced, where

(15.37)

where m^ is the mass supported by the bearing. In Fig. 15.9 the bearings with
the grooved member rotating are substantially more stable than those with the
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1.0
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.6
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.2

Width-to-

ratio.

- 1/4 26
^ .̂-
, -\ 1
A \ 2 24

\ _^_ ** ' .;

/-*** ST
Y" ^

L ^ ^ 1 ' #1,

f\
r\

Y /*
! ./*i. /

i t i i

<" ""
120 160 0 40
Dimensionless bearing number, L

Figure 15.7: Concluded, (c) Optimal groove length ratio; (d) optimal groove
angle.

smooth member rotating, especially at high bearing numbers.

15.7 Foil Bearings

A unique bearing for high-speed applications is the foil bearing, shown schemat-
ically in Fig. 15.10a. Foil bearings have found use in aerospace applications for
their light weight, and have direct application to the design of tape recording
heads. The main advantages of foil bearings are their self-acting nature, their
light weight and their ability to use air as the lubricant for lightly loaded appli-
cations. Some of the concerns for foil bearings are the tendency for whirl and
relatively tow load support. A number of investigators have modeled foil bear-
ings, notably Blok and van Rossum (1953), Walowit and Anno (1975), Gross,
et al. (1980), and Bhushan (2002). The main differentiating feature of a foil
bearing is that one of the bearing surfaces is extremely compliant, consisting
of a thin film of metal or polymer. As can be seen, the foil bearing contains
an inlet region where the film shape is converging, a central region where the
film thickness is essentially constant, and an exit region. The central region
is of particular interest, since smooth parallel surfaces are rarely encountered
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..-

12

13
° 0
m

^ 16

12

Figure 15.8: Chart for determining
maximum normal load-carrying ca-
pacity. (a) Grooved member rotat-

40 so 120 160 ing; (b) smooth member rotating.
Dimer-sionless bearing number, and

in bearings because of the lack of load support, as discussed in Sec. 8.1. Also,
the performance of magnetic tape recording heads depends on the ability of
maintaining a constant and uniform film thickness.

The usual forms of a foil bearing are for either Ma = 0 (for a journal bearing)
or Mb = 0 (as commonly seen in magnetic heads). Consider the case where
^ = 0 and tta = M, with air serving as the lubricant. It will be assumed that
the pressures are low, so that air can be taken as isoviscous and incompressible.
The foil or tape has a constant tension, T, and wraps partially around the
bearing. Considering an element of the bearing as shown in Figure 15.10b,
equilibrium yields

(15.38)

For small 0, sin# ̂  0 so that Eq. (15.38) becomes

pR = T; p=I (15.39)

This pressure will be constant throughout the entire central region of the foil
bearing. Assuming no side How, the Reynolds equation in the inlet zone of the
foil bearing is
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Width-to-
diameter
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1
2

4 6 8 10 20
Dimensionless bearing number, A^
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Figure 15.9: Chart for determining maximum stability of herringbone-groove
bearings. [From Hemmy an^ #amroc%:
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Figure 15.10: (a) Schematic illustration of a foil bearing; (b) free-body diagram
of a section of foil.

where /̂  is the central Rim thickness. If a parabolic approximation of the inlet
zone is used,

x2
^ = ̂c + ̂ (15.41)

The Reynolds equation is nondimensionalized by the following variables:

^ (15.42)

From Eqs. (15.42) and (15.43) it can be seen that

and
, - ̂ _ (x2/2R)

so that Eq. (15.40) becomes

Therefore,

^

(15.47)
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DeAne the bearing characteristic number for a foil bearing as

So that Eq. (15.47) becomes

The boundary conditions are that p = E/T at the edge of contact [from Eq.
(15.39)] and p = 0 far from the contact region. These can be written in terms
of ̂  and (̂  as

at ̂  = 0, ̂  = 1

at $ = oc, <?!< = 0

Therefore, integrating Eq. (15.49),

The integral on the right side of Eq. (15.50) can be shown to be equal to Tr/16.
Therefore, applying the boundary conditions,

R/ = (15.51)

Substituting Eq. (15.48) into (15.51) and solving for the centra! Aim thickness
yields

"^ 16 , ,

7rV2

Solving for Ac,

,.,,̂(15.53)

The Him thickness decreases slightly in the outlet region in order to maintain
flow continuity. Gross et al (1980) have derived the pressure distribution across
a foil bearing, and their results are shown in Figure 15.11. Bhushan (2002)
reports the minimum film thickness in the foil bearing as

/tniin ̂  0.72/tc (15.54)
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Figure 15.11: Pressure distribution and film thickness in a foil bearing.

15.8 Closure

The discussion of gas-lubricated bearings was continued from Chapter 14 with
the focus of this chapter being journal bearings. The appropriate Reynolds
equation was presented, and limiting solutions of extremely low- and high-speed
results were discussed. Because of the nonlinearity of the Reynolds equation,
two approximate methods were introduced. The first of these approaches is a
perturbation solution where the pressure is perturbed with the eccentricity ratio
e. When terms of order ê  and higher are neglected, the nonlinear Reynolds
equation becomes linear, and thus analytical solutions can be obtained. It was
found that the first-order perturbation solution yields a load relationship that is
linearly related to the eccentricity ratio. This result was found to be valid only
for small eccentricity ratios, say e < 0.3, although as a conservative engineering
approximation it may be used for higher values.

The second approximate method covered in this chapter was the linearized
p/: approach of Ausman. The linearization is essentially the same as the per-
turbation method except that the product pA is considered as the dependent
variable. This method predicts the load-carrying capacity more accurately for
the complete range of eccentricity ratios. Furthermore, the results agree well
with those found experimentally. The latter part of the chapter covered non-
plain journal bearings. Two types of nonplain gas-lubricated journal bearing
were considered, namely, pivoted pad and herringbone groove. Charts were
presented to help in the design of these bearings. Foil bearings were analyzed,
and Rim thickness equations used in the design of magnetic recording systems
were developed.
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15.9 Problems

15.1 Discuss the effect of side leakage on normal load-carrying capacity of gas-
and liquid-lubricated journal bearings.

15.2 Starting with Eq. (15.2) show all the steps in arriving at the "linearized
pA" solution given in Eq. (15.30).

15.3 Starting with Eq. (15.3) derive the Reynolds equation for a perturbed
solution.

15.4 A self-acting, air-lubricated journal bearing with a 400-mm diameter and
100-mm width is used in gas turbine aircraft engines. It may he assumed
that an eccentricity ratio of 0.5 is its operating position. Estimate the
theoretical maximum load capacity of the bearing:

(a) Under full-speed conditions at sea level (engine speed 20,000 rev/min;
ambient pressure 101.3

(b) Under engine idling conditions at 13-km altitude (speed 10,000 rev/min:
pressure 16.58

15.5 A magnetic recording head used in rapid duplication of video tapes uses
a head with a radius of 20 mm and a tape speed of 2 m/s. Determine the
tension that must be applied to the tape in order to maintain a film of
air of 0.05 m̂.
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Chapter 16

Hydrodynamic Lubrication
of Nonconformal Surfaces

Symbols

E
E'

L
p
Ph

integrationconstants
integration constants
-Si/(3i + l),Eq. (16.6)
dimension in side leakage direc-
tion,m
modulus of elasticity, Pa
effective elastic modulus,

E.
,Pa

p
R
r
,S

si
t
{7
tt

dimensiontess shear force
tangential (friction) force, N
tangential (friction) force per
unit width, N/m
dimensionless film thickness
film thickness, m
fluid inlet level, m
film thickness where dp/&c = 0, m
minimum film thickness, m
outlet film thickness, m
central film thickness, m
hydrodynamic lift
dimensionless pressure
homogeneous solution to dimen-
siontess pressure,

, Y,

dimensionless pressure where
dP/dX = 0
particular solution to dimension-

less pressure, 2ppRs/T7o(u<. + "h)
pressure, Pa
curvature sum, m
radius, m
separation due to geometry of
solids, m
r/A,o
time,s
dimensionless speed, ̂ o"/E'R;c
velocity in ̂ -direction, m/s
mean surface velocity in z-direc-
tion, (Ma + M&)/2, m/s
velocity in ̂ /-direction, m/s
dimensionless load, n̂ /E'Rx
dimensionless load predicted by
Kapitza
load, N
load per unit width, N/m
squeeze velocity, m/s

load ratio, tHRnite /"̂ infinite

dimensionless Cartesian coordi-
nate system
X/(2J7,y/2, Eq. (16.67)
Cartesiancoordinatesystem, m
y/(2arRc)̂ ', Eq, (16.68)
fraction of clearance width in y
direction occupied by lubricant
ratio of radius to central film
thickness, r//to
radius ratio, Ry/R^

395
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ratio of squeeze to entraining
vetocity, i^M/tt
film thickness reduction factor
due to starvation, #mtn,.s/Rmin
dynamic load ratio,

/?u, dimensionless normal vetocity
parameter, â /̂ Rmin)*̂

T PR̂ 2, gq (16.44)
*y Sommerfeld variable
f? absolute viscosity, Pa-s
??o absolute viscosity at p = 0 and

constant temperature, Pa-s
Aj width-to-diameter ratio, &/2r
^ Poisson's ratio
,̂ dynamic peak pressure ratio,

P̂ /(P,)̂ =o
p density of lubricant, kg/m^

density of lubricant where
dp/dx = 0, kg/m^
location of minimum film thick-
ness, deg
angle in spherical coordinates,
deg
side-leakage factor [see
Eq. (16.64)]
angular velocity, rad/s

Subscripts

a solid a (upper surface)
b solid & (lower surface)
in inlet
s starvation
,̂ y, 2 Cartesian coordinates

16.1 Introduction

The focus of the last eight chapters has been on conformal lubricated conjunc-
tions such as those in journal and thrust bearings. The remainder of the book
focuses on nonconformal conjunctions such as those in rolling-element bear-
ings, gears, and cams and followers. In these conjunctions the common feature
is that the solid surfaces do not fit well geometrically, as was found to be true
for conformal surfaces such as journal bearings. When these nonconformal con-
junctions are very lightly loaded, the hydrodynamic pressure is not high enough
to cause appreciable elastic deformation of the solid surfaces or to significantly
change the lubricant viscosity so that the lubrication mode is hydrodynamic.
Later chapters deal with elastic deformation of surfaces and how pressure af-
fects viscosity; this chapter serves as a link between the two parts of the book.
The particular nonconformal surfaces investigated here are cylindrical surfaces
of finite width and elliptical surfaces in general.

16.2 Infinitely-Wide-Rigid-Cylinder Solution

From Eq. (7.58) the Reynolds equation can be written as

_

dx
(7.5H)
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(a)

Figure 16.1: Lubrication of a rigid cylinder near a plane, (a) Coordinates and
surface velocities; (b) forces.

Neglecting side leakage and assuming isoviscous, pure rolling, and time-invariant
conditions reduces this equation to

dz
(16.1)

As was found in Sec. 10.1, the solutions from making the above approximation
are felt to be valid as long as the diameter-to-width ratio is less than 0.5 (A& =
2r;,/& < 0.5). Integrating gives

o!p
— = 6770 (Ma + Mt) (16.2)

where
dp

when — =0

Figure 16.1 shows the coordinates, surface velocities, and forces associated with
the lubrication of a rigid cylinder near a plane. Recall that in Sec. 12.5 the
film shape between a rigid cylinder and a plane was found to be

If x <g r so that 1,
ar

(12.50)
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Equation (12.50) is referred to as the "parabolic approximation to the exact
solution." From Fig. 16.1 the 2 coordinate and the exact film thickness can
also be written as

(16.3)

and
/t = ̂ o + r — r cos <̂ < (16.4)

This equation can be rewritten as

/ r
/t = (̂ o + r) 1 - 7 - cos <

\ /H) + r

or

?t=-— (1 + aicos^) (16.5)
ai

where
r/% si /i,?^mi = -- - — ; — = -- (16.6)

1+r/^o gi + 1 ^ ^

si = ̂  (16.7)
"o

The advantage that Eq. (16.5) has over Eq. (12.49) or (12.50) is that the Som-
merfeld substitution introduced in Chapter 10 for journal bearings can be em-
ployed directly.

16.2.1 Pressure Distribution

Assuming incompressible lubrication reduces Eq. (16.2) to

P̂ c / , ̂  " ̂  /ic o^— = 6% ̂ + Mb) — -g— (16.8)

Substituting Eqs. (16.3) and (16.5) into the preceding equation gives

^ ' ^

Making use of the Sommerfeld substitution covered in Chapter 10, in particular
Eqs. (10.9), (10.11), and (10.14), while integrating Eq. (16.9) gives

6% (Ma + M;,) a^ ̂  -,,"l^o/ ^ , \̂ /iRin^
P = - < ̂((ii, 7) -̂ -- -63(̂ 1, 7) + ̂ ] (16.10)

where 7 is the Sommerfeld variable

^ (16.11)
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and

+ (1 + a!) sin7 - ̂ sin7cos7) (16.12)
(1 — a^) ' \ 2 2 /

The boundary conditions assumed by the Martin (1916) analysis are

1. p = 0 when ̂  = î .

2. p = dp/da; = 0 when ̂  = <^o.

The choice of <yS; has little effect on the solution as long as <̂  is not too small,
and hence it is often assumed that <̂  = —90°. The second boundary condition
given above is the Reynolds boundary condition. Unfortunately, an analyti-
cal expression for the pressure distribution cannot be obtained, and numerical
methods must he used.

16.2.2 Load Components

Figure 16.Ib shows the loads acting on the solid surfaces. Note that these load
components are essentially the same as those presented in Fig. 8.4 for thrust
bearings. The only difference is that Fig. 8.4 is for conformal surfaces but Fig.
16. Ib is for nonconformal surfaces. The loads acting on a unit width (in the y
direction) of the cylinder and plane are defined by the following relationships:

M^ = 0 (16.13)

(16.14)

(16.15)

(16.16)

<& = tan"*^y^ (16.17)

A different stress equation must be used in the load-carrying and cavitated parts
of the conjunction. Owing to the presence of air bubbles, the shear stresses act
over a small portion of the cavitated region. If % is the fraction of the clearance
space width in the y direction occupied by lubricant, flow continuity yields

% = -̂  (16.18)

Figure 16.2 shows the cavitation fingers that normally occur. In general, the
cavitation zone will terminate at some point between To and ̂ (̂ 2 and ?r/2).
The general expressions for the viscous forces acting on the solids are
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' 2

Air

Air

Figure 16.2: Cavitation fingers.

/̂  =
r^
/
y^

/-<̂ . f̂ r

/ (-r)̂ ĉoŝ -̂r /ŷ ; y^o
It can be shown that

where

(16.19)

(16.20)

(16.21)

(16.22)

(16.23)

Solutions have been presented for these force components for a wide range of
r/Ao by Dowson and Higginson (1966). For r//to greater than 10̂  they found
that a good approximation to the force components is given by

1/2

(16.24)

(16.25)
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(16.26)

L/2

^ -̂*̂ '̂/u\̂ o "*ay t t <2 \/to/

' r \ 1/2
fb = -^f-2.847?o(M^-Mj}- (16.27)

.c7 '̂̂
The results given in Eqs. (16.24) to (16.28) are referred to as the "Martin
solutions". Note from Eq. (16.26) that the minimum film thickness is directly
proportional to the speed and inversely proportional to the load.

16.3 Short-Width-Rigid-Cylinder Solution

This analysis follows the approach developed by Dubois and Ocvirk (1953) and
used in the short-width-journal-bearing solution covered in Sec. 10.4. It is
assumed that the width of the cylinder 5 is small relative to the radius r and
that the first term on the left side of Eq. (7.48) can be neglected.

16.3.1 Pressure Distribution

Neglecting the first term on the left side of Eq. (7.48) gives

d

Since /: is only a function of z, the preceding equation can be integrated to give

and

The y coordinate is in the axial center of the bearing so that the boundary
conditions are p = 0 when y = ±5/2. Making use of these boundary conditions
gives

- - 3%
7i = 0 and .o =

4
3770 (M. + Mh) <%

Difficulties a.re encountered if a circular profile for the film thickness is used
as shown in Eq. (16.5), since d/t/da: and hence p achieve an infinite value when
^ = —90°. However, if the parabolic profile given in Eq. (12.50) is used, the
difficulty is removed.
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Note that the pressure is zero (or ambient) along the line of closest approach,
or z = 0.

16.3.2 Load Components

If the subambient pressures predicted for the divergent clearance space are
neglected, a normal load component can be defined as

/.b/2 /.o
= / / pdz&/ (16.34)
7-6/27-00

Substituting Eq. (16.33) into this equation gives

/-6/27-

?7o(Ma -"-"" ̂
(16.35)

The comparable solution of the infinitely wide cylinder given in Eq. (16.26) is

^+M6)^- (16.36)

An important difference between the two solutions given in Eqs. (16.35) and
(16.36) is that the short-width cylinder's load-carrying capacity is independent
of r in Eq. (16.35). Also note in Eq. (16.35) that the central (also minimum)
film thickness is proportional to the normal applied load raised to the -0.5
power. This is contrasted with the results given in Eq. (16.36) for an infinitely
wide cylinder where /:o ex 1/u/̂ .

16.4 Exact Rigid-Cylinder Solution

The infmitely-wide-cylinder and short-width-cylinder solutions represent ex-
tremes that are clearly different from each other and that are likely to lead to
erroneous predictions for cylinders of realistic size. Therefore, for most appli-
cations both Poiseuille terms are important and need to be considered.

16.4.1 Pressure Distribution

The full solution of the Reynolds equation for rigid cylinders of finite length has
been obtained numerically by Dowson and Whomes (1967). The appropriate
Reynolds equation is

+ ' = 6̂ " + t (16.37)
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Let

x = Xr-r y=^ A = AoR p="''̂ ""̂ "°'" (16.38)

Substituting Eq. (16.38) into (16.37) gives

7̂ f̂ l + 1̂ , ( R3̂ - ) = ̂  (16.39)

where

A,, = — (16.40)

Assuming a parabolic film shape such as given in Eq. (12.50) while making use
of Eq. (16.38) gives

R = l + -̂ -(X-l)2 (16.41)

Note that using Eqs. (16.38) and (16.41) in (16.33) gives the dimensionless
pressure for the short-width-cyhnder analysis as

+ ̂ /2)(X-l)f

where
^ = ̂- (16.43)

Ac
and 0 < X < 1 and — 1 < V < 1. The pressure distribution exhibits an
extremely localized pressure region with high values of &P/&X. Such a condition
is not favorable for using a numerical method in solving Eq. (16.37). To produce
a much gentter curve, a parameter F is introduced such that

T = PR3/2 (16 44)

Expressing the Reynotds equation in terms of F produces a much gentter curve
than just using P. If P is large, then R is smalt, and vice versa, so that the
new parameter F is much gentter.

Substituting Eq. (16.44) into Eq. (16.39) gives

3 F

Note that substituting Eq. (16.44) into (16.39) eliminated all terms containing
derivatives of products of R and F. This turns out to be an advantage for the
numerical calculations that need to be performed.

Relaxation methods are used to solve Eq. (16.45) numerically. In the re-
laxation process the first step is to replace the differential equation (16.45) by
finite difference approximations. The relaxation method relies on the fact that
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a function can be represented with sufficient accuracy over a small range by
a quadratic expression. A full account of the relaxation procedure employed
in solving Eq. (16.45) can be found in Dowson and Whomes (1967). A Anite
difference representation is introduced that is based on having equal increments
in the width or axial direction and variable increments in the z direction.

The boundary conditions imposed are

1. a; = 3;̂  and P = 0.

2. !/ = ±&/2, V = ±1, and P = 0.

3. T = zo and P = dP/dX = dPdK = 0.

By making use of these boundary conditions the pressure distribution can
be obtained.

16.4.2 Load Components

Once an acceptable distribution has been obtained, the load components w^
and w,s can be obtained from the integrals given in the short-width-bearing
analysis [Eq. (16.34)]. FromEqs. (16. 39) and (16. 41) the operating parameters
are (1) the width-to-diameter ratio A., = &/2r and (2) the radius-to-central-
Alm-thickness ratio 0;̂ , = r/^o- The range of a^ is from 1(P to 10̂ .

Figure 16.3 shows the effect of side leakage on the normal load component
for five values of â . For increasing values of ô  the asymptotic value of the
normal load ratio is reached for smaller values of Aj. Similar results were
found for the tangential load ratio (Fig. 16.4). From the load ratio t& and the
infinite-width solutions from Eqs. (16.25) and (16.26), the load component for
a finite-width bearing can be obtained. That is,

tffinite = ̂infinite (16.46)

The normal and tangential load components of a finite-width bearing can be
obtained by making use of Figs. 16.3 and 16.4 and Eqs. (16.46), (16.25), and
(16.26).

Example 16.1
Given A cylinder has & = 2 in., r = 10 in., ̂ o = 10*2 in., % = 1 P, M?, =
500 in./s, and tt̂  = 0

Find Calculate t̂ .

Solution

A - A - ^ -01
^ " 2r " 2(10) " "'*

and
r 10 o
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.2 .4 .6 .8

Width-to-diameter ratio, = t)/2r

1.0

Figure 16.3: Side-leakage effect on normal load component.

From Fig. 16.3 for A., =0.1 and ô  =

= 0.6

From Eq. (16.26)

(̂ )inrmite = ̂ = 2.

From Table 4.1

1 P = 100 cP = 100(1.45 x 10"̂ ) Ib-s/m.̂  = 1.45 x 10̂  lb.s/in.̂

(̂ )inHnite = 2.44(1.45 x 10"̂  lb.s/in.2)(500 in./s)(2 in.)(10̂ ) = 35.38 Ib
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1.0t—

.4 .6
Width-to-diameter ratio, X, = o/2r

1.0

Figure 16.4: Effect of leakage on tangential load component.

16.5 General Rigid-Body Solution

The three previous sections having been concerned with the lubrication of a rigid
cylinder near a plane, the present section describes the lubrication between two
rigid bodies that have any nonconformal shape. The effect of the normal load
component on the ratio of transverse radius to rolling radius (radius ratio) for
different Aim thicknesses is investigated. The conjunction is assumed to be fully
immersed in lubricant, thereby implying that a fully flooded condition exists.

16.5.1 Film Shape

The thickness of a hydrodynamic film between two rigid bodies in roHing can
be written as

^ = ̂ o + S(x,y) (16.47)

where
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Ao = central (also minimum) film thickness due to hydrodynamic
lubrication action

R̂ T, y) = separation due to geometry of solids

The separation of two rigid solids is shown in Fig. 16.5a, in which the
principal axes of rotation of the two bodies are parallel.

3(x, y) = .Ŝ x + R-bx + R^ + R^ (16.48)

where

S.x=r.x-(rL-x')̂  (16.49)

x̂ = n,x-(rL-x2)^ (16.50)

3.2, = r<.,-(̂ -!/')̂  (16.51)

^ = ̂-(r̂ -!/')̂  (16.52)

A simplifying transformation can be made by summing the curvatures in the
2 = 0 and y = 0 planes. In terms of the effective radius of curvature

-L = — + — (16.53)
Rx fax ?*6x

-L = — + — (16.54)
*̂-y 7"a2/ &̂̂

The resulting equivalent system is shown in Fig. 16.5b. The separation in terms
of the coordinates and the effective radius of curvature is

S(x,y) = Rx - (Rx -x')̂  +R, - (Rjj -2/2)̂  (16.55)

Letting 3: = -YRxt y = ̂ x̂; ̂nd /t = 77Rx while substituting Eq. (16.55) into
Eq. (16.47) gives

\̂ 2\ 1/2*)
- —) (16.56)
^r/ J

where

<3r = R^/Rx (16.57)

Thus, Eq. (16.56) completely determines the film shape when the hydrodynamic
effects on the central film thickness are known. For situations in which JV^ <g: 1
and (y/Qr)2 <g 1, it is convenient to expand R in a two-dimensional Taylor
series to give

"̂ °+ir + ;S ^
Equation (16.58) is called the "parabolic approximation." In the analysis that
follows, Eq. (16.58) is used to describe the film shape. Figure 16.1 illustrates the
difference between the parabolic approximation and the actual circular shape.
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(a-1)

(a-2)

(b-1) (b-2)

Figure 16.5: Contact geometry, (a) Two rigid solids separated by a lubricant
film: (a-1) y = 0 plane; (a-2) 2 = 0 plane, (b) Equivalent system of a rigid
solid near a plane separated by a lubricant film: (b-1) y = 0 plane; (b-2) 2 = 0
plane. [From Rrewe e^ aL
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16.5.2 Pressure Distribution

The hydrodynamic lubrication effect developed in establishing the central film
thickness in Eq. (16.58) can be obtained from the Reynolds equation (7.48)
while assuming an incompressible Newtonian fluid operating under laminar,
isothermal, isoviscous, steady-state conditions. The resultant Reynolds equa-
tion is

d /,-,dp\ <9 / ,<9p\ , ,dA . ,
7T ^ 7T + 7T ^ 7T = ̂° ̂ + ̂<- 7T '̂̂02 \ <9a; / ch/ \ dy / 03?

Making use of

changes Eq. (7.48) to

This equation has both a homogeneous solution and a particular solution; that
is

P = F/t + Pp (16.61)

for which % is a solution to the homogeneous equation and satisfies the condi-
tion that .f\ = — J- at the boundaries

For the parabolic film approximation the particular solution for the pressure is
simply proportional to X/R^; that is,

(16.63)
Ĥ *

where

i , /, .
1 + Z/JQr

In the preceding equation y? is the side-leakage factor established by Archard
and Cowking (1965-1966) and can be verified by inserting R, back into Eq.
(16.60). If we define % as 4<̂ pJ\, using Eq. (16.61) results in the full solution

(16.65)

In general, the homogeneous solution of the dimensionless pressure ̂  is an
unknown function of X and V. Consequently, the pressure distribution must
be determined numerically.
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(b) ^̂ ^̂ / Figure 16.6: Effect of boundary con-
ditions, (a) Solution using ful! Som-
merfeld boundary conditions; (b) solu-
tion using half Sommerfeld boundary

- . condition; (c) solution using Reynolds
^ * b o u n d a r y conditions. [From .Brei/je ei

Dimensionless coordinate, X = x/R,

The effect of three different types of boundary condition that can be used
in association with this problem are shown in Fig. 16.6. Sommerfeld (1904)
assumed the pressure to be ambient or zero at the point of closest approach.
The resulting antisymmetric solution with respect to X is shown in Fig. 16.6a.
As discussed in Chapter 10 for journal bearings, the lubricant is unable to
sustain the negative pressures predicted by the full Sommerfeld solution.

A simple approach taken by Kapitza (1955) was to ignore the negative
pressures, that is, to employ the half Sommerfeld boundary condition. Figure
16.6b shows that using this boundary condition gives a reasonable estimate of
load-carrying capacity. However, Kapitza's solution does not satisfy continuity
conditions at the outlet (cavitation) boundary; that is, the pressure gradient
normal to the cavitation boundary must be zero.

To insist on P = 9P/9X = 0 at X = 0 would be overspecifying the
problem mathematically. However, the Reynolds boundary condition shown
in Fig. 16.6c insists on P = dP/dX = 0 at the outlet boundary, which is
undetermined.

The variable-mesh nodal structure shown in Fig. 16.7 was used to provide
close spacing in and around the pressure peak. This helped to minimize the
errors that can occur because of large gradients in the high-pressure region.
The grid spacing used in terms of coordinates X and V was varied depending
on the anticipated pressure distribution. That is, for a highly peaked and
localized pressure distribution, the fine mesh spacing was about 0.002 and the
coarse mesh spacing about 0.1. For a relatively flat pressure distribution the
fine mesh spacing was about 0.005 and the coarse mesh spacing about 0.13.
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<-Xp 0)
(0,0);

Figure 16.7: Variable nodal structure
used for numerical calculations.

e? a^

16.5.3 Normal Load Component

Once the pressure is known, the normal load component can be calculated from

= / / p da; ch/

In dimensionless form and making use of Eqs. (16.59) this equation becomes

Substituting Eq. (16.65) into this equation gives

(16.66)

For the parabolic Him assumption the central film thickness can be isolated
from the integral by defining the following transformation:

(16.67)

(16.68)
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If it is assumed that the homogeneous solution can be transformed in the same
manner as the particular solution,

/ / +

(16.69)
Kapitza (1955) refers to this integral as the "reduced hydrodynamic lift L."
Thus,

Therefore, the dimensionless minimum film thickness is

- -
in = 0 = \ 2̂

The ratio of the dimensionless speed to the dimensionless load can be defined

t/ %(t

where

Therefore, Eq. (16.71) can be rewritten as

(16.73)

For the parabolic film approximation, L needs to be determined only as a
function of the geometry; that is,

if { ° (16.74)

This will be determined numerically.

16.5.4 Film Thickness Formulas

The Rim thickness formula can be determined, while assuming the parabolic
film thickness equation given in Eq. (16.58), by numerically determining the
pressure distribution from Eqs. (16.60) and (16.65), integrating the pressure to
establish the load carrying capacity from Eq. (16.69), and then inserting the
load W; into Eq. (16.71) and solving for L for a specific a,-. If the Reynolds
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2.0

1.5

Parabolic approximation
Full circular film
Kapitza's analysis (1955)

) = tt/2

I
10 15 20 25 30 35 40

Radius ratio, a, = R/R̂

Figure 16.8: Effect of radius ratio on reduced hydrodynamic lift. [From

boundary conditions are assumed, the resulting formula obtained from curve
fitting the data as obtained from Brewe et al. (1979) is

(16.75)

where
L = 0.131 tan"if + 1.683 (16.76)

The minimum-film-thickness equation derived by Kapitza using half Sommer-
feld boundary conditions and assuming a parabolic film approximation is

(16.77)

By equating Eqs. (16.75) and (16.77) for a given speed parameter, the load-
carrying capacities for the two theories can be compared; that is,

^
The effect of the geometry on the reduced hydrodynamic lift is shown in Fig.
16.8. This figure shows that L, and hence the load-carrying capacity [Eq.
(16.78)], is 11 to 20% greater than that predicted by Kapitza. The least dif-
ference occurs for a ball-on-plane contact. As â  is increased, the difference
in load-carrying capacities approaches a constant 20%. The alteration of the
pressure distribution due to the Reynolds boundary conditions at the cavitation
boundary is responsible for this geometry effect.

Figure 16.9 is a three-dimensional representation of a pressure distribution
for ar of 1.00 and 36.54. This figure also illustrates the shape of the cavitation
boundary. As ar becomes large, the cavitation boundary tends to straighten
out, accompanied by decreasing changes in L. The scale along the V axis in Fig.
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16.9a has been magnified three times to improve the resolution. Consequently,
the differences in the shapes of the cavitation boundary are actually subdued
as they are presented.

Isobar plots for three radius ratios (that is, a,, of 25.29, 8.30, and 1.00) are
shown in Fig. 16.10. The contours belong to the family of curves denned by Eq.
(16.65). The center of the contact is represented by the asterisk. The pressure
peak builds up in the inlet region, which is located to the left of the contact
center and is indicated by the plus sign. Since the isobars in each case are
evenly spaced, the pressure gradients can be easily depicted. Note that as the
radius ratio increases, the steeper pressure gradients are predominantly along
the rolling direction. This implies that the amount of side leakage decreases as
Or increases. A decrease in side leakage is reflected in an increase in (p.

16.6 Starvation EfTects

The effect of starvation in a hydrodynamically lubricated conjunction can be
studied by systematically reducing the inlet supply and observing the resul-
tant pressure distribution and Rim thickness. This starvation effect can have a
significant role in the operation of machine elements. It is desirable that the hy-
drodynamic film generated between the roller end and the guide flange provide
stiffness and damping to limit the amplitude of the roller skewing motion. How-
ever, at high rotational speeds the roller end and the flange are often subjected
to a depletion in the lubricant supply owing to centrifugal effects. In such cases
the minute amount of lubricant available at the roller end-Range conjunction
might well represent an example of steady-state starvation. Starvation effects in
hydrodynamically lubricated contacts are important for calculating the rolling
and sliding resistance and traction encountered in ball and roller bearings (see
Chiu, 1974).

In another example the effect of restricting the lubricant to a roller bearing
is seen experimentally and theoretically to reduce the amount of cage and roller
slip (see Boness, 1970). The theoretical analysis was accomplished by changing
the location of the boundary where the pressure begins to build up and noting
the effect on the hydrodynamic forces.

16.6.1 Film Thickness Formulas

The difficulty with the equation developed by Brewe et al. (1979) [Eq. (16.75)]
is that its range of applicability is limited. In a later publication by Brewe and
Hamrock (1982) a minimum Rim thickness valid for the full range of dimension-
less Rim thickness normally encountered in a fully Rooded undeformed contact
is given as
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RoMing
direction

-Cavitation
/ boundary

Rolling
direction

- Cavitation
/ boundary

Figure 16.9: Three-dimensional representation of pressure distribution as
viewed from outlet region for two radius ratios a?., (a) c*r = 1.00; (b)
â  = 36.54. [From Brewe e; a
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(a) (b)

Figure 16.10: Pressure contours for three radius ratios a,.- (&) <̂ r = 25.29; (b)
a,. = 8.30; (c) a,. = 1.00. [From J5rewe ê  a^

Brewe and Hamrock (1982) found that the reduction in minimum Rim thickness
from the fully flooded value, if the fluid inlet level is known, is

1
(16.80)

where R}n, the dimensionless fluid inlet level, is equal to /tin/
sides of Eq. (16.80) by .Hmjn gives

r- Dividing both

(16.81)

where ̂  is the reduction in minimum film thickness due to starvation.

16.6.2 Pressure Distribution

The discussion of lubricant starvation can be facilitated by focusing on one of
the simplest geometric arrangements (i.e., a ball rolling or sliding against a flat
plane) as shown in Fig. 16.11. The figure compares the pressure distribution
determined numerically for the fully flooded inlet (R̂  = 1.00) with that for
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Rolling
'direction

Inlet

,̂,, = 1x10-'

Outlet

(a)

Inlet Outlet

.„ = 0.001 ̂.ŷ :-;5r

: 1 X 10*"

Inlet
boundary

Figure 16.11: Three-dimensional representation of pressure distributions for
dimensionless minimum film thickness #min of 1.0 x 10"̂ . (a) Fully flooded
condition; (b) starved condition. [_R"o?n Bret̂ e an<^ RawtrocA:. ̂  <?&=?)].

the most severely starved inlet (R;n = 0.001). The comparison is made for a
constant minimum Him thickness of #mm = 1-0 ̂  10"̂ . Note that the pressure
peak built up in the starved inlet is only slightly smaller than that of the fully
flooded inlet. However, the area of pressure buildup is considerably smaller
so that the starved inlet is unable to support as much load for a given film
thickness as the fully flooded inlet.

Figure 16.12 provides the same sort of comparison but for a thicker mini-
mum film, Hmin = 1.0 x 10*3. rp^g significant difference between the two figures
is that the starved inlet for the thicker film has a more pronounced effect on the
pressure peak. The fluid inlet level (F̂  = 0.002) for the thicker Him represents
a more highly starved inlet since Hin is of the order of .%nin in this case. The
other feature to be noticed in comparing Figs. 16.11 and 16.12 is that the pres-
sure distribution is more evenly spread out for the thicker film. Thus, changes
in the meniscus (or integration domain) are going to have a more noticeable
effect on the load-carrying capacity. Note also that because of the boundary
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Rolling
Cavitation

(a)

Inlet Outlet

Cavitation
boundary

Inlet
boundary

, = 0.002 ̂

Figure 16.12: Three-dimensional representation of pressure distributions for
dimensionless minimum film thickness -Hmin of 1.0 x 10"̂ . (a) Fully flooded
condition; (b) starved condition. [.From Brewe and

conditions the integration domain takes on a kidney-shaped appearance. This
is more clearly shown in the isobaric contour plot in Fig. 16.13.

16.6.3 Fully Flooded-Starved Boundary

Of practical importance to lubricant starvation is the decrease in the film thick-
ness reduction factor ̂  from the fully flooded value. Equation (16.81) is a
derived expression for A in terms of the fluid inlet level and the fully flooded
film thickness. Figure 16.14 is a plot of/3s as a function of .%„ for four values of
-Hmin- It is of interest to determine a fully flooded starved boundary (i.e., the
fluid inlet level after which any further decrease causes a significant reduction
in the film thickness). The definition of this boundary is established by

(1 - A)̂ =̂  = 0.03 (16.82)

The value of 0.03 is used in Eq. (16.82) because it was ascertained that the
numerical data obtained were accurate to only ±3%.

Thus, for a given value of Rmin a value of R^ can be determined that
satisfies Eq. (16.82). A suitable relationship between Ĥ  and Rmin was obtained
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r*r Cavitation
i' boundary

(a)

Cavitation
boundary

*- Cavitation
boundary

Figure 16.13: Isobaric contour plots for three fluid inlet levels for dimensionless
minimum film thickness R̂ in of 1.0 x 10"4. (a) Fully flooded condition: dimen-
sionless fluid inlet level Rin = 2.00; dimensionless pressure, where dP/dX = 0,
P̂ , 1.20 x 1Q6; dimensiontess load-speed ratio tV/t/ = 1153.6. (b) Starved
condition; R̂ , 0.004; P̂  = 1.19 x 10̂ ; HV/t/ = 862.6. (c) Starved condition:
Rin = 0.001; P̂  = 1.13 x 10̂ ; Ŵ /̂ 7 = 567.8. [R-om Rrewe ancf

by Brewe and Hamrock (1982) and is given as

R* = 4.11 -.0.36 (16.83)

This equation determines the onset of starvation. That is, for R;n > R^ a fully
Hooded condition exists, whereas for R;n < R^ a starved condition exists.

16.7 Combined Squeeze and Entraining Motion

Thus far this chapter has been confined to entraining motion, but this section
incorporates both squeeze and entraining motion in the hydrodynamic lubri-
cation of nonconformal surfaces. The basic principle that enables a positive
pressure to be generated in a fluid contained between two surfaces when the
surfaces are moving toward each other is that a finite time is required to squeeze
the fluid out of the gap, as was discovered in Chapter 12. In this section the
discussion is limited to fully flooded conjunctions.

16.7.1 Pressure Distribution and Load

Figure 16.15 shows the flow of lubricant in a conjunction with combined squeeze
and entraining motion. The Reynolds equation for the hydrodynamic lubrica-
tion of two rigid solids separated by an incompressible, isoviscous lubricant Him
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-̂  \ l;*-iô
-̂.4 ̂ 5x10-"

Dimensionless
minimum

film thickness,
Ĥ ;.

2 .4 .6 .!
Dimensionless fluid Met level, M,,,

Figure 16.14: Effect of
fluid inlet level on film
thickness reduction fac-
tor in Hooded conjunc-
tions. [From Brewe cn^

with entraining and normal squeeze motion can be expressed from Eq. (7.45)
as

^ +12??̂  (16.84)

Making use of the dimensionalization given in Eq. (16.59) and

" " 9t "**"tt " 2

changes Eq. (16.84) to

If

this equation becomes

(16.85)

(16.86)

(16.87)

(16.88)

The parabolic approximation [Eq. (16.58)], along with the Reynolds boundary
conditions, can be used to evaluate Eq. (16.88) numerically.

The load-carrying capacity can be calculated by integrating the pressure in
the contact region or

MAz = /
JA

In dimensionless form it is expressed as

(16.89)
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Dimensionless coordinate, X = x

Figure 16.15: Lubricant
flow for a roHing-sliding
contact and correspond-
ing pressure buildup.
From GTtosA ei a%.

where yl is the dimensionless domain of integration that is dependent on both
the fluid level and the cavitation boundary. The instantaneous load-carrying
capacity is expressed as a ratio

M/
(16.90)

16.7.2 Results and Discussion

The dynamic performance of hydrodynamicatly lubricated nonconformal con-
tacts in combined entraining and normal squeeze motion is governed by the
dimensionless normal velocity parameter /?̂ . It incorporates three major pa-
rameters, namely, the normal squeeze velocity ujn, the mean entraining velocity
M, and the central or minimum film thickness /i^in- The performance parame-
ters affected by the normal velocity parameter are

1. The dynamic load ratio /?;

2. The dynamic peak pressure ratio ̂  = ̂*m/(̂ *!K)/3̂ =o

3. The dimensionless location of peak pressure ̂  ̂

4. The dimensionless location of film rupture X̂ ^

This section attempts to show the effect of the operating parameters on these
performance parameters.

Figure 16.16 shows the effect of the dimensionless normal velocity parame-
ter on the dynamic load ratio. The dimensionless normal velocity parameter /?̂
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Normal
separation

10*' 10*'

Dmenaiontess normal velocity parameter, [P J

10"

Figure 16.16: Effect of di-
mensionless normal veloc-
ity parameter on dynamic
load ratio. Dimensionless
central Aim thickness #min;
1.0 x 10"4; radius ratio a,.,
1.0; dimensionless fluid in-
let level #in, 0.035. [From

clearly has a significant pressure-generating effect during the normal approach,
where the dynamic load ratio /?(, increases with increasing /?̂ . On the contrary,
/3( is significantly reduced during normal separation for /3̂ , > 0.

The magnitude of the peak pressure generated in a conjunction, its location,
and the location of the film rupture boundary are also affected significantly by
the dimensionless normal velocity parameter. Pressure distributions for five
values of /3̂  are shown in Fig. 16.17. The inlet meniscus boundary is not
shown in this figure. During normal approach the film rupture boundary moves
downstream into the outlet region (or the divergent portion of the film) with
reference to the minimum-film-thickness position. During separation it moves
upstream, reaching the convergent portion of the film for higher values of ,9̂.
The location of the pressure peak and the entire pressure distribution in the
contact also shift accordingly. Thus, superposition of normal motion on the
entraining velocity alters both the magnitude and distribution of the pressure
in the contact.

The variation of the dynamic peak pressure ratio ̂  with normal velocity
parameter is shown in Fig. 16.18. Pressures approximately three or four times
the corresponding peak pressure in the steady situation are generated in the
conjunction during normal approach. Relative reductions in the peak pressures
of similar magnitude occur during separation.

The influence of the radius ratio â  on the dynamic load ratio /3; and
on the dynamic peak pressure ratio ̂  are shown in Figs. 16.19 and 16.20,
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Figure 16.17: Pressure distribution in contact for various values of dimensionless
normal velocity parameter /3̂ . (a) /?̂  = —1.0; (b) /?̂  = —0.5; (c) /?̂  = 0;
(d) /?n, = 0.25; (e) /3̂  = 0.75. Dimensionless central Rim thickness .%nin =
1.0 x 10""*; radius ratio <3,-t 1.0; dimensionless Huid inlet level #;„ = 0.0006.

GAosA e^ a/.
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4,—

5. 1

10°
Dmensionless normal velocity parameter, IP

Normal
approach

Figure 16.18: Effect of di-
mensionless normal velocity
parameter on dynamic peak
pressure ratio. Dimension-
less central Rim thickness
#min = 1.0 x 10*4; fading
ratio a,., 1.0; dimensionless
fluid inlet level %„ = 0.035.
[From GAos/t e; a/.

Figure 16.19: Effect of ra-
dius ratio on dynamic load
ratio. Dimensionless central
Rim thickness Fmin = 1.0 x
10*4; dimensionless fluid in-
let level 77;,. = 0.035. [Fh?m

respectively. Recall that for a,- > 1 the major axis of the film contours is
transverse to the entrainment velocity, so for ct̂  ̂ > 1 the geometry resembles a
lubricated cylinder, as covered in Sees. 16.1 to 16.3. During normal approach
/?t increases with increasing a,- up to a certain value and then tends to approach
a limiting value for further increases in etr - Similarly, during normal separation
initially decreases with increasing 0;̂  and then approaches a limiting value for
higher values of ctr- Similar variations with â . can be observed for ̂ in Fig.
16.20. Therefore it can be said that the radius ratio significantly affects the
dynamic performance of nonconformal conjunctions for â  between 0.2 and 10.
However, for a,, between 10 and 35 the effects are small. By curve fitting 63
cases Ghosh et al. (1985) came up with the following formula for the dynamic
load ratio:

for 0 (16.91)

It has been pointed out that significantly higher peak pressures can be generated
in the conjunction during normal approach than during normal separation.
Therefore, the estimation of peak pressures in the conjunction is of practical
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4.2 r—

3.8

3.4
10-'

Normal
approach

10° 10'
Radius ratio, a,

.22

.20

.18 a

Figure 16.20: Effect
of radius ratio on dy-
namic peak pressure
ratio. Dimensionless
central film thickness
Rnnn = 1.0 X ID-";

dimensionless fluid inlet
level #in = 0.035. [From

importance for estimating the maximum stress in the contact and the fatigue
life of the contact. Dynamic peak pressure ratio $s is expressed by a simple
formula as a function of the normal velocity parameter /3̂  and the radius ratio
a*, or

-0.032̂ (16.92)

16.8 Closure

This chapter is the Arst of a number that will focus on the lubrication of noncon-
formal surfaces. The first three sections dealt with the lubrication of a cylinder
near a plane; the first section with an infinitely wide cylinder, the second with a
short-width cylinder, and the third with the exact solution. The infinitely-wide-
cylinder theory found the minimum film thickness to be inversely proportional
to the normal applied load. The short-width-cylinder theory found the min-
imum film thickness to be proportional to the normal load-carrying capacity
raised to the -0.5 power, and this is much closer to the exact solution results.

For the exact solution it was found that two important operating param-
eters exist, namely, (1) width-to-diameter ratio Aj = 6/2r and (2) radius-to-
central-film-thickness ratio n^ = r/̂ o. Figures were provided that enable easy
calculation of the normal and tangential load components when side leakage is
considered and the operating parameters and the load component for infinite
width are known.

The influence of geometry on the isothermal hydrodynamic film separating
two general rigid solids was investigated. The investigation was conducted for
a conjunction fully immersed in lubricant (i.e., fully flooded). The effect of
the geometry on the film thickness was determined by varying the radius ratio
from 1 (a ball-on-plane configuration) to 36 (a ball in a conforming groove). It
was found that the minimum Rim thickness had the same speed, viscosity, and
load dependence as Kapitza's classical solution. The central or minimum film
thickness for the complete range of operation for a fully Hooded conjunction is
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-2

where

L = 0.131 tan"* + 1.683

Numerical methods were used to determine the effect of lubricant starvation on
the minimum film thickness under conditions of hydrodynamic lubrication and
side leakage. Starvation was effected by varying the inlet level. The reduction
in minimum film thickness due to starvation can be expressed as

rr [ I /Q — H\ \ ̂ ' ' "

A numerical solution to the hydrodynamic lubrication of nonconformal rigid
contacts with an incompressible, isoviscous lubricant in combined entraining
and normal squeeze motion has been obtained. The following conclusions were
reached through a parametric study:

1. Normal squeeze motion combined with entraining motion significantly
increases the load-carrying capacity and peak pressure in the conjunction
during normal approach. A correspondingly significant decrease in load
carrying capacity and peak pressure occurs during normal separation.

2. The film rupture (or cavitation) boundary moves farther into the outlet
region away from the minimum-film-thickness position during normal ap-
proach but moves toward the inlet and into the convergent portion of the
film for higher normal velocities during separation.

3. Increasing the radius ratio a,- increases the dynamic load ratio ̂  and the
dynamic peak pressure ratio $s during normal approach. Reverse effects
are observed during separation.

4. The ratios /3; and ̂  are weakly dependent on the minimum film thick-
ness and can be expressed in terms of the dimensionless normal velocity
parameter /?̂  and the radius ratio a^ by
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16.9 Problems

16.1 Determine the normal bad capacity expression for a cylinder near a plane
when normal squeeze motion exists and subambient pressures are ne-
glected, since we are only interested in diminishing film thickness. The
length of the cylinder is one-half its radius. The cylinder and plane may
he considered rigid. An adequate amount of viscous fluid is between the
cylinder and the plane.

16.2 Discuss the effect of side leakage on the normal bad capacity of noncon-
formal surfaces. Explain why side leakage has such a large effect on the
normal load capacity of journal and thrust bearings and a small effect on
that of nonconformal surfaces.

16.3 Theories for the isoviscous hydrodynamic lubrication of rigid cylinders
have been completed and are now regarded as classical examples of the
application of Reynolds equations to a practical problem. Discuss these
analyses under the following headings:

(a) The approximation made

(b) The transformation used

(c) The boundary conditions applied

(d) The extension of the theories to cover cases where the viscosity is
regarded as a function of pressure theories

(e) The practical significance, limitations, and application of the theories

16.4 A steel roller 1.20 in long and weighing 0.3 Ib rides on an inclined, well-
lubricated, metal foil /, as shown in the diagram. The foil is stretched
between rollers that drive it a speed of 60 ft/min. The roller rotates about
its axis without measurable slip while otherwise remaining fixed in space.
From simple theory estimate the viscosity of the lubricant if the angle of
inclination a of the foil is 0.573°.

Discuss any areas of doubt that might arise from the estimation of
viscosity in this manner.
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16.5 A 2-in.-diameter steel roller, 1 in. long, is between two parallel steel plates
that can be considered infinitely wide and long enough to cover its ends
(see figure below). If the load on the top plate is 1 Ibf and the oil at the
contact surfaces has a constant viscosity of 0.345 P, estimate the minimum
oil film thickness between the roller and the top plate if this moves at 10
in./s in the positive ̂-direction, the bottom plate being stationary.

1 Ibf
10in/s

Assume the pressure distribution is p = —
have their usual meaning.

, where the symbols

= mean velocity, m/s

= viscosity of fluid, N-s/m

= coordinate in the direction of motion, m

/t = film thickness, m

Neglect surface distortion and pressure and temperature effects on the oil.

16.6 Derive the hydrodynamic normal and shear force components (û , w^,
and F*) acting on a rigid cylinder rotating near a moving rigid plane in
the presence of an isoviscous lubricant as shown in figure (a). If the
horizontal axis of the cylinder of radius R and weight per unit length u/
contained between a stationary vertical plate and parallel moving plate
[see figure (b)] at distance 2(jR + c) remains stationary when the velocity
of the moving surface is M, show that the angular velocity â  of the cylinder
and the surface speed M of the plate are given by the expressions
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(a) (b)

- = 0.0322̂

w'
= 0.235

where ?;= viscosity of fluid which surrounds the cylinder. It can be as-
sumed that c <§: R. Show also that /̂  = 0.06c and /̂  = 1.94c.
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Chapter 17

Simplified Solutions for
Stresses and Deformations

Symbols

R

contact semiwidth for rectan-
gular conjunction, m
diameter of contact ellipse along
x axis, m
diameter of contact ellipse along
yaxis,m
modulus of elasticity, Pa
complete elliptic integral of se-
cond kind
complete elliptic integral of se-
cond kind from approximate
formula
effective elastic modulus,

-i
, Pa

percent of error
complete elliptic integral of first
kind
complete elliptic integral of first
kind from approximate formula
ellipticity parameter
ellipticity parameter from
approximateformula
pressure, Pa
maximumpressure, Pa
constant, (Tr/2) — 1
curvature sum [Eq. (17.2)], m
curvature difference, [Eq. (17.3)]
effective radius in K direction, m

effective radius in ?/ direction, m
radius, m
auxiliary parameter
approximate value of t*
dimensionless load parameter
for rectangular conjunctions,

'2 normal applied load, N
^ norma) applied load per unit

width, N/m
, y, 2 Cartesian coordinates, m
„ depth of maximum shear

stress, m
r radius ratio, R^/R^
a auxiliary angle, deg
,?, maximum etastic deformation, m

denned in Eq. (17.26)
Poisson's ratio
defined in Eq. (17.27)
shear stress, Pa

3 shear stress at zero pressure,
Pa

tt auxiliary angle, deg

Subscripts
solida
solidh
maximum
Cartesian coordinates

431
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17.1 Introduction

In the preceding chapters the solid surfaces in a lubricated conjunction have
been considered to be rigid. This then is the demarcation point where elastic
deformation of the solid surfaces will begin to be considered and remain of
concern until the end of the book.

The classical Hertzian solution for deformation requires calculating the el-
lipticity parameter & and the complete elliptic integrals of the first and second
kinds ̂  and 6̂ , respectively. Simplifying expressions for &, ̂, and 6̂  as a func-
tion of the radius ratio a,, were presented by Brewe and Hamrock (1977) in
a curve-fit analysis. With these expressions researchers could determine the
deformation at the contact center, with a slight sacrifice in accuracy, without
using involved mathematical methods or design charts. The simplified expres-
sions were useful for radius ratios ranging from circular point contact to near
line contact normal to the rolling direction (that is, 1.0 < 0;̂  ̂  100).

However, in a number of applications the semimajor axis of the elliptical
contact is parallel to the rolling direction, resulting in a^ < 1. Some of these
applications are (1) Novikov gear contacts, (2) locomotive wheel-rail contacts,
and (3) roller-flange contacts in an axial loaded roller bearing. The elliptical
contact deformation and stresses presented by Hamrock and Brewe (1983) are
applicable for any contact ranging from something similar to a disk rolling on a
plane (â  = 0.03) to a ball-on-plane contact (â  = 1) to a contact approaching a
nominal line contact (a,. —> 100) such as a barrel-shaped roller bearing against
a plane. This chapter focuses on the results obtained by Hamrock and Brewe
in their 1983 paper.

17.2 Curvature Sum and Difference

The undeformed geometry of nonconformal contacting solids can be represented
in general terms by two ellipsoids, as shown in Fig. 17.1. The two solids with dif-
ferent radii of curvature in a pair of principal planes (2 and ?/) passing through
the contact between the solids make contact at a single point under the con-
dition of zero applied load. Such a condition is called "point contact" and is
shown in Fig. 17.1, where the radii of curvature are denoted by rs. It is as-
sumed throughout this book that convex surfaces, as shown in Fig. 17.1, exhibit
positive curvature and concave surfaces, negative curvature. Therefore, if the
center of curvature lies within the solid, the radius of curvature is positive; if
the center of curvature lies outside the solid, the radius of curvature is negative.
Figure 17.2 shows the sign designations for the radii of curvature for various
machine elements such as rolling elements and bearing races. The importance
of the sign of the radius of curvature presents itself later in the chapter.

Note that if coordinates :r and y are chosen such that

Copyright © 2004 Marcel Dekker, Inc.



CURVATURE SUM AND DIFFERENCE 433

Solid a

Solid b

Figure 17.1: Geometry of contacting elastic solids. [.From #amrocA; and

coordinate a? then determines the direction of the semiminor axis of the contact
area when a load is applied, and !/ the direction of the semimajor axis. The di-
rection of the entraining motion is always considered to be along the 3; axis. For
those situations in which the principal curvature planes of the two contacting
bodies are not coincident, refer to Timoshenko and Goodier (1970).

The curvature sum and difference, which are quantities of some importance
in analyzing contact stresses and deformation, are

1 1 1

A^
(17.2)

(17.3)
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Sphere Cylinder Conic frustum Barrel shape Concave shape

(a)

Thrust Radial inner Radial outer

J.

Thrust Cylindrical inner Cylindrical outer

(c)

^T
j H

Figure 17.2: Sign designations for radii of curvature of various machine ele-
ments, (a) Rolling elements; (b) ball bearing races; (c) rolling bearing races.

where

1 _ 1 1
(17.4)

(17.5)

Equations (17.4) and (17.5) effectively redefine the problem of two ellipsoidal
solids approaching one another in terms of an equivalent solid of radii Ax and
R^ approaching a plane. Note that the curvature difference expressed in Eq.
(17.3) is dimensionless.

The radius ratio â  defined in Eq. (16.57) is the same for this chapter.

(16.57)

Thus, if Eq. (17.1) is satisfied, ct̂  > 1; and if it is not satisfied, â  < 1.
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17.3 Surface Stresses and Deformations

When an elastic solid is subjected to a load, stresses are produced that increase
as the load is increased. These stresses are associated with deformations, which
are deAned by strains. Unique relationships exist between stresses and their
corresponding strains. For elastic solids the stresses are linearly related to
the strains, with the constant of proportionality being an elastic constant that
adopts different values for different materials as covered in Sec. 5.6.2. The
modulus of elasticity .E and Poisson's ratio M are two important parameters
described in Chapter 5 that are used in this chapter to describe contacting
solids.

As the stresses increase within the material, elastic behavior is replaced by
plastic flow in which the material is permanently deformed. The stress state
at which the transition from elastic to plastic behavior occurs, known as the
"yield stress," has a definite value for a given material at a given temperature.
In this book only elastic behavior is considered.

When two elastic solids are brought together under a load, a contact area
develops whose shape and size depend on the applied load, the elastic properties
of the materials, and the curvatures of the surfaces. When the two solids shown
in Fig. 17.1 have a normal load applied to them, the contact area is elliptical.
It has been common to refer to elliptical contacts as point contacts, but since
under load these contacts become elliptical, they are referred to herein as such.
For the special case where r̂  = r̂  and r̂  = r̂  the resulting contact is a
circle rather than an ellipse. Where fas/ and r̂  are both infinite, the initial
line contact develops into a rectangle when load is applied.

Hertz (1881) considered the stresses and deformations in two perfectly
smooth, ellipsoidal, contacting solids much like those shown in Fig. 17.1. His
application of the classical elasticity theory to this problem forms the basis of
stress calculations for machine elements such as ball and roller bearings, gears,
and cams and followers. Hertz made the following assumptions:

1. The materials are homogeneous and the yield stress is not exceeded.

2. No tangential forces are induced between the solids.

3. Contact is limited to a small portion of the surface such that the dimen-
sions of the contact region are small in comparison with the radii of the
ellipsoids.

4. The solids are at rest and in equilibrium.

Making use of these assumptions, Hertz (1881) was able to obtain the fol-
lowing expression for the pressure within the ellipsoidal contact (shown in Fig.
17.3):

o 11 1/2

- -
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Figure 17.3: Pressure distribution in
ellipsoidal contact.

where
Dx = diameter of contact ellipse in T direction, m
Dp = diameter of contact ellipse in y direction, m

If the pressure is integrated over the contact area, it is found that

where Wg is the normal applied load. Equation (17.6) determines the distribu-
tion of pressure or compressive stress on the common interface; it is clearly a
maximum at the contact center and decreases to zero at the periphery.

The eHipticity parameter %; is defined as the elliptical contact diameter in
the ̂ -direction (transverse direction) divided by the elliptical contact diameter
in the x-direction (direction of entraining motion), or

6;=̂  (17.8)
2̂

If Eq. (17.1) is satisfied and a,- > 1, the contact ellipse will be oriented with its
major diameter transverse to the direction of motion, and consequently A; > 1.
Otherwise, the major diameter would lie along the direction of motion with both
â  < 1 and /c < 1. To avoid confusion, the commonly used solutions to the
surface deformation and stresses are presented only for a,- > 1. The simplified
solutions are presented, and then their application for a,. < 1 is discussed.

Harris (1966) has shown that the ellipticity parameter can be written as a
transcendental equation relating the curvature difference [Eq. (17.3)] and the
elliptic integrals of the first ̂ * and second <̂  kinds as

where

JP=/ [l-(\--L)sin2j ^ (lY.io)
7o L \ /̂ J
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g.
iD

Elliptic integral ̂
Elliptic integral^*

——— EHipticity parameter ̂ f

i/
/

10

12 16 20
Radius ratio, a,

24 28 32

Figure 17.4: Variation of eHipticity parameter and elliptic integrals of first and
second kinds as function of radius ratio. [̂ *rom RaywocA art^ .

rTr

= 7. 1 - [ 1 -
1/2

(17.11)

A one-point iteration method that was adopted by Hamrock and Anderson
(1973) can be used to obtain the eHipticity parameter, where

t. , —"*n+l — (17.12)

The iteration process is normally continued until A;̂ +i differs from A;̂  by less
than 1.0 x 10*?. Note that the eHipticity parameter is a function only of the
solids' radii of curvature:

—* ./ (fax; (17.13)

That is, as the load increases, the semiaxes in the ;r and y directions of the
contact ellipse increase proportionately to each other so that the eHipticity
parameter remains constant.

Figure 17.4 shows the eHipticity parameter and the elliptic integrals of the
first and second kinds for a radius ratio (a,. = R^/R^) range usually encoun-
tered in nonconformal conjunctions. Note from Fig. 17.4 that <f = .7̂  when â
= 1. Also both ̂  and .7-* have discontinuous derivatives at n,. = 1-

When the eHipticity parameter A;, the normal applied load w^, Poisson's
ratio t̂ , and the modulus of elasticity .E of the contacting solids are known, the
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major and minor axes of the contact ellipse and the maximum deformation at
the contact center can be written from the analysis of Hertz (1881) as

f

-̂̂ G&)r "̂
where

In these equations, D̂  and D̂  are proportional to u!̂  , and ̂  is proportional
, 2/3
to W,

17.4 Subsurface Stresses

Fatigue cracks usually start at a certain depth below the surface in planes
parallel to the rolling direction. Because of this, special attention must be
given to the shear stress amplitude in this plane. Furthermore, a maximum
shear stress is reached at a certain depth below the surface. The analysis used
by Lundberg and Palmgren (1947) is used here to define this stress.

The stresses are referred to in a rectangular coordinate system with its
origin at the contact center, its 2: axis coinciding with the interior normal of the
body considered, its z axis in the rolling direction, and its y axis perpendicular
to the rolling direction. In the analysis that follows, it is assumed that y = 0.

From Lundberg and Palmgren (1947) the following equations can be writ-
ten:

e^cos^^aSin^aSin-ya /,--,nx
7- = -,^3. , ̂ ...7, ̂  (17.18)

^=-(D^ + D̂ tan'7.)"sin̂  (17.19)

2=—^tan7acos<^, (17.20)

where <̂ a and % are auxiliary angles used in place of the coordinate set (2,2).
They are defined so as to satisfy the relationship of a conformal ellipsoid to the
pressure ellipse (for further details see Hertz, 1881, and Lundberg and Palmgren,
1947).

The maximum shear stress is denned as

7*0 = (̂3:) max
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The amplitude of To is obtained from

For the point of maximum shear stress

tan2<^, = ;* (17.21)

tan^% = t*-l (17.22)

(17.23)

where *̂ is the auxiliary parameter. The position of the maximum point is
determined by

2o = <T^ (17.24)

xo = ±f̂  (17.25)

where

- i (17.27)

Furthermore, the magnitude of the maximum shear stress expressed in terms
of i* is given by

It should be emphasized that To represents the maximum half-amplitude of the
subsurface orthogonal shear stress and is not to be confused with the maximum
subsurface shear stress that occurs below the center of the contact on the plane
oriented 45° to the surface. The Lundberg-Palmgren prediction of fatigue life
is based on the calculation of To and was limited to cross sections lying in the
plane of symmetry of the roller path (y = 0).

17.5 Simplified Solutions

The classical Hertzian solution presented in the previous sections requires the
calculation of the ellipticity parameter A; and the complete elliptic integrals
of the first and second kinds ̂  and & This entails finding a solution to a
transcendental equation relating &, .?*, and ̂  to the geometry of the contacting
solids, as expressed in Eq. (17.9). This is usually accomplished by some iterative
numerical procedure, as described by Hamrock and Anderson (1973), or with
the aid of charts, as shown by Jones (1946).
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Table 17.1: Comparison of numerically determined values with curve-fit values
for geometrically dependent variables. [From RamrocA; and .Brewe
= 1.0 cm]

Radius
ratio,
Ctr

1.00
1.25
l.SO
1.75
2.00
3.00
4.00
5.00
6.00
7.00
8.00
9.00
10.00
15.00
20.00
25.00
30.00
35.00
40.00
45.00
50.00
60.00
70.00
80.00
90.00
100.00

EHipticity

A;

1.00
1.16
1.31
1.45
1.58
2.07
2.50
2.89
3.25
3.58
3.90
4.20
4.49
5.79
6.92
7.94
8.87
9.74
10.56
11.33
12.07
13.45
14.74
15.95
17.09
18.18

^

1.00
1.15
1.29
1.42
1.55
2.01
2.41
2.78
3.12
3.45
3.75
4.05
4.33
5.60
6.73
7.76
8.71
9.61
10.46
11.28
12.06
13.52
14.94
16.27
17.54
18.76

Error
Sr,

percent

0
0.66
1.19
1.61
1.96
2.87
3.35
3.61
3.74
3.80
3.81
3.78
3.74
3.32
2.81
2.29
1.79
1.32
0.87
0.44
0.03
-0.72
-1.40
-2.03
-2.61
-3.15

Complete elliptic
integrat of
first kind

JF

1.57
1.68
1.78
1.87
1.95
2.18
2.35
2.49
2.60
2.69
2.77
2.85
2.91
3.16
3.33
3.46
3.57
3.67
3.74
3.81
3.88
3.98
4.08
4.15
4.22
4.28

jr

1.57
1.69
1.80
1.89
1.96
2.19
2.36
2.48
2.59
2.68
2.75
2.82
2.88
3.11
3.28
3.40
3.51
3.60
3.67
3.74
3.80
3.90
3.99
4.07
4.13
4.19

Error,
Sr,

percent
0

-0.50
-0.70
-0.75
-0.73
-0.44
-0.11
0.17
0.40
0.59
0.75
0.88
1.00
1.38
1.60
1.74
1.84
1.90
1.95
1.99
2.02
2.06
2.08
2.09
2.10
2.10

Complete
integra
second

f

1.57
1.46
1.39
1.33
1.29
1.20
1.15
1.12
1.10
1.08
1.07
1.06
1.05
1.03
1.02
1.02
1.01
1.01
1.01
1.01
1.01
1.00
1.00
1.00
1.00
1.00

f

1.57
1.45
1.38
1.32
1.28
1.19
1.14
1.11
1.09
1.08
1.07
1.06
1.05
1.03
1.02
1.02
1.01
1.01
1.01
1.01
1.01
1.00
1.00
1.00
1.00
1.00

slliptic
of

cind
Error,
6r,

percent
2

0.52
0.76
0.87
0.91
0.83
0.69
0.57
0.48
0.40
0.35
0.30
0.26
0.15
0.10
0.07
0.05
0.04
0.03
0.02
0.02
0.01
0.01
0.01
0
0

Table 17.1 shows various radius ratios a,, and corresponding values of A;, ̂,
and ̂  obtained from the numerical procedure given in Hamrock and Anderson
(1973). Hamrock and Brewe (1983) used a linear regression by the method of
least squares to power fit the set of pairs of data [(%̂ ,a,.,i)t != 1, 2, ..., 26]
shown in Table 17.1. They obtained the following equation:

A; = â  (17.29)

The asymptotic behavior of f and .7-* (â  **̂  1 implies ̂  —> .7-* —* sr/2 and
Or —^ oo implies .F —> oo and ̂  —^ 1) was suggestive of the type of functional
dependence that ̂  and ̂* might follow. As a result, both inverse and logarithmic
curve fits were tried for ̂ and JF, respectively. Hamrock and Brewe (1983)
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obtained the following:

,f = 1 + — for a,. > 1 (17.30)

where
^ = ̂  - 1 (17.31)

and
JF = ̂  + 9a hi a,, for a,. > 1 (17.32)

Values of ̂ , ̂  and ̂  are also presented in Table 17.1 and compared with
the numerically determined values of A;, <f, and .7-*. Table 17.1 also gives the
percentage of error determined as

,17-̂
(17.33)

:

where
! = {A;,̂ , or JP} (17.34)

^={^,f, or^*} (17.35)

The agreement between the exact solution and the approximate formulas is
quite good. The best agreement is with ̂ , which is between 0 and 1%; the
worst agreement is with A;, which is ±4%.

Table 17.2 shows various radius ratios a,- and corresponding values of the
auxiliary parameter *̂ used in calculating the position and value of the maxi-
mum subsurface orthogonal shear stress. The exact solution for %* was obtained
from the numerical procedures given in Hamrock and Anderson (1973). For the
set of data [(i*,<3r,i), : = 1, 2, ..., 44] shown in Table 17.2 the following sim-
plified formula was obtained from Hamrock and Brewe (1983):

t.
r = l + 0.16csch- (17.36)

The percentage of error e^ is given for the auxiliary parameter in Table 17.2.
The agreement between the exact and the approximate values of i* is quite
good except at extremely small radius ratios (m̂  < 0.03). Once the value of i*
is determined, the position and value of the maximum subsurface orthogonal
shear stress can readily be calculated from Eqs. (17.24) to (17.28).

Table 17.3, from Hamrock and Brewe (1983), gives the simplified equations
for 0.01 < <3r < 100, which is the complete range normally experienced in
practice. It is important to make the proper evaluation of a,-, since it has
great significance in the outcome of the simplified equations. Table 17.3 shows
that ̂  and t* are unaffected by the orientation of the ellipse but that the
elliptical integrals of the first and second kinds (̂* and f) are quite affected. It
is important to realize that the reciprocal to â  produces the same values of ̂
and <f as are produced by changing the orientation of the ellipse.
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Table 17.2: Effect of radius ratio on auxiliary parameter used in subsurface
stress calculations. [From ̂ famrocA; and .Brewe

Radius
ratio,
Or
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.25
1.5
1.75

Auxiliary parameter

t*
5.71
4.42
3.81
3.43
3.16
2.96
2.80
2.67
2.56
2.47
1.96
1.73
1.59
1.50
1.43
1.38
1.34
1.30
1.28
1.22
1.19
1.16

i*
7.00
4.86
3.98
3.48
3.15
2.91
2.73
2.59
2.47
2.38
1.88
1.68
1.56
1.48
1.43
1.39
1.35
1.33
1.30
1.26
1.23
1.20

Error
6r, %
-22.47
-9.87
-4.49
-1.51
0.35
1.58
2.42
3.01
3.43
3.72
3.90
2.86
1.79
0.85
0.05
-0.62
-1.19
-1.66
-2.05
-2.78
-3.25
-3.54

Radius
ratio
O-r

2.00
3.00
4.00
5.00
6.00
7.00
8.00
9.00
10.00
15.00
20.00
25.00
30.00
35.00
40.00
45.00
50.00
60.00
70.00
80.00
90.00
100.00

Auxiliary parameter

t*
1.14
1.09
1.06
1.05
1.04
1.03
1.03
1.02
1.02
1.01
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

t*
1.18
1.13
1.10
1.08
1.07
1.05
1.05
1.04
1.03
1.01
1.01
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Error
6r, %
-3.71
-3.78
-3.45
-3.03
-2.62
-2.24
-1.91
-1.61
-1.35
-0.50
-0.09
0.12
0.21
0.26
0.27
0.27
0.26
0.24
0.21
0.19
0.17
0.15

Figure 17.5 shows three diverse situations in which the simplified equations
can be usefully applied. The locomotive wheel on a rail (Fig. 17.5a) illustrates
an example in which the ellipticity parameter A; and the radius ratio ctr are less
than 1. The ball rolling against a plane (Fig. 17.5b) provides a pure circular
contact (i.e., a^ = ̂  = 1.00). Figure 17.5c shows how the contact ellipse is
formed in the ball-outer-race contact of a ball bearing. Here the semimajor axis
is normal to the rolling direction, and consequently a,, and ̂  are greater than 1.
The detailed geometry and the values that can be calculated from the simplified
formulas are given in Table 17.4 for each of these three configurations. In using
these formulas it is important to pay attention to the sign of the curvatures.
Note that the outer race in Fig. 17.5 is a concave surface and therefore requires
a negative sign. Table 17.4 shows both the maximum pressure p^ and the
maximum shear stress to be highest for the ball-on-plane configuration.
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Table 17.3: Simplified Equations. [From Ramrod and Brewe

0.01 < &r < 1.0
L — 2/T

— T

7T
where <?a = --

t* = 1 + 0.16 csch -

M

Figure 17.S: Three degrees of conformity, (a) Wheel on rail; (b) ball on plane;
(c) ball-outer-race contact. [.Prom #amrocA: and Rrewe
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Table 17.4: Practical applications for differing conformities [,f
)̂; e^ecMfe e?aŝ c modM/M^ E', 2.197 x 10" Pa]

Contact
parameters
tux, N
!*aa;, m

Tuy, m
r&x, m
r̂ .., m
ar
?c

^̂r
f

^

D̂y, m
Dy, m
Da,, m
Da,, m
<Srn, ̂ m

Jm, ̂m
p^, GPa
Pm, GPa

t*
i*
TO, m
$0, m
20, m
Fo, m
To, GPa
fo, GPa

Wheel on rail

1.00 x 10=*
0.5019
00

00

0.300000
0.5977
0.7099
0.7206
1.3526
1.3412
1.8508
1.8645
0.010783
0.010807
0.015190
0.014996

106
108
1.166
1.178
1.4354
1.4346

±0.008862
±0.008745
±0.005410
±0.005350

0.162
0.164

Ball on plane

222.411
0.006350
0.006350

00

oo
1.0000
1.0000
1.0000
1.5708
1.5708
1.5708
1.5708
0.000426
0.000426
0.000426
0.000426

7.13
7.13
2.34
2.34
1.2808
1.3070

±0.000195
±0.000197
±0.000149
±0.000145

0.501
0.494

Ball-outer-race
contact
222.4111
0.006350
0.006350
-0.038900
-0.006600
22.0905
7.3649
7.1738
1.0267
1.0258
3.3941
3.3375
0.001842
0.001810
0.000250
0.000252

3.56
3.57
0.922
0.930
1.0090
1.0089

±0.000096
±0.000097
±0.000123
±0.000124
0.229
0.232

Example 17.1

Given A solid sphere of 2-cm radius (r̂ ^ = r;,,, = 2 cm) rolls on the inside of
an outer race with a 10-cm internal radius (r̂  = —10 cm) and a large width
in the axial direction, the sphere is made of silicon nitride and the outer race
is made of stainless steel. The normal applied load is 1000 N.

Find

a) Curvature sum R

)̂ EHipticity parameter A;

ĉ ) Elliptic integrals of the first and second kinds ̂  and ̂

d̂ ) Effective modulus of elasticity E'
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ê ) Dimensions of elliptical contact D^ and Z\,

/̂ ) Maximum Hertzian pressure or stress on surface p^

<?̂  Maximum deformation ̂

Solution

â ) From Eqs. (17.4), (17.5) and (17.2), the curvature sum is

1 1 1 1 1 -_ — __ I __ -— "

0.02 0.10

= 0.025 m
1 1 1

= 0.02 m

R R^ R^ 0.025 0.020

The ellipticity parameter from Table 17.3, where a,. = Ry/Ar = 0.020/0.025
0.80, is

= 0.8676

From Table 17.3 the elliptic integrals of the first and second kinds are

= 1.698

.457= 1 + (̂  - l) (0.8) = 1.

From Tables 5.9 and 5.10 for silicon nitride, E<, = 314 GPa and ̂ = 0.26.
For stainless steel, E& = 193 GPa and ̂ = 0.30. The effective modulus
of elasticity is

(1-M^) (1-0.262) (1-0.32')
F{, 3.14 x 1QH 1.93 x

= 2.60 x 10" N/m'

The dimensions of the elliptical contact, From Eqs. (17.14) and (17.15),
are

/6A;^^Ry^_ r6(0.8676)̂ (1.457)(1000)(0.0111)l̂
" " 7r(2.60)(10)n ]
= 0.8943 x 10*3 ̂

= , ,̂ \ "' ̂  r6(1.457)(1000)(0.0111)l
^ ?rA;E' ̂  [ 7r(0.8676)(2.6)(10)" J

= 1.0308 x 10*3 m
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The maximum pressure, from Eq. (17.7), is

_ 6̂  ^ 6(1000)
7r(0.8943)(1.0308)(10-6)

- 2 07" ̂'̂

From Eq. (17.16), the maximum deformation at the center of the con-
junction is

1/3

,1/3
I A h / 1 1 I I I I I \

= 1.6981
(1.4566)(0.0111) \7r(0.8676)(2.6)(10H)

= 13.95 x ID"" m

Example 17.2
Given The balls in a deep-groove ball bearing have a 17-mm diameter. The
groove in the inner race has an 8.84-mm radius; the radius from the center of
the race to the bottom of the groove is 27.5 mm. The load being apptied is
20,000 N. The ball and race material is steel.
Find

aj The dimensions of the contact ellipse

6) The maximum deformation

Solution

a) From Eqs. (17.4), (17.5), and (17.2) the curvature sum is

Rj " ̂1 *̂  nl " 8.5 x 10-3 + 27.5 x 10-3 = ̂4.0 m *

1 1 -___
8.5 x 10-3 §34 x io-3

Using Eq. (16.57) gives the radius ratio as

' Rx 4.525

From Table 17.3, the ellipticity parameter and the elliptic integrals of the
first and second kinds are

= 9.446
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^ = I + f ̂ - ll ln(34.03) = 3.584

'7T

34.03
The effective modulus of elasticity is

Pa- 227.5 GFa

The dimensions of the elliptical contact, From Eqs. (17.14) and (17.15),
are

_ ^ /6̂ R̂\̂  _ r6(9.446)2(l.Ql7)(20,000)1̂
" y TrE' ^ [ 158.57r(227.5)(10)9 J
= 9.162 mm

n Q1R2
Px = ̂  = —-̂  = 0.9699 mm

^ 9.446

From Eq. (17.16), the maximum deformation at the center of contact is

r -
" "

[9(158.5) / 20,000
[2(1.017) ̂7r(9.446)(227.5)(lQ9)

17.6 Rectangular Conjunctions

For rectangular conjunctions the contact ellipse discussed throughout this chap-
ter is of infinite width in the transverse direction (D̂  — -> oo). This type of con-
tact is exemplified by a cylinder loaded against a plane, a groove, or another
parallel cylinder or by a roller loaded against an inner or outer race. In these
situations the contact semiwidth is given by

6 = Rx — (17.37)

where the dimensionless load is
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and w^ is the load per unit width along the contact. The maximum deformation
for a rectangular conjunction can be written as

The maximum pressure in a rectangular conjunction can be written as

W \ */̂
2̂  ) (17-40)

Example 17.3
Given A solid cylinder of 2-cm radius (r̂ ^ = 2 cm and r̂ ^ = oo) rolls around
the inside of an outer race with a 10-cm internal radius (r̂  = — 10 cm) and a
large width in the axial (y) direction (r̂  = oo). The cylinder is made of silicon
nitride and the outer race is made of stainless steel. The normal applied load
per unit width is 1000 N/m.

Find

â ) Curvature sum R^

&̂ ) Semiwidth of contact &

ĉ ) Maximum contact pressure p^

<0 Maximum deformation ;5̂

Also, compare the results with those of Example 17.1
Solution

â  From Example 17.1, E' = 2.60 x 10̂  N/m^. The curvature sum from
Eq. (17.4) is

-̂ - = — + — = -L - -L = 40 m-' .'. A, = 0.025 m
%; 7*oz Tbx 0.02 0.10

The dimensionless load from Eq. (17.38) is

' 1000 -
E'Rx * (2.6)(10H)(2.5)(10-2) **

The semiwidth of the contact from Eq. (17.37) is

6 = Rx = (0.025)
\ 7T /

= 15.6 x 10*̂  m = 15.6/mi
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the maximum contact pressure from eq. (17.40) is

= 40.68 x ID" Pa = 40.68 MPa = 0.0407 GPa

The maximum deflection at the center of the contact from Eq. (17.39) is

2(1.538)(10-')(2.5)(10
.11538x10-'

= 0.0405/nn

17.7 Closure

This chapter has presented an alternative approach to the classical Hertzian
solution for the local stress and deformation of two elastic bodies in contact.
Simplified formulas that use curve-fit analysis are given in terms of the radius
ratio a,, for the eMipticity parameter A; and the complete integrals JF and ̂
of the first and second kinds, respectively. Thus, their interdependence can
be uncoupled and solution of the resulting transcendental equation avoided.
Simplified equations were developed that permit a more direct and easier ap-
proach to the calculation of the elliptical contact deformation and the maximum
Hertzian pressure. In addition, a curve-fit analysis was used to derive a simpli-
fied formula for an auxiliary parameter *̂ as a function of a,-. This eliminated
having to solve a cubic equation for t* as a function of &. A shortcut calculation
could be made for the location and magnitude of the maximum subsurface shear
stress. Therefore, the elliptical contact deformation and stresses presented are
applicable for any contact ranging from a disk rolling on a plane (â. = 0.03) to
a ball-on-plane contact (a,. = 1) to a contact approaching a normal line contact
(a,. —> 100) such as a barrel-shaped roller against a plane.

17.8 Problems

17.1 A solid cylinder of radius 2 cm rolls around an inner ring with an internal
radius of 10 cm and a large width in the axial (y) direction. What is the
radius of the geometrically equivalent cylinder near a plane?

The cylinder is made of silicon nitride and the ring is made of stainless
steel. If a normal applied load per unit width is 1000 N/m determine the
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contact semiwidth &, maximum deformation <5̂ , and maximum Hertzian
pressure p̂ . Also indicate what these values are if the silicon nitride
cylinder is replaced with a stainless steel cylinder. What conclusions can
you make about these results?

17.2 A solid sphere of radius 2 cm rolls around the inside of the outer race with
an internal radius of 10 cm and a large width in the axial (y) direction is
quite large. What is the curvature sum?

The sphere is made of silicon nitride while the ring is made of stainless
steel. If the normal applied load is 1000 N, determine the maximum
surface stress, the maximum subsurface stress, the maximum deformation,
and the dimension of the contact. That is, determine &, .F, ̂, i*, D̂ , Dy,
<5m, Pm, To, To, and 2:0.

Also indicate what these values are if the silicon nitride sphere is re-
placed with a stainless steel sphere. What conclusions can be made about
the results? Also compare with Problem 17.1 results.
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Chapter 18

Elastohydrodynamic
Lubrication of Rectangular
Conjunctions

Symbols

F'

F'

C

R

integration constants
weighting factors
influence coefficients
diameter of rectangular contact in
x direction, m
modulus of elasticity, Pa
effective modulus of elasticity,

L

, Pa

R,

dimensionless shear force, /'/F/R̂
shear force per unit width, N/m
nodal difference between terms
of integrated form of Reynolds eq-
uation, see Eq. (18.36)
dimensionless materials para-
meter, ̂F'
dimensionless film thickness
dimensionless film thickness for
elliptical conjunctions, 7t/Rx
dimensionless central film thick-
ness for elliptical conjunction,

dimensionless film thickness
where dP/a!X = 0
dimensionless Him thickness for

rectangular conjunctions,

Rr,<t dimensionless film thickness for
rectangular conjunctions at in-
flection point, of P,*/dX;! = 0

/t Him thickness, m
ĉ central Sim thickness, m
/tm Blm thickness where Jp/ch; = 0, m
^min minimum film thickness, m
^min minimum Him thickness obtained

from curve fitting results, m
7 deHned in Eq. (18.28)
R constant deHned in Eq. (18.9)
TV number of nodes
JVmax maximum number of nodes
P dimensionless pressure
P, dimensionless pressure, p/F'
P,,., dimensionless pressure spike,

P,,s curve-Ht dimensionless pressure
spike

Pr dimensionless pressure for rectan-
gular conjunctions

P̂  dimensionless reduced pressure
for rectangular conjunctions

451
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IV

pressure, Pa
maximum Hertzian pressure, Pa
pressure spike amplitude, Pa
curve-ht pressure spike ampiitude,
Pa
dimensioniess mass flow rate
curve-fit dimensioniess mass
Row rate
mass now rate, Pa-s
effective radius in 2 direction, m
radius, m
separation due to geometry of
solids, m
dimensioniess speed, T?o"/E'Ra:
velocity in 3; direction, m/s
mean surface velocity in K direc-
tion, (M̂  + Mb)/2, m/s
dimensioniess load for rectangu-
lar contact, ŵ /E'R̂
load per unit width, N/m
normal load per unit width,

Zs location of spike, m
Zi viscosity-pressure index
^ angle between load compc-

nents [see Eq. (18.54)]
A change
J elastic deformation, m
<S dimensioniess elastic deforma-

tion
<Ŝ  dimensioniess elastic deforma-

tion where dp/da; = 0, m
?? absolute viscosity, Pa-s
f?o absolute viscosity at p = 0 and

constant temperature, Pa-s
7̂ dimensioniess absolute visco-

sity, ?y/̂ o
^ Poisson's ratio
$ pressure-viscosity coefficient,

m^/N
p density, kg/m^
/̂  coefficient of friction

dimensioniess Cartesian coordi-
nate in direction of motion
dimensioniess center of pressure,

Subscripts
a solid a
& solid h
end end of computing zone
tv isoviscous
fft location where dp/da; = 0
min minimum
u viscous
;̂!/)̂  coordinates

dimensioniess location of mini- tv
mum film thickness, Tmin/Rx fft
dimensioniess z coordinate for m
rectangular contact u
Cartesian coordinate in direc- ;̂
tion of motion, m
location of center of pressure, m Superscripts
location of minimum film thick-
ness, m ?! new
value of z when dp/&c = 0, m ° °ld

18.1 Introduction

The recognition and understanding of elastohydrodynamic lubrication (EHL)
represents one of the major developments in the field of tribology in the twen-
tieth century. The revelation of a previously unsuspected lubrication fUm is
clearly an event of some importance in tribology. In this case it not only ex-
plained the remarkable physical action responsible for the effective lubrication
of many nonconformal machine elements, such as gears, roHing-element bear-
ings, cams, and continuously variable traction drives, but also brought order
to the understanding of the complete spectrum of lubrication regimes, ranging
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from boundary to hydrodynamic.
The development of elastohydrodynamic lubrication is fairly recent. The

first notable breakthrough occurred when Ertel (1939) managed to incorporate
both the elastic deformation of the solids and the viscosity-pressure character-
istics of the lubricant in analyzing the inlet region of lubricated nonconformal
machine elements. The most important practical significance of this work is
that the film thickness equation Ertel developed yielded values one or two or-
ders of magnitude greater than those predicted by hydrodynamic theory. These
values tended to be in better agreement with experimental results for gears and
rolling-element bearings. Petrusevich (1951) provided three numerical solu-
tions to the governing elasticity and hydrodynamic equations that confirmed
the essential features of the Grubin (1949) analysis and yielded additional in-
formation on the details of the film shape and pressure distribution throughout
the conjunction.

Various procedures for solving the complex elastohydrodynamic lubrication
problem were reported in the 1960s. Dowson and Higginson (1959) described
an iterative procedure that not only yielded a wide range of solutions during
the next decade, but also enabled them to derive an empirical minimum-film-
thickness formula for line contacts. Crooks' (1961) experiments confirmed the
order of magnitude of film thickness deduced by Dowson and Higginson (1959),
and he was able to produce direct evidence of the influence of load and speed
on film thickness. Load was found to have an almost negligible effect on the
film thickness, but speed was found to play an important role.

The major limitation of the work in the 1960s and 1970s and up to the mid-
1980s was that the results were obtained for light loads and extrapolations were
made for higher loads. Most nonconformal contacts, such as rolling-element
bearings and gears, operate in the range of maximum Hertzian pressure from
0.5 to 3.0 GPa. Then, in 1986 Houpert and Hamrock developed an approach
that enables solutions to elastohydrodynamically lubricated rectangular con-
junctions to be made that have no load limitations. Successful solutions were
made for a maximum Hertzian pressure of 4.8 GPa. Details of their approach
as well as some simpler approaches are covered in this chapter. Furthermore,
results of pressure, film thickness, and flow are given to illustrate what these
features are in an elastohydrodynamically lubricated conjunction.

18.2 Incompressible Solution

From Eq. (7.49) the appropriate Reynolds equation for time-invariant conditions
while neglecting side leakage for elastohydrodynamic lubrication is

(18.1)
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where M = (tt̂  + tn)/2. Assuming incompressible conditions, this equation
reduces to

= 12M— (18.2)

Further assuming that the pressure-viscosity effects may he expressed as Barus
(1893) formulated, as discussed in Chapter 4 [Eq. (4.7)]

7? = ?7oê  (18.3)

Equation (18.2) can be rewritten as

where
1 — e*̂

P* = —̂ - (18.5)

is the reduced pressure in pascals. The advantage of solving Eq. (18.4) over
(18.2) is that, instead of both pressure and viscosity as variables, reduced pres-
sure is the only variable. Equation (18.5) can be rewritten to express the
pressure as

P=-Iln(l-4p*) (18.6)

From this equation observe that as p —> 0 , p* —> 0 and that as p —> oc,
P* - l/$.

Letting

_D2 ^ SRxW" ^ D.

Eq. (18.4) becomes

where

= constant = -̂ -̂  (18.9)

= dimensionless speed parameter = (18.10)

tV' = dimensionless load parameter = ^ (18.11)
Zi- Ttj;

Substituting Eq. (18.7) into Eqs. (18.5) and (18.6) gives
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and
1/2

where
G = dimensionless materials parameter = $7?' (18.14)

From Eqs. (18.8), (18.9), and (18.12) it can be observed that the dimension-
less pressure is a function of the dimensionless speed {/, load TV, and materials
G parameters. Note from Eq. (18.12) that 7̂ - — ) 0 implies 7-̂ * — * 0 and that
Pr ̂  oo implies P; = (27r/W")i/2/C.

Integrating Eq. (18.8) gives

JP*
77̂ — ̂ = 7?77, + ̂ (18.15)

CtXr

A boundary condition is that dpr/ĉ r = 0 when A = /t̂ , or in dimensionless
terms dP̂ /̂ X̂  = 0 when 77 = 77̂ . To establish how this relates to the reduced
pressure, let

W"\^- p

= -<? -r-

Differentiating Eq. (18.13) with respect to Xr while making use of the preceding
equations gives

From this equation it can be concluded that the boundary condition d
0 when 77 = R,n implies that dP̂ /cLYr = 0 when 77̂  = ̂ m- Making use of
this in Eq. (18.15) gives

7?(77,

Often the inflection point of the pressure profile is of interest. Calculating the
second derivative gives

R^ 774

At the inflection point tfT̂ /dX;? = 0 and 77,. = 77̂ .

.'.0 = (-277,,.+377̂ )̂
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Since &%-/dX,- 7̂  0, then -2R̂  + SR̂  = 0, or

R^ = 2R,,./3 (18.18)

The expression for the film shape can be written as

(̂2) = /n, + ,S(T)+J(:E) (18.19)

where /to = constant
<S(:E)= separation due to geometry of undeformed solids
<5(a*) = elastic deformation of solids

The geometric separation, while assuming the parabolic approximation [see Eq.
(12.52)], is

From this equation and (18.19) the dimensionless film shape can be written as

/7 -ff , ̂  4A,J
"r - ̂ r,0 + ̂" + *1W* (18. 2U)

18.3 Elastic Deformation

Chapter 17 described formulas for the maximum surface and subsurface stresses
as well as the maximum deformation at the contact center. In this section,
general expressions for the elastic deformation in a rectangular conjunction will
be developed. For two surfaces having the same elasticity but made of different
materials coming into contact, the elastic deformation at any point a: on the
surface (2 = 0) is

pln(3-z') c!z' (18.21)

where

E' ̂  2

and p is pressure that is a function of a;' varying from Kmin to Tend - Letting

Ar r r<, D 4

where p# is the maximum Hertzian pressure, causes Eq. (18.21) to become

') (18.24)
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But the normal applied load per unit width is just the integration of pressure
from the inlet to the outlet.

.'. û  = /

This implies that

= ̂  (18.25)

Substituting Eq. (18.25) into Eq. (18.24) gives

(18.26)

Note that the last term on the right side of Eq. (18.26), which is a constant,
depends on how X and P are made dimensionless. This term represents, in
general, 80 to 90% of the total deformation. This grouping of the elastic de-
formation was discovered by Houpert and Hamrock (1986) and proved to be a
useful separation in that the remaining pressure-dependent deformation is now
of the same order as the film thickness at moderate loads.

Using integration by parts on the integral given in Eq. (18.26), Houpert
and Hamrock (1986) found that

J= —L

where

7 = f In (X - X'̂  ̂X' = - (X - X') [in (X - X'f - 2] (18.28)

Since the pressure is zero at X̂ in and -Xendt the first term on the right side of
Eq. (18.27) vanishes and

(18.29)
The integral in Eq. (18.29) can be calculated analytically by assuming that
the pressure is described by a polynomial of second degree in the interval
[Xj-i,X.,+i]. The details of the calculations are given in Appendix A. The
resulting equation from their studies gives the dimensionless deformation <5; at
node : as a function of the dimensionless pressure P; and the influence coeffi-
cients D̂ :

JV

(18.30)

The results obtained from Houpert and Hamrock (1986) are compared in
Table 18.1 with results obtained by Hamrock and Jacobson (1984) as well as
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by Okamura (1982), who used simpler approaches than that used by Houpert
and Hamrock (1986). Hamrock and Jacobson (1984) assumed the pressure to
be constant in the interval pQ — AX/2, Xj + AX/2] and used an analytical
expression for the integral of ln(Xj — X'). Okamura (1982) did not use any
analytical solutions and assumed simply that

A X;
-X,

X,
-X, (18.31)

where A = X;+i — X;. The three approaches can be compared by assuming a
Hertzian pressure. Between X = — 1 and X = 1 the film shape while assuming
a Hertzian pressure should be flat, leading to AR = 0, where AR is denned as

AR=^-+J-J^ (18.32)

and <5,7t is the dimensionless maximum deformation. This can be compared with
the value of <$# obtained by analytic integration of Eq. (18.26) with a Hertzian
pressure distribution

1 !n(2) + 0.25 (18.33)
2

The largest value AR^/R^ of AR/R^ is found at X = —1 and X = 1 (because
of the slope discontinuity) and is shown in Table 18.1 with the corresponding
value of Ĵ /̂ R — 1. The film thickness R^ where dP/efX = 0 has been chosen
to be equal to 0.5; X̂ in and X̂ ax define the first and last values of X and
^Vmax is the number of nodes.

Table 18.1 shows that for a given mesh the best accuracy in calculating J
and AR,?, is obtained by using the Houpert and Hamrock (1986) approach. The
value of Ĵ t from Hamrock and Jacobson (1984) is in some cases less accurate
than that from Okamura (1982) because they did not separate the constant as
was done in Eq. (18.23). But <5,̂  is not really significant, since any inaccuracy
in its calculation can be compensated for by Ro in the film thickness equation.
The important parameter of Table 18.1 is AR^, since it is a measure of the
flatness of the Rim. This aspect is extremely important at high loads, where
the elastic deformations are two or three orders of magnitude larger than the
film thickness.

Also shown in Table 18.1 are the results obtained with a uniform mesh of
661 nodes by Hamrock and Jacobson (1984). Extremely small values of AR^
were calculated and cannot be reproduced with the new approach because of
storage problems with the matrix D,, and because a large system of equations
would have to be solved with such a mesh. By using a nonuniform mesh with a
fine grid near X = — 1 and X = 1 , similar results were found with a small value
of %nax (̂ Vmnx = 51) as indicated in Table 18.1. The latter case illustrates the
power of the approach developed by Houpert and Hamrock (1986).
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The solution of Eqs. (18.17), (18.20), and (18.26) needs to be evaluated
numerically.

18.4 Compressible Solution

Considering compressibility effects while neglecting side leakage and assuming
time- invariant conditions allows the appropriate form of the Reynolds equation
to be written from Eq. (7.51) as

dp

The equation is the integrated form of the Reynolds equation, and Pm^m is the
corresponding value of p/t when dp/da; = 0. This section is extensively based on
the paper of Houpert and Hamrock (1986). The analysis is presented in detail
in that paper and summarized here. Letting

Pop ?y = %}7? (18.34)

and using Eq. (18.7) gives Eq. (7.51) as

^̂  (18.35)

where A* is the same constant developed in Eq. (18.9).
The basic equation that will solve for the pressure at each node within a

lubricated conjunction is

Pi
(is.36)

The expression for the film shape can be obtained by using the results of the
previous section, and the expressions for the dimensionless density and viscosity
can be expressed from equations developed in Chapter 4 as

X^ ^
Fr.i = R,,o + ̂ + E ̂ -̂i (18.37)

j'=l

_ 0.6 x 10
1 + 1.7* lO-

exp {[m(??o) + 9.67] [-1 + (l + 5.1 x 10"̂ .̂̂ )̂ ] j (4.10)

Note in Eq. (18.37) that Rr,o contains the constant term - l
introduced in Eq. (18.30). Furthermore, the density expression given in Eq.
(4.19) was obtained from Dowson and Higginson (1966), and the viscosity ex-
pression given in Eq. (4.10) from Roelands (1966). Also note that in Eqs. (4.19)
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and (4.10) metric units are to be used. Values of fluid properties given as Zi
and 7/0 in Eq- (4-10) may be obtained directly from Chapter 4 for the particular
fluid being investigated. Observe from these equations that coupling the elas-
ticity and rheology equations into the integrated form of the Reynolds equation
proves to be a difficult task mainly for the following reasons:

1. The lubricant viscosity changes by several orders of magnitude as the
lubricant travels through the conjunction (f; can be 10̂  in the contact
center and 1 at the inlet and outlet).

2. The elastic deformation of the solid surfaces can be several orders larger
than the minimum film thickness (<5/h.min can be ItF or 10**).

For both these reasons extremely accurate numerical methods are required to
get successful convergence of the problem.

Once the pressure is obtained, the dimensionless normal load per unit width
can be evaluated from the following equation:

--r
Making use of Eqs. (18.7) and (18.34) in dimensionless terms reduces this equa-
tion to

/ ""*̂ dX = - (18.38)

The unknowns in this problem are

r̂,end outlet meniscus
N number of nodes used
.%. o constant

;Om_Hr,m value of /9,%. where dj-̂ /̂ Xr = 0
7-̂ -j pressure at node j (j = 2, N)

The boundary conditions are

1. -F̂ . = 0 for Xr = X,.,min.

2. R. = dR./dZ, = 0 for X, = X,,̂

Figure 18.1 more clearly identifies Xr.end and #. Note that X,.,jv is the nearest
node to Xr.end such that .Xr.jv < ̂ r.cnd A second-degree curve for F(X) can
be defined by using #jv-i, -Ĥ W) and .Hjv+i, and then Xend can be calculated
such that

Rr(Rr,cnd) = ̂ r̂,̂  (18.39)

Appendix B gives the corrections to be applied to weighting factors due to X,..
Having defined Xr.end and JV, the remaining TV + 1 unknowns, pmRr.mt Rr,o<
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! I I I I I H! I I I I li I I
^min ^ r̂.end ;̂mi
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Figure 18.1: Sketch to illus-
trate calculations of ̂  end
and JV. [From Rot/per̂

and Pa to Pr ̂, can be calculated by using a Newton-Raphson scheme. If the
superscripts n and o are used to define the new and old values of the unknowns
corresponding to two successive iterations,

(/̂ iRr.rn)" = (̂ rnRr,m)° + [A (̂ mRr.m)]" (18.40)

l" (18.41)

)" (18.42)

where [A(/9rnRr,nt)]*\ (AP-j)", and (AR,-,o)" are now the unknowns to the
problem. They must all be small if convergence is to be obtained.

From the definition of the Newton-Raphson algorithm, for each node t

a/,
R̂r,t

+

(AR,,.)" = -/° (18.43)

where [d̂ /d(/9̂ Rr,!n)]°, (d/i/dPr,j)°, and ((%/<9R,.,o)° are defined analyti-
cally in Appendix C.

The constant dimensionless load is taken into account by

(AP,)" dX, = - P; dX, = (AtV)" (18.44)

or

^ , ̂"'p.̂ (̂An,y

^ 7X̂ n,)n

)f

j)" = (AtV (18.45)

where Ĉ  are weighting factors defined in Appendix D. Since X?.,Ar does not
coincide with ,Xr,end; minor corrections are appHed on the last values of (L.
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A linear system of ̂V + 1 equations is therefore to be solved.

o r? (7 o ^ -̂n̂ r.oj j ^AW
(18.46)

A Gaussian elimination with the partial pivoting method is used to solve this
linear system of equations. Iterations on the system approach are still required,
as was a case in the direct method used, for example, in Hamrock and Jacobson
(1984); however, much less computer time is required.

18.5 Flow, Loads, and Center of Pressure

The pressure in elastohydrodynamically lubricated conjunctions having been
established, it is used here to determine the mass How rate, the various load
components, and the center of pressure. In Chapter 8 these variables were
found to be important in hydrodynamic lubrication; they are also important in
elastohydrodynamic lubrication.

18.5.1 Mass Flow Rate per Unit Width

The volume Row rate per unit width for hydrodynamic lubrication was described
in Eq. (7.38). The mass How rate used in elastohydrodynamic lubrication is
equivalent to the density multiplied by the volume How rate per unit width or

(18.47)9m=/9<? =

Making use of Eqs. (18.7) and (18.34) yields

_ ^̂7?

Making use of Eq. (18.35) reduces this equation to

(18.49)

18.5.2 Tangential Load Components

The normal load components are defined in Eq. (18.38); this section deHnes
the tangential load components. The various load components are described
in Fig. 18.2. This figure also shows the shear force, which will be covered
in the next section. These force components are acting on the two solids.

Copyright © 2004 Marcel Dekker, Inc.



464 FUNDAMENTALS OF FLUID FILM LUBRICATION

Figure 18.2: Load com-
ponents and shear forces,

and Jat-

Conventionally, only the ̂  components of the normal toads per unit width
acting on the solids (ŵ z and ŵ ) are considered. However, it is felt that the
tangential a: components per unit width (ŵ  and u*̂ ), shear forces per unit
width (/Q and /̂ ), friction coefficient t̂, and center of pressure â p should also
be expressed and quantitative values obtained for each of these expressions.
The tangential 2 component of the load per unit width acting on solid a is zero.
The tangential toad per unit width for solid 6 is not zero and can be written as

/* ,, f ̂
5x = * / P^ = - / Pj- <

Integrating by parts gives

However, the pressure at the inlet and the outlet is zero

(18.50)

From Eqs. (18.7) and (18.34) this equation can be expressed in dimensiontess
terms as

The resulting normal bad components per unit width can be written as

,,/ r i oi 1/2
tV' = " = (W' r + fM̂ ' ) = tV' = IV'
" E'Ar L^ ""̂  ^ "̂ ^ J "̂

- j —i ̂T = tan —

+

(18.52)

(18.53)

(18.54)
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18.5.3 Shear Forces

The shear force per unit width acting on the solid as shown in Fig. 18.2 can be
written as

&r (18.55)
y y \ <M:/2=o

From Eq. (7.32)
dM 22 — /t t%p 7? (Ma — Mb)

&̂J " "*2 ̂  ^

Substituting this into Eq. (18.55) gives

Making use of Eq. (18.51) and using Eqs. (18.7) and (18.34) to write the pre-
ceding equation in dimensionless form gives

7?' _ Jo _ "hT

F'7? 7

The shear force per unit length acting on solid & can be written as

Making use of Eq. (18.46) yields the following:

Note that for equilibrium to be satisfied, the following must be true (see Fig.
18.2):

F̂  - F̂  + ̂ = 0 (18.58)

and
WL - Ŵ , = 0 (18.59)

The coefficient of rolling friction is written as

18.5.4 Center of Pressure

A useful calculation in traction studies is the location of the center of pressure.
The appropriate equation is

= — /pxda: (18.61)
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From Eqs. (18.7) and (18.34) this equation in dimensionless form is
7* 1 /*

The location of the center of pressure indicates the position on which the
resulting force is acting. The fact that the resulting force is not acting through
the center of the roller creates a rolling resistance in the form of a moment.
This has a significant effect on the evaluation of the resulting forces and power
loss in traction devices and other machine elements.

18.6 Pressure Spike Results

Because the steep pressure gradients in the outlet region of an elastohydrody-
namically lubricated conjunction would otherwise increase the flow rate and
clearly lead to flow continuity problems, a gap closing and an abrupt rise in
pressure must occur near the outlet. This abrupt rise in pressure is defined as
a "pressure spike."

Figure 18.3 gives the pressure profiles and film shapes at iterations 0, 1,
and 14 as obtained from Houpert and Hamrock (1986). From the Hertzian
pressure at iteration 0 the approach converges quickly. In the first iteration a
pressure spike is formed that is close to the final converged pressure spike for
iteration 14. The operating parameters were held fixed at tV = 2.045 x 10"̂ ,
!7 = 1.0 x 10-", and C = 5007.

In an attempt to understand why the pressure spike exists, Hamrock et al.
(1988) explored pressure spike conditions for isoviscous and viscous solutions
and incompressible and compressible fluids under a wide range of loads. It was
anticipated that understanding these conditions in the region of the pressure
spike might lead to a better understanding of what causes the spike. The
highlights of this work are given here.

The system approach developed by Houpert and Hamrock (1986) was used
for the numerical evaluation and is discussed in Sec. 18.4. The operating
parameters were fixed at

t/ = dimensionless speed parameter = = 1.0 x 10"̂
.E'-Rz
u/

IV' = dimensionless load parameter = —-j=— = 1.3 x 10*4 (ig.63)
.& Ax

C = dimensionless materials parameter = $E' = 5007

These operating parameters were held fixed at these values unless otherwise
stated.

18.6.1 Isoviscous and Viscous Results

Figure 18.4 shows the dimensionless pressure distribution for isoviscous and
viscous solutions with the operating parameters held fixed as shown in Eq.
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Figure 18.3: Pressure pro-
files and Him shapes at iter-
ations 0, 1, and 14 with di-
mensionless speed, load, and
material parameters fixed at
!7 = 1.0 x 10-", IV' =
2.045 x 10*5,

(18.63). Compressibility effects were considered. Equation (18.46) was solved
numerically for the viscous case. For the isoviscous solution the only change
was to replace the dimensionless viscosity ̂  by 1. For this and later figures,
unless otherwise stated, 400 nonuniform nodes were used. The bulk of the nodes
occurred around X,. = —1.0 and the pressure spike. In the region of X̂  between
0.9 and 1.0, 230 nodes were used. The inlet region began at X̂  = —2.0.

Figure 18.4 shows that a pressure spike did not exist for the isoviscous
solution but did exist for the viscous solution. The dimensionless viscosity
varied from 1 in the inlet (Xr = -2) and in the outlet (X̂  = 1.08) to 0.87 x 10?
at the contact center (X̂  = 0). The pressure profiles were essentially the same
except for a slight difference in the inlet, the occurrence of the pressure spike,
and a slight difference in the outlet.

Figure 18.5, for the same conditions as Fig. 18.4. shows the film shape
for the viscous and isoviscous solutions. The film thickness in Fig. 18.5 is a
dimensional value given in meters. Note that the viscous film thickness was
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Q.
I!
o.--

§ .6-

-1.5 -1.0 -.5 0 .5 1.0 1.5
Dimensionless x coordinate,

Xr = 2x/D,

4x10*7

-1.5 -1.0 -.5 0 .5 1.0

Dimensionless x coordinate,

1.5

Figure 18.4: Dimensionless
pressure profiles for isovis-
cous and viscous solutions.
Compressibility effects were
considered, "̂o

Figure 18.5: Film thick-
ness profiles for isoviscous
and viscous solutions. Com-
pressibility effects were con-
sidered. [Fh)m RamrocA* e^
a/.

more than three times the isoviscous film thickness in the contact region. Note
also that the gap closing near the outlet of the contact region was much smaller
for the isoviscous solution.

18.6.2 Details of Pressure Spike and Film Shape

Figure 18.6 shows details of the pressure spike and the minimum film thickness
by considering only the range of 0.9 < X,. < 1.0 from the results presented in
Figs. 18.4 and 18.5. In this interval 230 nonuniform nodes were used to obtain
the smooth profiles shown in these figures. The pressure spike (Fig. 18.6a) oc-
curred at Xr = 0.943, but the minimum film thickness (Fig. 18.6b) occurred at
Xr *= 0.973. The shift in the location of the minimum film thickness relative to
the location of the pressure spike is a normal occurrence in elastohydrodynamic
lubrication. Because the steep pressure gradients in the spike would otherwise
increase the How rate and clearly lead to flow continuity problems, the gap
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.81—

.92 .94 .96 .98
Dimensionleas x coordinate,

1.00

Figure 18.6: Pressure and
Rim thickness profiles in re-
gion 0.9 < X,. < 1.0.
(a) Dimensionless pressure;
(b) dimensionless film thick-
ness. .B-om Ratmroc^ ei a/.

must he ciosed near the outlet end of the contact as shown in Fig. 18.6b. The
smoothness of the pressure spike in Fig. 18.6a indicates a sufficient number of
nodes in the spike region.

Figure 18.7 shows the variation of the dimensionless pressure gradient
&F̂ ./o!Xr in the region 0.9 < X,- < 1.0. The pressure gradient changed drasti-
cally at the spike location. Figure 18.7b shows the variation of .%. — p̂ r̂ m/P
in the region 0.9 < Xr < 1.0. Recall that the expression .%. — pmRr,m/<o occurs
in the integrated form of the Reynolds equation given in Eq. (18.36) as does
the pressure gradient plotted in Fig. 18.7a. The value of ,%. — Pm#r,m/p was
near zero until the pressure spike and then varied considerably afterward. In
relating oLF̂ /̂ Xr and ,%. — p̂ Fr,̂ //? as they appear in Fig. 18.7 with Eq.
(18.36), it should be pointed out that ̂  varied from 1 in the inlet (Xr = —2)
to 0.87 x 10̂  at the contact center (Xr = 0) to 0.55 x 10̂  at the pressure spike
location (X,- = 0.943) to 1 at the outlet (X,. = 1.08).

Similar conclusions were drawn for a large range of dimensionless loads,
namely, that the pressure spike did not occur for the isoviscous solutions but
did occur for the viscous solutions. Also, the viscous film shape for a targe load
range shows a gap closing near the outlet, whereas the isoviscous film results
had either a slight gap closing or none at all.
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Figure 18.7: Pressure gradient and
H,. - /9m#r,m/P profiles in region
0.9 < Xr < 1.0. [From FamrocA: et

18.6.3 Compressible and Incompressible Results

Figure 18.8 shows the dimensionless pressure and film profiles for an incom-
pressible fluid. Viscous effects were considered, and the dimensionless operating
parameters were fixed at the values given in Eq. (18.63). Figure 18.9 considers
the same conditions as Fig. 18.8 but for a compressible fluid. The only differ-
ence in the analyses for the compressible and incompressible fluids is that for
the incompressible fluid ^ and rn were set equal to 1 in Eq. (18.36). Also, the
data given in Figs. 18.4 and 18.5 for the viscous solution are the same as those
in Fig. 18.9 except that they were plotted differently to more readily compare
them with the results given in Fig. 18.8.

From Figs. 18.8 and 18.9 the following observations can be made: pressure
spike amplitude for the incompressible fluid was 3.7 times that for the com-
pressible Huid, and the shape of the film in the contact region was quite flat for
the incompressible fluid but more rounded for the compressible Huid.

Figure 18.10 shows profiles of the dimensionless film thickness and the term
pm-%-,m//3 for the compressible and incompressible Huids. The range of the ab-
scissa is limited to 0.9 < .Xr < 1.0, the region where the pressure spike and
minimum film thickness occurred. Viscous effects were considered for both the
compressible and incompressible Huids. The dimensionless operating parame-
ters were the same as those found in Eq. (18.63).

Figure 18.10 shows that at the spike locations the film proAle was sharp for
the incompressible fluids but rounded for the compressible fluids. Note also that
the values of /9̂ -%-,rn/P for the compressible and F,.,Tn for the incompressible
fluids were close to the value of,%. for X̂  < Xr,s, where X,-,s is the value of Xr
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2.5

2.0

1.0

"-2 -1 0 1
Dimensionless x coordinate,

X, = 2x/D̂

Figure 18.8: Dimen-
sionless pressure and
Rim thickness profiles
for an incompressible
fluid. Viscous effects
were considered. [From

; e? a/.

at the spike location. For ̂ > ̂r s; the values of .%- and pmFr,m/ ,
differ substantially. The term 77̂ : * ̂ m^rm/Pi ̂ s it appears in Eq. (18.36) is
of critical importance. Note that it is multiplied by the dimensionless viscosity
f̂ , which varies considerably throughout the conjunction.

18.7 Useful Formulas

Since the capability of accurately determining the amplitude and location of the
pressure spike has been established, the focus of this section is to show how these
quantities vary with the operating parameters Lf, PV', and (?. By quantifying
these results, general formulas were developed. Formulas were also developed
for the minimum film thickness, the center of pressure, and the mass flow rate,
or the value of/9m#e,m; ̂  function of the operating parameters. These formulas
were developed by curve fitting data over a wide range of operating parameters
with the dimensionless load tV' varying from 0.2045 x 10*̂  to 5.0 x 10"̂ , the
dimensionless speed t/ varying from 0.1 x 10"̂  to 5.0 x 10"̂ , and values of
the dimensionless materials parameter G of 2504, 5007, and 7511. The results
to be presented in this section are those of Pan and Hamrock (1989).

The nondimensionalization used thus far in this chapter is different from
that used in this section. The reason is that the formulas to be developed
for the performance parameters must be void of the operating parameters. To
accomplish this, a revised nondimensionalization was used, where

P, = -̂ 7 ^ = *5" '̂ = 7T (̂'̂

Contrast this to the nondimensionalization used up until this section and given
in Eq. (18.7). By making use of the dimensionless equations given in (18.64)
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2.5

§1.5

JH

§1.0

-1 0 1
Dimensionless x coordinate, X, = 2x/D,

Figure 18.9: Dimension-
less pressure and Rim
thickness profiles for a
compressible fluid. Vis-
cous effects were consid-
ered,
a/,

the Reynolds, film shape, viscosity, and density equations were appropriately
changed.

18.7.1 Pressure Spike Amplitude

The presence of a pressure spike in the outlet region of an elastohydrodynami-
cally lubricated conjunction produces large shear stresses that are localized close
to the surface. Houpert and Hamrock (1986) found that the pressure spike may
halve the life of a nonconformal conjunction. For different dimensionless load,
speed, and materials parameters the amplitude of the pressure spike is quite
different.

6.5x10

.90 .92 .94 .96 .98 1.00
Dimensionless x coordinate,

X,= 2x/D,

Figure 18.10: Dimensionless
film thickness and ̂ 7̂ ^ m/p
profiles for compressible and
incompressible fluids in region
0.9 < X,. < 1.0. Viscous effects
were considered. [FS"om

t a?.
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1.00x10*2

Dimensionless
load,
-V'

50x10'"

-.02 0
Dimensionless x coordinate, X. = x / R.

.02 .04

Figure 18.11: Variation of dimensionless pressure in elastohydrodynamically
lubricated conjunction for six dimensionless loads with dimensionless speed and
materials parameters held fixed at f/ = 1.0 x 10*"" and (2 = 5007. [Fhim

Load Effects

Figure 18.11 shows the variation of dimensionless pressure in an elastohydrody-
namically lubricated conjunction for six values of dimensionless load while the
dimensionless speed and materials parameters are held fixed at f/ = 1.0 x 10"*"
and G = 5007. The inlet of the conjunction is to the left and the outlet to the
right, with the contact center occurring at X^ = 0. As the dimensionless load
increased, the pressure spike amplitude increased.

Table 18.2 shows the effect of six values of the dimensionless load on the
spike amplitude F̂ ^ with the dimensiontess speed and materials parameters
held fixed at t/ = 1.0 x 10*" and G = 5007. These values were obtained by
numerically coupling the Reynolds equation with the film shape equation and
the rheology equations. This is a fairly complete range of the dimensionless
loads normaHy encountered in the physical situations existing in elastohydro-
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.5x10*2

-r .3

Dimensionless
speed,
U

50x10'^

-.02 0
Dimensionless x coordinate, X, =

.02
J
.04

Figure 18.12: Variation of dimensionless pressure in elastohydrodynamically
lubricated conjunction for three dimensionless speeds with dimensionless load
and materials parameters held Axed at tV = 1.3 x 10"** and C = 5007. [.from
Pan, ana* #amroc%;

dynamic lubrication. Curve fitting the pressure spike amplitude as a function
of dimensiontess load revealed that

=< (18.65)

The error as shown in Table 18.2 was between -5.56 and 7.

Speed Effects

Figure 18.12 shows the variation of dimensionless pressure for three values of di-
mensionless speed while the dimensionless load and materials parameters were
held fixed at IV' = 1.3 x 10*" and G = 5007. As the dimensionless speed
increased, the amplitude of the dimensionless pressure spike increased signifi-
cantly.

Table 18.2 shows the effect of seven values of dimensionless speed on the
pressure spike amplitude at a dimensionless load of 1.3 x 10"** and a dimen-
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Table 18.2: Effect of dimensionless toad, speed, and materials parameters on dimensionless pressure spike amplitude. [From

[**

ô

Dimensiontess

]oad

parameter

iv "̂
E'̂ ,

0.2045 x 10*4
0.4 x 10-"
0.6 x 10-4
1.3 x 10"4
3.0 x 10-4
5.0 x 10*4
1.3 x 10-4
1.3 x 10*4
1.3 x 10*4
1.3 x 10-4
1.3 x 10*4
1.3 x 10'4
1.3 x 10*4
2.6 x 10""
1.3 x 10*4

0.8667 x 10-4

Dimensionless
speed

parameter

*?°"
E'Ac

1.0 x 10-"
1.0 x 10*"
1.0 x 10*"
1.0 x 10""
1.0 x 10""
1.0 x 10""
0.1 x 10""
0.25 x 10""
0.5 x 10*"
0.75 x 10""
1.0 x 10""
3.0 x 10""
5.0 x 10""
2.0 x 10""
1.0 x 10""

0.6667 x 10""

Dimensionless
materials

parameter

G f E'

5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
2504
5007
7511

Dimensionless

pressure spike
amplitude

r, P̂

''' E'

0.22781 x 10"̂
0.27653 x 10*2
0.30755 x 10-2
0.33890 x 10"2
0.36150 x 10*2
0.44791 x 10"2
0.17489 x 10"-"
0.20763 x 10"2
0.24706 x 10*2
0.28725 x 10-2
0.33890 x 10*2
0.42776 x 10-2
0.49218 x 10-2
0.33549 x 10"̂
0.33890 x 10*2
0.30760 x 10"2

Curve-fit
dimensionless

pressure spike

amplitude

B Pst
'̂'' E'

0.23218 x 10'̂
0.26285 x 10̂ 2
0.28332 x 10-2
0.32689 x 10-2
0.38159 x 10-2
0.41941 x 10-2
0.17354 x IQ--'
0.22327 x 10-2
0.27016 x 10-2
0.30203 x 10-2
0.32689 x 10-2
0.44219 x 10-2
0.50889 x 10-2
0.34291 x 10--=
0.32689 x 10-2
0.31788 x 10-2

Error, %

/P.,s-&s\

^ ,̂s J "
-1.9161
4.9473
7.8771
3.5431
-5.5564
6.3637
0.7707
-7.5346
-9.3501
-5.1445
3.5431
-3.3744
-3.3946
-2.2107
3.5431
-3.3421

Results

Load

Speed

Materials
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sionless materials parameter of 5007. For the seven sets of data a curve fit was
applied that resulted in

A,, = ̂  o< y°'2?5 (18.66)

The error as it related to the speed data was between -9.35 and 3.54 percent.

Materials Effects

A study of the influence of the dimensionless materials parameter O on the
pressure spike amplitude has to be approached with caution, since in practice
it is not possible to change the physical properties of the materials, and hence
the value of G, without influencing the other operating parameters (Z7 and
W). The results obtained from calculations performed for three values of the
dimensionless materials parameter are shown in Table 18.2. The general form of
these results, showing how the spike amplitude is a function of the dimensionless
materials parameter, is written as

(18.67)

where

(18.68)
^ ^

By applying a least-squares power fit to the three pairs of data

A,3 = -̂ 7 <x G°'3̂  (18.69)

The proportionality equations (18.65), (18.66), and (18.69) have established
how the pressure spike amplitude varies with the load, speed, and materials
parameters, respectively. This enables a composite pressure spike amplitude to
be expressed as

Pe_s = ŷ  = 0.648 (tV')

It is evident that the materials parameter has the largest effect on the pressure
spike amplitude, followed by speed and load.

18.7.2 Pressure Spike Location

As shown in Fig. 18.11, as the dimensionless load increased, the dimensionless
pressure spike location Jfe,s moved toward the outlet. These results are quan-
tified in Table 18.3 for six dimensionless loads with the speed and materials
parameters held fixed at t/ = 1.0 x 10*" and C = 5007. From Fig. 18.12,
the location of the pressure spike also moved toward the outlet as the speed
was decreased. These results are also quantified in Table 18.3. Also shown in
Table 18.3 are results for three materials parameters. Making use of the data
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Table 18.3: Effect of dimensionless load, speed, and materials parameters on dimensionless pressure spike location. [From
Paw and FamwcA;

O
?3
c;

Dimensionless
load

parameter

IV ^

0.2045 x 10-4
0.4 x 10-4
0.6 x 10-4
1.3 x 10-4
3.0 x 10-4
5.0 x 10-4
1.3x 10-4
1.3 x 10-4
1.3 x 10"4
1.3 x 10-4
1.3 x 10-4
1.3 x 10-4
1.3 x 10-4
2.6 x 10-4
1.3 x 10-4

0.8667 x 10-4

Dimensionless
speed

parameter

E'Rx
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
0.1 x 10-"
0.25 x 10""
0.5 x 1Q-"
0.75 x 10-"
1.0 x 10-"
3.0 x 10-"
5.0 x 10-"
2.0 x 10-"
1.0 x 1Q-"

0.6667 x 10-"

Dimensionless
materials
parameter

(̂  ^EV
t-T Ŝ *

5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
2504
5007
7511

Dimensionless
pressure spike

location

^ Is

°'' Rx

0.48561 x 10-"
0.82948 x 10*2
1.08220 x 10*2
1.70980 x 10"2
2.68600 x 10-2
3.49820 x 10-2
1.76520 x 10""
1.74670 x 10-2
1.73000 x 10-2
1.71620 x 10"2
1.70980 x 10-2
1.65310 x 10-2
1.62860 x 1Q-2
2.42060 x 10*"
1.70980 x 10-2
1.38400 x 10-2

Curve-Ht
dimensionless
pressure spike

location

''" Rx

0.52467 x 10-"
0.78778 x 10-2
1.00722 x 10-2
1.60922 x 10-2
2.67116 x 10-2
3.64033 x 10-2
1.68895 x 10-"
1.65675 x 10-2
1.63281 x 10-2
1.61896 x 10*2
1.60922 x 10-2
1.57251 x 10-2
1.55574 x 10-2
2.28843 x 10-"
1.60922 x 10-2
1.30969 x 10-2

Error, %

\ X.,s / *

-8.0429
5.0254
6.9284
5.8827
0.5524
-4.0630
4.3201
5.1495
5.6178
5.6655
5.8827
4.8747
4.4739
5.4601
5.8827
5.3689

Results

Load

Speed

Materials
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in Table 18.3 by following the procedure used in the previous section allows an
equation for the dimensionless pressure spike location to be written in terms of
the operating parameters as

X̂  = A = l.Hl (1V')°-606 ̂-0.021̂ 0.077 ^g ̂)

Ax
This equation shows the spike location to he highly affected by the dimension-
less load but only slightly affected by the dimensionless speed and materials
parameters. Knowing the location of the pressure spike in terms of the operat-
ing parameters is extremely valuable in setting up a nodal structure that will
produce convergent results. The percentage of error (Table 18.3) was between
-8.04 and 6.93%.

18.7.3 Minimum and Central Film Thicknesses

Figure 18.13 shows the effect of dimensionless load on film shape for exactly
the same conditions as presented in Fig. 18.11. The dimensionless speed and
materials parameters were held fixed at <!7 = 1.0 x 10"̂  and C = 5007. Fig-
ure 18.13 shows that the minimum Rim thickness decreased as the load was
increased except for the highest load. The discrepancy of the highest-load case
from the other results is not understood. As shown in Fig. 18.13 the location
of the minimum Him thickness moved considerably toward the outlet as the
dimensionless load was increased.

Figure 18.14 shows the variation of dimensionless Him shape for three di-
mensionless speed parameters with the dimensionless load and materials pa-
rameters held fixed at W" = 1.3 x 10̂  and G = 5007. The minimum Him
thickness decreased significantly as the dimensionless speed decreased.

Table 18.4 shows the effect of the dimensionless load, speed, and materials
parameters on dimensionless minimum Rim thickness. The formula developed
from curve Rtting the 16 groups of data is

R^ ̂ = ̂  = 1.714 (t̂')-°'̂S ̂0.694̂ 0.568 (lg 72)

This curve Rt formula Rts the numerical data within -7.72 and 6.69%.
By making use of Eqs. (18.10), (18.11), and (18.14), Eq. (18.72) can be

expressed in dimensional form as

în = L806 (t4)-' M°'̂  ̂-568R0.434 (18.73)

Three things should be noted from Eq. (18.73):

1. The minimum Rim thickness is independent of the effective modulus of
elasticity.

2. The minimum Rim thickness is only slightly dependent on the normal
applied load.

Copyright © 2004 Marcel Dekker, Inc.



Table 18.4: Effect of dimensionless load, speed, and materials parameters on dimensionless film thickness. [From Paw

G

Dimensiontess
load

parameter

tV *"̂
E'Rx

0.2045 x 10-4
0.4 x 10-4
0.6 x 10-4
1.3 x 10-4
3.0 x 1Q-4
5.0 x 1Q-4
1.3 x 10-4
1.3x 10-4
1.3 x 10-4
1.3 x 10-4
1.3 x 10-4
1.3 x 10-4
1.3 x 10-4
2.6 x 10-4
1.3 x 10-4

0.8667 x 10"4

Dimensiontess
speed

parameter

y 770"
E'R..

1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
1.0 x 10-"
0.1 x 10-"
0.25 x 10-"
0.5 x 10-"
0.75 x 10-"
1.0 x 10-"
3.0 x 10-"
5.0 x 10-"
2.0 x 10-"
1.0 x 1Q-"

0.6667 x 10-"

Dimensiontess
materials
parameter

<? R̂'

5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
2504
5007
7511

Dimensionless
minimum film

thickness

A^ . "mm

Ra:

0.19894 x 10-4
0.18404 x 10-4
0.17558 x 10-4
0.15093 x 10-4
0.13185 x 10-4
0.14067 x 10-4
0.03152 x 10-4
0.06350 x 10-4
0.10472 x 10"4
0.13791 x 10*4
0.15093 x 10-4
0.34963 x 1Q-4
0.48807 x 10-4
0.16282 x 10-4
0.15093 x 1Q-4
0.16573 x 1Q-4

Curve-fit
dimensionless
minimum film
thickness,

^ ^min

""-""" Rx
0.20030 x 1Q-4
0.18382 x 10*4
0.17452 x 10-4
0.15808 x 10-4
0.14203 x 1Q-4
0.13304 x 1Q-4
0.03198 x 10-4
0.06040 x 10-4
0.09771 x 10-4
0.12947 x 10-4
0.15808 x 10-4
0.33884 x 10-4
0.48301 x 10*4
0.15786 x 10-4
0.15808 x 10-4
0.15821 x 10-4

Error, %

/ rr M \
/ le.min ^e.min S ....
1 X 1UU
\ "e.m.n /

-0.6840

0.1189
0.6012
-4.7367
-7.7228
5.4221
-1.4585
4.8801
6.6896
6.1204
-4.7367
3.0857
1.0359
3.0462
-4.7367
4.5362

Results

Load

Speed

Materials
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.5x10*"

.2

-.04 -.02 0 .02
Dimensionless x coordinate, X,, = x / f*,

.04

Figure 18.13: Variation of dimensionless 81m shape in elastohydrodynamically
lubricated conjunction for six dimensionless loads with dimensionless speed and
materials parameters held fixed at f/ = 1.0 x 10*̂  and G = 5007. [Fh)

3. The minimum Him thickness is most affected by the speed and the vis-
cosity at atmospheric condition.

If in a particular application the minimum film thickness is found to be too small
relative to the composite surface roughness, the recognition of the influence of
the various dimensional operating parameters on minimum film thickness is
important.

In practical situations there is considerable interest in the central as well as
the minimum Aim thickness in an elastohydrodynamicaHy lubricated conjunc-
tion. This is particularly true when traction is considered, since the surfaces
in relative motion are separated by a Him of almost constant thickness that is
well represented by the central value over much of the Hertzian contact zone.
Table 18.5 shows the effect of the dimensionless load, speed, and materials pa-
rameters on dimensionless central film thickness. The formula developed from
curve fitting the data is

Copyright © 2004 Marcel Dekker, Inc.
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1x10*'
Dimensionless

speed,

H .8

50x10*'n
.6 —

u

= .4

'§ .2

E
i3

Figure 18.14: Varia-
tion of dimensionless
film shape for three
dimensionless speeds
with dimensionless

13 ——y/ load and materials
parameters fixed at
IV' = 1.3 x 10-**

.̂04 -.02 o .02 .04 (j = 5007. [From
Dimensionless x coordinate, Kg = x / ft,

R^ = J = 2.922 (tF')-'

^The percentage of error was between -7.46 and 6.49%.

18.7.4 Location of Minimum Film Thickness

Figure 18.13 shows the effect of dimensionless load on the tocation of the mini-
mum Ami thickness for exactly the same conditions as presented in Fig. 18.11.
The location of the minimum film thickness moved toward the outlet as the
load was increased. Figure 18.14 shows the effect of dimensionless speed on
the location of the minimum film thickness. The location of the minimum film
thickness did not change much as the speed was increased.

Table 18.6 shows the effect of the dimensionless load, speed, and materials
parameters on the dimensionless location of the minimum film thickness. The
formula developed from curve fitting the data is

y ^min - .,on/n^*-!0'34S—0.011 0.026 /io'?c;\
Xe,min = -p— = 1.439 (Vv ) u G (18.75)

The curve fitted formula fits the numerically obtained data with an error be-
tween -2.64 and 2.79%.

18.7.5 Center of Pressure

The dimensionless center of pressure is expressed in Eq. (18.62). Table 18.7
shows how the dimensionless load, speed, and materials parameters affect the
dimensionless center of pressure. A least-squares fit of the 16 data sets resulted
in the following formula:
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Table 18.6: Effect of dimensionless load, speed, and materials parameters on dimensionless location of minimum film thickness,
[̂ -om Paw awe! FawrocA:

O
P

G

Dimensionless
load

parameter

]y/ "̂̂

0.2045 x 10*"
0.4 x 1Q-"
0.6 x 10*"
1.3 x 10-"
3.0 x 10-"
5.0 x 10-"
1.3 x 10-"
1.3 x 10-"
1.3 x 10-"
1.3 x 10-"
1.3 x 10""
1.3 x 10""
1.3 x 10*"
2.6 x 10*"
1.3 x 10""

0.8667 x 10*"

Dimensionless
speed

parameter

rr I""
E'Rx

1.0 X 10""
1.0 x 1Q-"
1.0 x 1Q-"
1.0 x 10*"
1.0 x 10*"
1.0 x 10*"
0.1 x 10*"
0.25 x 10-"
0.5 x 10*"
0.75 x 10*"
1.0 x 10-"
3.0 x 10-"
5.0 x 10*"
2.0 x 10""
1.0 x 10-"

0.6667 x 10*"

Dimensionless
materials
parameter

5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
5007
2504
5007
7511

Dimensionless
location of
minimum

Xmin

' ''""" Rx

0.60900 x 10-2
0.92850 x 10*2
1.11681 x 10*2
1.76850 x 10*2
2.72800 x 10*2
3.53610 x 10*2
1.79940 x 10*2
1.78670 x 10*2
1.77760 x 10*2
1.777030 x 10-2
1.76850 x 10*2
1.73760 x 10"2
1.72300 x 10-2
2.5139 x 10-2
1.76850 x 10*2
1.43360 x 10*2

Curve- fit

dimensionless
location of

film thickness

y. imin

' "'""" Rr

0.62598 x 10*̂
0.90398 x 10*2
1.12884 x 10-2
1.72427 x 10-2
2.72634 x 10-2
3.60682 x 10*2
1.76874 x 10*-̂
1.75091 x 10-2
1.73754 x 10*2
1.72976 x 10-2
1.72427 x 10*2
1.70344 x 10*2
1.69385 x 10*2
2.45687 x 10*̂
1.72427 x 10*2
1.40172 x 10-2

Error, %

/ ĵ  . __ ĵ  . \

\ ê min 7 '

2.7883

-2.6410
1.0774
-2.5011
-0.0609
2.0000
-1.7038
-2.0032
-2.2538
-2.2898
-2.5011
-1.9657
-1.6920
-2.2686
-2.5011
-2.2241

Results

Load

Speed

Materials
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X, ,p = = -3.595 (tV'r̂
T̂

The percentage of error was between -11.91 and 9.62%.

18.7.6 Mass Flow Rate

From Eq. (18.49) the dimensionless mass How rate Q^ is equal to R^.m- Recall
from the statement of the elastohydrodynamic rectangular conjunction problem
that /9mRr,m is an unknown and will need to be guessed at initially. Therefore,
a formula that would provide an initial guess for given operating parameters
(tV, y, and G) would help in the convergence of the problem.

Table 18.8 shows the effect of a wide range of operating parameters (tV,
[7, and G) on the dimensionless mass flow rate. A least-squares fit to the data
enabled the following equation to be obtained:

= 2.698 (tV')-°'

18.8 Closure

Methods of elastohydrodynamically calculating the film thickness and pressure
in a rectangular conjunction were presented for both incompressible and com-
pressible fluids. Recent developments have had a profound effect in that elasto-
hydrodynamically lubricated conjunctions can now he numerically evaluated in
the load range that is normally experienced by nonconformal contacts such as
rolling-element bearings and gears. A new approach in which there are no load
limitations was described, and successful results were presented for conditions
corresponding to a maximum Hertzian pressure of 4.8 GPa. These results were
obtained with little computer time.

The focus of the chapter then turned to getting a better understanding of
why pressure spikes occur in elastohydrodynamically lubricated conjunctions.
Various combinations of viscous or isoviscous and compressible or incompress-
ible situations were studied for a wide range of load conditions. Comparing
the results of the isoviscous and viscous solutions showed that a pressure spike
did not occur for the isoviscous solution but did occur for the viscous solution.
These results indicated also that the film thickness in the contact region was
more than three times greater for the viscous solution than for the isoviscous
solution. The viscous film shape results also showed a gap closing near the
outlet, whereas the isoviscous film shape results had either none or just a slight
gap closing. Similar conclusions were obtained for a number of different loads.
Therefore, it was concluded that the pressure spike and gap closing at the out-
let were viscosity driven. Studies with compressible and incompressible fluids
showed that the amplitude of the pressure spike for the incompressible fluid was
3.7 times larger.
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Ĉ
 
w
 ̂

CD 
0
 0
 0
 C
D
 
0

,y
 

.3,
 
,̂
 
T
,
 
,y
 

.̂

i 
i 

1 
1 

! 
1

O
 
O
 
C
D
 
O
 
C
D
 
C
D

X
 
X
 
X
 
X
 
X
 
X

S
 ̂
 S
 °
 ̂

 
w

CD 
CD 

CD 
CD 

CD 
CD

,
,̂
^

*i* 
1* 

1* 
1* 

1* 
1*

3
 3
 3
 S
 3
 S

X
 
X
 
X
 
X
 
X
 
X

CD 
CD 

CD 
CD 

CD 
CD

^3 
I 

! 
i 

1

to 
X
 
X
 
X
 
X
 
X

Ĉ
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Having explained the details of the pressure and film shape, the chapter
turned to studying the influence of the operating parameters on the perfor-
mance parameters and to developing simple formulas that relate the two. The
operating parameters that were studied were the dimensionless load, speed,
and materials parameters. The dimensionless load parameter tV' was varied
from 0.2045 x 10"̂  to 5.0 x 10"̂ . The dimensionless speed parameter f/ was
varied from 0.1 x 10"̂  to 5.0 x 10"̂ . And the dimensionless materials pa-
rameter G had values of 2504, 5007, and 7511, corresponding to solid materials
of bronze, steel, and silicon nitride, respectively. Fourteen cases were investi-
gated, covering a complete range of operating parameters normally experienced
in elastohydrodynamic lubrication. Formulas were obtained for the following
performance parameters: pressure spike amplitude and location, minimum and
central film thicknesses, location of the minimum film thickness, location of the
center of pressure, and mass How rate.

18.9 Problem

18.1 Two disks 35 mm wide (& = 35 mm) and 180 and 240 mm in radius (r̂  =
180 mm and r̂  = 240 mm) are each rotating at 580 rpm in a liquid bath
in the directions shown in the sketch below. If the disks are subjected to
a normal applied load of 2,000 N, determine the dimensions of the contact
zone, the maximum normal stress, and the minimum him thickness for

(a) Water being the lubricant (viscosity = 0.01 P; $ = 6.68 x 10"̂ °
m2/N)

(b) Oil being the lubricant (viscosity = 0.36 P , $ = 2.2 x 10"S m̂ /N).
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488 FUNDAMENTALS OF FLUID FILM LUBRICATION

Assume the disks are made of steel with a modulus of elasticity of 2.1 x
N/m^ and Poisson's ratio of 0.3
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Chapter 19

Elastohydrodynamic
Lubrication of Elliptical
Conjunctions

Symbols

E
E'

G

constants
distance between nodes in y
direction (see Fig. 19.1)
distance between nodes in 2
direction (see Fig. 19.1)
number of divisions in semi-
diameter of ellipse in y direction
influence coefficients
diameter of contact ellipse
along 2 axis, m
diameter of contact ellipse
along y axis, m
percentage difference between
ê.min and Ne.min

number of divisions in semi-
diameter of ellipse in 2 direction
modulus of elasticity, Pa
effective elastic modulus,

i
, Pa

dimensionless materials para-
meter, $E'
dimensionless film thickness
film thickness, m

^min minimum film thickness, m
^min curve-fit minimum film thick-

ness, m
/to outlet film thickness, m
/c eUipticity parameter
m* fully Hooded/starved

boundary
m number of nodes from inlet to

center of contact
fi number of nodes from outlet to

center of contact
P dimensionless pressure
P;t;,as isoviscous asymptotic pres-

sure, Pa
Re radius ratio defined in

Eq. (19.19)
Rs radius ratio defined in

Eq. (19.19)
Rx, Ry effective radii in T and y

direction, respectively, m
r radius, m
s separation due to geometry

of solids, m
t time, s
!7 dimensionless speed para-

489
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490 FUNDAMENTALS OF FLUID FILM LUBRICATION

meter,
Ut, dimensionless speed para-

meter, T̂ Ô /E'Ra;

M velocity in 3 direction, m/s
€ mean velocity in T direction,

(M̂  + ttb)/2, m/s
V velocity vector, (û  -)- s ^

m/s
{) mean velocity in ?/ direction,

(v.+ ̂b)/2, m/s
W dimensionless load, m̂ /jE'R̂
W' dimensionless load, ̂ /̂E'R̂
u?z normal load, N
tû  normal load per unit width,

N/m
.X\ V, Z dimensionless Cartesian

coordinates
T,?/,z Cartesian coordinates
mr radius ratio, R^/Ac
5 elastic deformation, m
^ absolute viscosity, Pa-s

po

absolute viscosity at p = 0 and
constant temperature, Pa-s
dimensionless absolute vis-
cosity, ??/?7o
denned in Eq. (19.2)
Poisson's ratio
pressure-viscosity coefficient,

density, kg/m^
density at p = 0, kg/
dimensionless density,

Subscripts
a solid a
& solid &
c central
e elliptical conjunction
min minimum
r rectangular conjunction
s starved

19.1 Introduction

In the 1950s and 1960s-and again in the 1980s, when better numerical ap-
proaches were developed - elastohydrodynamic lubrication focused primarily
on rectangular conjunctions. However, in the 1970s theoretical EHL studies
changed direction dramatically, switching from rectangular to elliptical con-
junctions. The change began in 1970 when Cheng developed a Grubin type
of inlet analysis applicable to elliptical Hertzian contact areas. Later in the
1970s a numerical solution for the isothermal elastohydrodynamic lubrication
of elliptical conjunctions successfully emerged.

19.2 Relevant Equations

Figure 19.1 shows the coordinate system used as well as an example of how to
divide the area in and around the contact zone into equal rectangular areas.
From Eq. (7.58) the general Reynolds equation can be expressed as

d

(7.58)
Assuming steady-state operation and that the velocity components are not a
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.̂ "̂

17̂

. —. /

!b.

Figure 19.1: Example of dividing
area in and around contact zone into
equal rectangular areas. [From

antf Dotuson

function of T or y, this equation reduces to

3 / _

where

Letting

=mean velocity in a; direction
= mean velocity in y direction

+ tt;,)/2
+ ft)/2

7?
?7= —

(19.1)

(19.2)
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causes Eq. (19.1) to become

sin0d(p.%,)\
+ —r -577— ) (19-3)

where

^ = ellipticity parameter = —^ ̂  â '̂  (16.29)

and

ar = ̂  (15.57)

where
1 _ 1 1

f/i, = dimensionless speed parameter =

Equation (19.3) is a nonhomogeneous partial differential equation in two vari-
ables. This is generally a difficult equation to solve. The situation is worsened
by the facts, as found for rectangular conjunctions in the last chapter, that the
viscosity varies by several orders of magnitude throughout the conjunction and
that the elastic deformation of the solid surfaces can be three or four orders
of magnitude larger than the minimum film thickness within the conjunction.
The severity of these conditions enables solutions to be obtained numerically
only when extreme care is taken.

The dimensionless density, viscosity, and film shape appear in Eq. (19.3)
and therefore need to be defined. Note that in Eq. (19.2) the pressure was made
dimensionless in a different manner than was done for rectangular conjunctions
in Chapter 18 [Eq. (18.34)]. Therefore, the expressions for the density, viscosity,
and film shape will be different. Density is expressed as

where the effective elastic modulus must be in GPa and is expressed as

r̂ _ 2 _

(l-̂ )/Es + (l-̂ )/E6

and viscosity is expressed as
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where
??3.= 6.31 x 10"3 p^g (g 15 ̂  ̂-9
Cp = 1.96 x 1QS Pa (28,440 lbf/in.̂ )
Zi = viscosity-pressure index, a dimensionless constant

In Eqs. (4.10) and (4.20) it is important that the same dimensions are used in
defining the constants.

The Rim shape can be written simply as

/t(i,y) = /H) + 5'(i,y) + <5(i,y) (19.4)

where
/to = constant
<y (i, y) = separation due to geometry of undeformed ellipsoidal solids
^ (i, i/) = elastic deformation of solid surfaces

The separation due to the geometry of the two undeformed ellipsoidal solids is
shown in Fig. 17.1 and can be described by an equivalent ellipsoidal solid near a
plane. The geometrical requirement is that the separation of the two ellipsoidal
solids in the initial and equivalent situations should be the same at equal values
of i and y. Therefore, from Fig. 19.1 the separation due to the undeformed
geometry of two ellipsoids can be written as

where
m = constant used to determine length of inlet region
& = constant used to determine side-leakage region

For illustration, the mesh described in Fig. 19.1 uses rh. = 4 and 6 = 2.
Figure 19.2 illustrates the film thickness and its components for an ellip-

soidal solid near a plane. Note that <5 is a maximum and 5* is a minimum at the
contact center. Also ̂ o assumes a large negative constant value. Substituting
Eq. (19.5) into (19.4) while using Eq. (19.2) to make it dimensionless gives

where R^ o = ̂o/̂ i is a constant that is initially estimated.
The simple way of calculating the elastic deformation in a constant rectan-

gular area as described by Hamrock and Dowson (1974) is used here. Therefore,
the elastic deformation can be written as

- 2M (m+A)<;

<̂ (X,,y) = - ̂  ̂  P̂ Di.,. (19.7)
'
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Figure 19.2: Components of film thick
ness for elliptical solid near plane.

where

c = number of divisions in semidiameter of contact ellipse in y direction
n = constant used to determine length of outlet region
J = number of divisions in semidiameter of contact ellipse in 3 direction

19.3 Dimensionless Groupings

The variables resulting from the analysis of elastohydrodynamically lubricated
elliptical conjunctions are

E'

effective radius in 2 direction, m
effective radius in 2/ direction, m

effective modulus of elasticity, 2 ,Pa

/t film thickness, m
M mean surface velocity in a; direction, m/s
v mean surface velocity in y direction, m/s
% absolute viscosity at p = 0 and constant temperature, N-s/m^
Zi viscosity-pressure index
1̂ 2 normal load component, N

From the nine variables six dimensionless groupings can be written as follows:

(19.8)
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where

The radii of curvature denned in Eq. (19.9) are shown in Fig. 17.1. As stated
in Chapter 17 it is assumed that convex surfaces, as shown in Fig. 17.1, have a
positive value, and concave surfaces a negative value.

foaa*

speed

where

V=(^ + ̂)'̂  (19.12)

:â  parameter

G=-^-=$E' (19.13)

where p.,,, as is the asymptotic isoviscous pressure obtained from Roelands (1966)
[see Eq. (4.9)].

Ĥ!p̂ ĉ y parameter:

^ = ̂  = ̂/̂  (17.29)

^̂
where

a,. = R,,/̂  (16.57)

P = tan**i- (19.14)

Therefore, the dimensionless minimum-Rtm-thickness equation can be written
as

Rmin=.Wt7,G,/C,#) (19.15)

The results presented in this chapter assume pure rolling (ti = 0 or 0 = 0).
The set of dimensionless groups {#min; ̂, ̂ W, and G} is a useful collec-

tion of parameters for evaluating the results presented in this chapter. It is
exactly the same set of dimensionless parameters used in Chapter 18 for rect-
angular conjunctions with the exception that the ellipticity parameter ^ has
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been added to handle the side-leakage effects in this chapter. However, a num-
ber of authors (e.g., Moes, 1965-1966; and Theyse, 1966) have noted that this
set of dimensionless groups can be reduced by one parameter without any loss
of generality. This approach is followed in the next chapter, where the film
thicknesses to be expected in each of the four regimes of fluid film lubrication
are presented graphically and it is necessary to reduce the number of dimen-
sionless groups. The disadvantage of reducing the number of parameters by
one is that the new dimensionless groups do not have the physical significance
which exists for the original grouping.

19.4 Hard-EHL Results

Results in this section are to be applied to materials of high elastic modulus
lubricated elastohydrodynamically, a situation often referred to as "hard EHL."
By using the numerical procedures outlined in Hamrock and Dowson (1976a),
the influence of the ellipticity parameter and the dimensionless speed, load,
and materials parameters on minimum film thickness has been investigated for
fully Hooded hard- EHL contacts by Hamrock and Dowson (1977a). The el-
lipticity parameter A; was varied from 1 (a ball-on-plane configuration) to 8 (a
configuration approaching a rectangular conjunction). The dimensiontess speed
parameter i7 was varied over a range of nearly two orders of magnitude, and
the dimensionless load parameter W over one order of magnitude. Situations
equivalent to using solid materials of bronze, steel, and silicon nitride and lu-
bricants of parafRnic and naphthenic oils were considered in an investigation of
the role of the dimensionless materials parameter G on minimum film thickness.
The 34 cases used to generate the minimum-film-thickness formula are given
in Table 19.1. In the table -Hemin corresponds to the minimum Him thickness
obtained from solving the coupled Reynolds, rheology, and elasticity equations
for an elastohydrodynamically lubricated elliptical conjunction by the approach
given in Hamrock and Dowson (1976a). The minimum-film-thickness formula
as obtained by Hamrock and Dowson (1977a) from a least-squares fit of the
Re.min data given in the table is

In Table 19.1, He.min is the minimum film thickness obtained from Eq. (19.16).
The percentage difference between .%, mm and Fg min is expressed by

100

(19.17)

In Table 19.1 the values of Di are within ±5%.
It is interesting to compare the minimum-film-thickness formula [Eq. (19.16)]

for elliptical conjunctions with that for rectangular conjunctions given in the
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Table 19.1: Effect of eHipticity, load, speed, and materials parameters on minimum film thickness for hard-EHL contacts.

Case

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34

EHipticity
parameter,

A

1
1.25
1.5
1.75
2
2.5
3
4
6
8
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6

Dimensionless
toad

parameter
IV

0.1106 x 10-"
0.1106 x 10"6
0.1106 x 10"6
0.1106 x 10-6
0.1106 x 10*6
0.1106 x 10-6
0.1106 x 10"6
0.1106 x 10"6
0.1106 x 10"6
0.1106 x 10"6
0.2211 x 10*6
0.3686 x 1Q-6
0.5528 x 10-6
0.7371 x 10-6
0.9214 x 10"6
1.106 x 10-6
1.290 x 10-6
0.7371 x 10-"
0.7371 x 10"6
0.7371 x 10"6
0.7371 x 10-6
0.7371 x 10"6
0.7371 x 10"6
0.7371 x 10"6
0.7371 x 10*6
0.7371 x 10-6
0.7371 x 10-6
0.7371 x 10"6
0.7371 x 10-6
0.7371 x 10-6
0.7371 x 10-6
0.7216 x 10-"
0.7216 x 10"6
0.2456 x 10"6

Dimensionless
speed

parameter
L*

0.1683 x 10*"
0.1683 x 10-"
0.1683 x 10""
0.1683 x 10*"
0.1683X 10-"
0.1683 x 10-"
0.1683 x 10*"
0.1683 x 10""
0.1683 x 10- "
0.1683 x 10*"
0.1683 x 10""
0.1683 x 10""
0.1683 x 10-"
0.1683 x 10""
0.1683 x 10""
0.1683 x 10-"
0.1683 x 10-"
0.08416 x 10""
0.2525 x 1Q-"
0.3367 x 10-"
0.4208 x 10""
0.5892 x 10-"
0.8416 x 10-"
1.263 x 10-"
1.683 x 1Q-"
2.104 x 10-"
2.525 x 10""
2.946 x 10-"
3.367 x 10""
4.208 x 10""
6.050 x 10*"
0.3296 x 10""
0.9422 x 10*"
0.1122 x 10""

Dimensionless
materials
parameter

G

4533
4533
4533
4533
4533
4533
4533
4533
4533
4533
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
4522
2310
3491
6785

Minimum Him thickness
Obtained from
EHL cHipticat
contact theory

%!,mtn
3.367 x 1C-"
4.105 x 10-6
4.565 x 10"6
4.907 x 10"6
5.225 x 10-6
5.755 x 10"6
6.091 x 10*6
6.636 x 10-6
6.969 x 10*6
7.048 x 10"6
6.492 x 1C-"
6.317 x 10*6
6.268 x 10-6
6.156 x 10*6
6.085 x 10-c
5.811 x 10-6
5.657 x 10-6
3.926 x 10""
8.372 x 10"6
9.995 x 10-6
11.61 x 10*6
14.39 x 10"6
18.34 x 10"6
24.47 x 10*6
29.75 x 10*6
34.58 x 10-6
39.73 x 10*6
43.47 x 10-6
47.32 x 10"6
54.57 x 10*6
61.32 x 10-6
6.931 x 10-"
17.19 x 1Q-6
6.080 x 10*6

Obtained from
[east-squares

fit
%},min

3.514 x 1Q-"
4.078 x 10"6
4.554 x 10-6
4.955 x 10*6
5.294 x 10-6
5.821 x 10-6
6.196 x IQ-s
6.662 x 10*6
7.001 x 10-6
7.091 x 10"6
6.656 x 1Q-"
6.412 x 1Q-6
6.225 x 10"6
6.095 x 10"6
5.997 x 10-6
5.918 x 10"6
5.851 x 10"6
3.805 x 1C-"
8.032 x 10"6
9.769 x 10-6
11.37 x 10-6
14.29 x 10-6
18.21 x 10"6
24.00 x 10-6
29.18 x 10"6
33.96 x 10*6
38.44 x 10*6
42.69 x 10*6
46.76 x 10-6
54.41 x 10*6
61.59 x 10-6
6.938 x 10*"
17.59 x 10*6
6.116 x 10-6

Difference
between
ê.min

and He.ntin

Di, %
4.37
0.66
-0.24
0.98
0.74
1.15
-1.72
-0.24
0.46
0.61
2.53
1.50
-0.69
-0.99
-1.45
1.84
3.43
-3.08
4.06

-2.26
-2.07
-0.69
-0.71
-1.92
-1.92
-1.79
-3.25
-1.79
-1.18
-0.29
0.44
0.10
2.33
0.59

Resutts

EHipticity

Load plus
case 9

Speed plus

case 14

Materials
ptus case 9

M
>?o
a
M
M
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<- Hertzian

A
B
C
D
E
F
G
H

Dimensionless
pressure,

1.7x10'3
1.6
1.5
1.4
1.2
1.0
.7
.3

Figure 19.3: Contour
plot of dimensionless
pressure with ellipticity
parameter A; = 1.25 and
dimensionless speed,
load, and materials
parameters held Axed
at t/ = 0.168 x 10-",
TV = 0.111 x 10*6,
and G = 4522. [R-om

last chapter:

where

,-0.128 ,y0.694,-'0.568
(18.72)

and w^ is the normal load per unit length. The powers on t/, TV, and G in Eq.
(19.16) are quite similar to the powers on t/, W, and G in Eq. (18.72).

In practical situations there is considerable interest in the central as well
as the minimum film thickness in elastohydrodynamically lubricated conjunc-
tions. This is particularly true when traction is considered, since the surfaces in
relative motion are separated by a Aim of almost constant thickness that is well
represented by the central value over much of the Hertzian contact zone. The
procedure used in obtaining the central film thickness was the same as that used
in obtaining the minimum Aim thickness. From Hamrock and Dowson (1981)
the central-Aim-thickness formula for hard-EHL conjunctions is

= 2.69!7° 67̂ 0.53̂ -0.067 i _ (19.18)

A representative contour plot of dimensionless pressure is shown in Fig. 19.3
for A; = 1.25, t/ = 0.168 x 10̂ , IV = 0.111 x 10-6, and G = 4522 as obtained
from Hamrock and Dowson (1977a). This is one of the 34 cases presented in
Table 19.1. In Fig. 19.3 as well as in Fig. 19.4, the + symbol indicates the
center of the Hertzian contact zone. The dimensionless representation of the
f̂ and y coordinates causes the actual Hertzian contact ellipse to be a circle
regardless of the value of the ellipticity parameter. The Hertzian contact circle
is shown in dashed lines. On the Agure a key shows the contour labels and each
corresponding value of the dimensionless pressure. The inlet region is to the
left, and the outlet region is to the right. The pressure gradient at the outlet
is much larger than that at the inlet. In Fig. 19.3 a pressure spike is visible at
the outlet.
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Hertzian
circle

Dimensionless
film thickness,

A
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4.6
5.0
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6.6
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8.2

Figure 19.4: Contour
plot of dimensionless
film thickness with el-
lipticity parameter ^
= 1.25 and dimen-
sionless speed, load,
and materials parame-
ters held fixed at !7 =
0.168 x 10*", tV =
0.111 x 10-6,
4522. [.H"om
and Dowson

Figure 19.4 shows contour plots of film thickness for the same case shown in
Fig. 19.3 for the pressure profile (& = 1.25, f/ = 0.168x10"", W = 0.111x10*6,
and <? = 4522). In this figure two minimum-film-thickness regions occur in
well-defined side lobes that follow, and are close to, the edge of the Hertzian
contact ellipse. These results reproduce all the essential features of previously
reported experimental observations based on optical interferometry as found,
for example, in Cameron and Gohar (1966).

The more general consideration that allows the velocity vector to be in
any direction, as discussed at the beginning of this chapter, has been recently
considered by Chittenden et al. (1985). They used the Hamrock and Dowson
(1977a) formulas but added a factor to account for more general consideration
of the velocity vector. The film formula from Chittenden et al. (1985) is

f-0.073 (19.19)

where
1

Rj

sm

Note in the preceding equations that if pure rolling or pure sliding exists, # = 0
and t- = 0, and Eq. (19.19) is exactly Eq. (19.18).

Copyright © 2004 Marcel Dekker, Inc.



500 FUNDAMENTALS OF FLUID FILM LUBRICATION

., 4x10*5

2 3 4x10*5 o 1
Experimental dimensionless film thickness,

3x10*5

Figure 19.5: Theoretical and experimental central and minimum Him thickness
for pure sliding for two dimensionless load parameters IV. (a) W = 0.1238 x
10*6; (b) IV = 0.9287 x 10*6. [̂ -om ̂ MH2 oncf Wmer

19.5 Comparison Between Theoretical and Ex-
perimental Film Thicknesses

The minimum- and central-Hlm-thickness formulas developed in the previous
section for fully flooded conjunctions are not only useful for design purposes
but also provide a convenient means of assessing the influence of various param-
eters on the elastohydrodynamic film thickness. For the purpose of comparing
theoretical Him thicknesses with those found in actual elastohydrodynamic con-
tacts, Table 19.2 was obtained from Kunz and Winer (1977). The experimental
apparatus consisted of a steel ball rolling and sliding on a sapphire plate. This
generated a circular conjunction, or an ellipticity parameter of unity. Measure-
ments were made by using the technique of optical interferometry. Table 19.2
shows the results of both calculations and measurements for three lubricants
in pure sliding, each under two different loads and three speeds. The notation
^e.min and ̂  ,, is used to denote the dimensionless Him thicknesses calculated
from Eqs. (19.16) and (19.18), respectively. The measured minimum and central
Him thicknesses obtained from Kunz and Winer (1977) are denoted by .% min
and .%, c. Figure 19.5 shows comparisons between the calculated and measured
Him thicknesses for the two loads shown in Table 19.2.

For the smaller load (tV = 0.1238 x 10"̂ ) the results shown in Fig. 19.5a
compare remarkably well if one bears in mind the difficulties associated with the
experimental determination of such small quantities under arduous conditions
and the error associated with the complex numerical evaluations of elastohy-
drodynamic conjunctions. The ratios between the central and minimum Him
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Table 19.2: Theoretical and experimental film thicknesses, [î om A*urn;

Lubri-
cant*̂

Dimensionless
speed

parameter
(7

Central fUm thickness
Theoretical,
[Eq. (19.18)]

A,c

Experi-
mental

R.,c

Minumum n]m thickness
Theoretical
[Eq. (19.16)]

Experi
mental

ê,min

Dimensiontess toad parameter, tV, 0.1238 X 10""
A

B

C

0.1963 x 10-"
0.3926 x 10""
0.7866 x 10""
0.2637 x 10-"
0.5274 x 10-"
1.0570 x 10-"
0.2268 x 10""
0.4536 x 10-"
0.9089 x 10""

6.84 x 10""
10.90 x 10-s
17.30 x 10-6
11.00 x 10-"
18.90 x 10*6
30.20 x 10-6
8.04 x 1Q-"
12.80 x 10-6
20.60 x 10-6

5.7 x 10""
9.9 x 10*6
16.0 x 10*6
15.0 x 10*"
22.0 x 10"6
34.0 x 10-6
8.2 x 10-"
12.0 x 10"6
18.0 x 10-6

3.87 x 10-"
6.20 x 10-6
9.30 x 10-6
6.58 x 10-"
10.5 x 10-6
17.0 x 10*6
4.53 x 10-"
7.27 x 10-6
11.60 x 10-6

2.8 x 10-"
5.7 x 10*6
11.0 x 10*6
8.4 x 1C*"
14.0 x 10-6
24.0 x 10-6
5.0 x 10*"
7.5 x 10-6
13.0 x 10-6

Dimensionless toad parameter, W, 0.9287 x 10""
A

B

C

0.1963 x 10""
0.3926 x 10""
0.7866 x 10""
0.2637 x 10""
0.5274 x 10""
1.0570 x 10""
0.2268 x 10""
0.4536 x 10""
0.9089 x 10""

5.96 x 10-"
9.50 x 10-6
15.10 x 10-6
10.40 x 1C""
16.60 x 10-6
26.40 x 1Q-6
7.01 x 1C""
11.20 x 10"6
17.80 x 10-6

4.3 x 10""
7.1 x 10-6
12.0 x 1Q-6
8.4 x 10""
12.0 x 10-6
17.0 x 10"6
6.3 x 10-"
9.4 x 10"6
14.0 x 10*6

3.33 x 1Q-"
5.35 x 10-6
8.58 x 10-6
5.68 x 10""
9.11 x 10-6
14.60 x 10-6
3.92 x 10""
6.27 x 10-6
10.10 x 10-6

2.8 x 10-"
4.3 x 10-6
5.7 x 10-6
2.8 x 10-"
5.6 x 10-6
8.4 x 10-6
2.6 x 10-"
3.8 x 1Q-6
5.0 x 10-6

" Lubricant A is polyatkyl aromatic (̂  = 1.58 x 10"" m^/N; % = 0.0255 N-s/m^; C =
4507); Lubricant Bis synthetic hydrocarbon (̂  = 3.11 x 10*3 m̂ /N;!;o = 0.0343 N-s/m^;
G = 8874); Lubricant C is modified polyphenot ether ({ = 1.79x10"̂  m^/N; w = 0.0294
N-s/m^; C = 5107), where $ is the pressure-viscosity constant, ??o is the absolute viscosity
at p = 0 and constant temperature, and G is the dimensionless materials parameter, ̂ '̂.

thicknesses are similar for the calculations and the measurements, and the de-
pendence of film thickness on speed thus appears to be well represented by Eqs.
(19.16) and (19.18).

For the larger load (W = 0.9287 x 10-6) ,̂ g agreement shown in Fig.
19.5b is not quite so good, with the theoretical predictions of film thickness
being consistently larger than the measured values. This discrepancy is some-
times attributed to viscous heating, as discussed by Greenwood and Kauzlarich
(1973), or to non-Newtonian behavior, as discussed by Moore (1973). Viscous
heating appears to enjoy the most support. Since the measurements were made
during pure sliding, thermal effects might well be significant, particularly at the
larger load. The value of viscosity used in the calculations reported in Table
19.2 corresponded to the temperature of the lubricant bath. If thermal effects
become important, the isothermal assumption used in deriving Eqs. (19.16)
and (19.18) is violated. But, although the value of the viscosity used in these
expressions is necessarily somewhat arbitrary, there is evidence from previous
studies of line or rectangular elastohydrodynamic conjunctions that the Rim
thickness is determined by effective viscosity in the inlet region. If this viscos-
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ity is known with reasonable accuracy, the predicted Him thicknesses are quite
reliable. In addition, at the more severe conditions imposed by the larger load
the lubricant may no longer behave like a Newtonian fluid. This would violate
the assumptions used in deriving Eqs. (19.16) and (19.18).

The results of Kunz and Winer (1977) presented in Table 19.2 and Fig. 19.5
suggest that at large loads lubricant film thickness changes more rapidly than
would be predicted by the isothermal elastohydrodynamic theory for elliptical
conjunctions as presented in Eqs. (19.16) and (19.18). This view is supported
by the experimental results based on the x-ray technique reported by Parker
and Kannel (1971) and the results of optical interferometry presented by Lee
et al. (1973). This observation, however, contradicts the results of Johnson
and Roberts (1974), who used the spring dynamometer method to estimate
elastohydrodynamic Aim thickness. Johnson and Roberts found that, in spite
of the approximate nature of their method, the results indicated strongly that
elastohydrodynamic film thickness as predicted by Eqs. (19.16) and (19.18) is
maintained up to the highest contact pressures that are practical with ball
bearing steel. Their results support the more precise measurements of Gentle
and Cameron (1973) and extend the range of operating conditions to higher
rolling speeds. The discrepancy between these investigations has yet to be
explained.

Another comparison between experimental findings and theoretical predic-
tions can be based on the experimental results provided by Dalmaz and Godet
(1978). They measured film thickness optically in a pure-sliding, circular con-
tact apparatus for different fire-resistant fluids. An example of the good cor-
relation between the theoretical predictions based on the formulas developed
in the previous section and these experimental results is shown in Fig. 19.6.
The agreement between the experimentally determined variation of central film
thickness with speed for mineral oil and water-glycol lubricants of similar vis-
cosity and the theoretical predictions is most encouraging. The ellipticity pa-
rameter was unity and applied load was 2.6 N for these experiments. Figure
19.6 also shows that for water-glycol the film thickness generated was barely
one-third of that developed for mineral oil of similar viscosity. This drastic
reduction in film thickness is attributed to the pressure-viscosity coefficient of
water-glycol, which is only about one-fifth that of mineral oil.

Another important comparison between the theoretical film thickness equa-
tions presented in this chapter and experimental measurements of Rim thickness
in elliptical elastohydrodynamic conjunctions was presented by Koye and Winer
(1980). They presented experimental values of film thickness for ellipticity ra-
tios ranging from 3.7 to 0.117. The pressure-viscosity properties of the lubricant
and the effective elasticity of the crowned rollers and the sapphire disk yielded
an average value of the dimensionless materials parameter C of 10,451. The di-
mensionless speeds C7 and loads W were varied by changing the rolling velocities
and the applied loads such that

2.14 x 10'" < t/ < 8.90 x 10""

Copyright © 2004 Marcel Dekker, Inc.



THEORETICAL AND EXPERIMENTAL FILM THICKNESSES 503

.02

.01

O
a

Mineral oil ]
Water-glycol jExpenment

Hamrock and Dowson
(1977a) -theory

! , !,! I , ! , ! , ! , ! I
.04.06 .1 .2 .4 .6 1 2

Velocity of fluid in x direction, u, m/s

Figure 19.6: Effect of velocity on cen-
tral Rim thickness at constant load (2.6
N) for mineral oil and water-glycol lubri-
cants of similar viscosity. [From
and

0.038 x 10*6 < TV < 5.32 x 10̂

A statistical analysis of the 57 acceptable results showed that the experimental
values of minimum film thickness were about 23% greater than the correspond-
ing predictions of Hamrock and Dowson (1977a) given in Eq. (19.16) for values
of A; > 1. Koye and Winer (1980) found that their results suggested that both
the dimensionless speed f7 and load tV had a slightly more dominant influence
on minimum Aim thickness than the theory given in Eq. (19.16) predicted. A
summary of the results, in which the experimental dimensionless minimum film
thicknesses are plotted against the theoretical predictions, is shown in Fig. 19.7.

There are two significant features of the findings from Koye and Winer's
(1980) experiments:

1. The theoretical minimum-fUm-thickness formula given in Eq. (19.16) tends
to underestimate the actual minimum film thickness.

2. The experimental findings suggest that the theoretical minimum-Alm-
thickness formula given in Eq. (19.16) is just as valid for ellipticity ratios
less than unity as it is for those greater than unity.

The first conclusion appears to contradict the earlier Anding of Kunz and
Winer (1977), although it must be said that the overall agreement between the-
ory and experiment in this difficult field is encouraging. If the finding that the
minimum-film-thickness formula tends to underestimate the actual film thick-
ness is confirmed, the theoretical predictions will at least possess the merit of
being conservative.

Perhaps the most remarkable and valuable feature of the Koye and Winer
(1980) study is that it has confirmed the utility of the minimum-Rlm-thickness
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Figure 19.7: Predicted dimensionless minimum film thickness from Hamrock
and Dowson (1977a) [Eq. (19.16)] compared with experimental results obtained
by Koye and Winer. [F)"om /foye ancf Wmer

formula at values of A; considerably less than unity. This is well outside the
range of ellipticity ratios considered by Hamrock and Dowson (1977a) in their
numerical solutions to the elastohydrodynamic problem, and it engenders con-
fidence in the application of the film thickness equation to machine elements
that normally produce a long, elliptical contact in the direction of motion. This
field of applications includes the roller-flange conjunction in axially loaded roller
bearings, Novikov gear contacts, and certain situations involving microelasto-
hydrodynamic action on surface asperities.

Various theoretical predictions are compared with the experimental results
of Archard and Kirk (1964) in Fig. 19.8. These results are presented in a form
that indicates the influence of side leakage on Rim thickness in elliptical con-
junctions by plotting a Him reduction factor Ttmin/^min,?' against the effective
radius ratio R^/R^. The film reduction factor is defined as the ratio of the min-
imum film thickness achieved in an elliptical conjunction to that achieved in a
rectangular conjunction formed between two cylinders in nominal line contact.
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Figure 19.8: Side-leakage factor for elliptical conjunctions in hard EHL.

The theoretical results of Archard and Cowking (1965-1966). Cheng (1970),
and Hamrock and Dowson (1977a), along with the theoretical solution for rigid
solids by Kapitza (1955), are presented in this figure. Archard and Cowking
(1965-1966) adopted an approach for elliptical conjunctions similar to that used
by Grubin (1949) for a rectangular conjunction condition. The Hertzian con-
tact zone is assumed to form a parallel film region, and the generation of high
pressure in the approach to the Hertzian zone is considered.

Cheng (1970) solved the coupled system of equations separately by first
calculating the deformations from the Hertz equation. Cheng then applied the
Reynolds equation to this geometry. He did not consider a change in the lu-
bricant density and assumed an exponential law for the viscosity change due
to pressure. Hamrock and Dowson (1977a) developed a procedure for the nu-
merical solution of the complete isothermal elastohydrodynamic lubrication of
elliptical conjunctions.

For 0.1 < Rx/R,, < 1 the Archard and Cowking (1965-1966) and Hamrock
and Dowson (1977a) predictions are in close agreement, and both overestimate
the film thickness reduction evident in the experimental results of Archard and
Kirk (1964). For 1 < R^/Ry < 10 the Hamrock and Dowson (1977a) film
thickness predictions exceed and gradually diverge from those of Archard and
Cowking (1965-1966). They are also in better agreement with the experimental
results of Archard and Kirk (1964).
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19.6 Soft-EHL Results

The earlier studies of elastohydrodynamic lubrication of elliptical conjunctions
are applied to the particular and interesting situation exhibited by low-elastic-
modulus materials (soft EHL). The procedure used in obtaining the soft-EHL
results is given in Hamrock and Dowson (1978). The elhpticity parameter was
varied from 1 (a ball-on-plane configuration) to 12 (a configuration approach-
ing a nominal line or rectangular contact). The dimensionless speed and load
parameters were varied by one order of magnitude. Seventeen cases used to
generate the minimum-Rim-thickness formula are given in Table 19.3. In the
table % min corresponds to the minimum film thickness obtained from apply-
ing the EHL elliptical contact theory given in Hamrock and Dowson (1976a) to
the soft-EHL contacts. The minimum-film-thickness formula obtained from a
least-squares fit of the data was first given in Hamrock and Dowson (1978) as

Re.min = 7.43t/°'̂ Ŵ -°'̂  (l - 0.85e"°̂ )̂ (19.20)

In Table 19.3, is the minimum film thickness obtained from Eq. (19.20). The
percentage difference between N^ min and R^ min is expressed by Di, given in
Eq. (19.17). The values of Di in Table 19.3 are within the range -7.9 to 2.9%.

It is interesting to compare the equation for low-elastic-modulus materi-
als [soft EHL, Eq. (19.20)] with the corresponding equation for high-elastic-
modulus materials [hard EHL, Eq. (19.16)]. The powers of t/ in Eqs. (19.20)
and (19.16) are similar, but the power of W is much more significant for low-
elastic modulus materials. The expression showing the effect of the elhpticity
parameter is of exponential form in both equations, but with different constants.

A major difference between Eqs. (19.20) and (19.16) is the absence of a ma-
terials parameter G in the expression for low-elastic-modulus materials. There
are two reasons for this. One is the negligible effect of pressure on the vis-
cosity of the lubricating fluid, and the other is the way in which the role of
elasticity is simply and automatically incorporated into the prediction of con-
junction behavior through an increase in the size of the Hertzian contact zone
corresponding to load changes. As a check on the validity of this absence, case
9 of Table 19.3 was repeated with the material changed from nitrile to sili-
con rubber. The results of this change are recorded as case 17 in Table 19.3.
The dimensionless minimum film thickness calculated from the full numerical
solution to the elastohydrodynamic contact theory was 181.8 x 10*̂ , and the
dimensionless minimum film thickness predicted from Eq. (19.20) turned out
to be 182.5 x 10"̂ . This clearly indicates that the minimum film thickness for
low-elastic-modulus materials does not depend on the materials parameter.

There is interest in knowing the central film thickness, in addition to the
minimum film thickness, in elastohydrodynamic conjunctions. The procedure
used to obtain an expression for the central film thickness was the same as
that used to obtain the minimum-film-thickness expression. The central-film
thickness formula for low-elastic-modulus materials (soft EHL) as obtained from
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Table 19.3: Effect of eHipticity, load, speed, and materials parameters on minimum film thickness for soft-EHL contacts.
[From Ramroc^ and Dowsow
Case

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

EHipticity
parameter

/c

1
2
3
4
6
8
12
6
6
6
6
6
6
6
6
6
6

Dimensionless
load

parameter

W

0.4405 x 1Q-"
0.4405 x 10-3
0.4405 x 10-3
0.4405 x 10-3
0.4405 x 10*3
0.4405 x 10*3
0.4405 x 10*3
0.4405 x 10""
0.4405 x 10-3
0.4405 x 10"3
0.4405 x 10-3
0.2202 x 10-3
0.6607 x 10-3
1.101 x 10-3
1.542 x 10*3
2.202 x 10-3
0.1762 x 10-3

Dimensionless
speed

parameter

^

0.1028 x 10-'
0.1028 x 10*7
0.1028 x 10*7
0.1028 x 10"7
0.1028 x 10-7
0.1028 x 10-7
0.1028 x 10-7
0.5139 x 10-'
0.1542 x 10*7
0.2570 x 10"7
0.05139 x 10-7
0.1028 x 1Q-7
0.1028 x 10-7
0.1028 x 10-7
0.1028 x 10*7
0.1028 x 10-7
0.06169 x 10-7

Dimensionless

materials

parameter

G

0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
0.4276
1.069

Minimum film thickness

Obtained from
EHL elliptical

contact theory

88.51 x 10-"
142.5 x 10-6
170.4 x 10*6
186.7 x 1Q-6
206.2 x 10-6
219.7 x 10*6
235.2 x 10-6
131.8 x 10"6
268.1 x 10-6
381.6 x 10"6
584.7 x 10-6
241.8 x 10*6
190.7 x 10-6
170.5 x 10-6
160.4 x 10-6
149.8 x 10-6
181.8 x 10-6

Obtained from
least-squares

fit

91.08 x 10-6
131.2 x 10-6
160.8 x 10-6
182.4 x 10-6
209. S x 10*6
224.6 x 10-6
236.0 x 10-6
133.7 x ID-"
273.1 x 10-6
380.7 x 10-6
597.3 x 10*6
242.7 x 10-6
192.7 x 10-6
173.1 x 10*6
161.3 x 10-6
149.7 x 10-6
182.5 x 10"6

Difference

between

#e,min

and He,min

2.90
-7.93
-5.63
-2.30
1.75
2.23
0.34
1.44
1.86
-0.24
2.15
0.37
1.05
1.52
0.56
-0.07
0.39

Results

EHipticity

Speed plus

case 5

Load plus
case 5

Material
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O EHL high-elastic-modulus
results (hard-EHL results)

D EHL low-elastic-modulus
results (soft-EHL results)

I I ! I I
2 4 6 8 10

Ellipticity parameter, k
12

Figure 19.9: Effect of ellipticity
parameter on ratio of dimension-
less minimum film thickness to line-
contact dimensionless minimum film
thickness, for EHL high- and low-
elastic-modulus analyses. [From

ntf Dowson

Hamrock and Dowson (1978) is

.̂e = 7.32 1 - 0.

Comparing the central- and minimum-film-thickness equations [(19.21) and
(19.20)] reveals only slight differences. The ratio of minimum to central film
thicknesses evident in the computed values given in Hamrock and Dowson
(1978) ranges from 70 to 83%, the average being 77%.

Figure 19.9 shows the variation of the ratio ̂ min/^min.r where /tmin.r is the
minimum film thickness for rectangular conjunctions, with the elh'pticity param-
eter /c for both high- and low-elastic-modulus materials. If it is assumed that the
minimum Rim thickness obtained from the elastohydrodynamic analysis of ellip-
tical conjunctions can only be accurate to 3%, the ratio /tmin/^min,r approaches
the limiting value at & = 5 for high-elastic-modulus materials. For low-elastic-
modulus materials the ratio approaches the limiting value more slowly, but it
is reasonable to state that the rectangular conjunction solution will give a good
prediction of the minimum film thickness for conjunctions in which /c exceeds
about 11.

19.7 Starvation Results

It was not until the late 1960s and early 1970s that the influence of lubri-
cant starvation on elastohydrodynamic behavior received serious consideration.
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Before this time it was assumed that inlets were always fully flooded. This
assumption seemed to be entirely reasonable in view of the minute quantities of
lubricant required to provide an adequate film. However, in due course it was
recognized that some machine elements suffered from lubricant starvation.

How partial filling of the inlet to an elastohydrodynamic conjunction in-
fluences pressure and film thickness can readily be explored theoretically by
adopting different starting points for the inlet pressure boundary. Orcutt and
Cheng (1966) appear to have been the first to proceed in this way for a specific
case corresponding to a particular experimental situation. Their results showed
that lubricant starvation lessened the film thickness. Wolveridge et al. (1971)
used a Grubin (1949) approach in analyzing starved, elastohydrodynamically
lubricated line contacts. Wedeven et al. (1971) analyzed a starved condition
in a ball-on-plane geometry. Castle and Dowson (1972) presented a range of
numerical solutions for the starved line-contact elastohydrodynamic situation.
These analyses yielded the proportional reductions in film thickness from the
fully flooded condition in terms of a dimensionless inlet boundary parameter.

19.7.1 Fully Flooded/Starved Boundary

Figure 19.10 shows the computing area in and around the Hertzian contact. In
this figure the coordinate X,- is made dimensionless with respect to the semimi-
nor axis D̂ /2 of the contact ellipse, and the coordinate V is made dimensionless
with respect to its semimajor axis D̂ /2. The ellipticity parameter ̂  is denned
as the semimajor axis divided by the semiminor axis (%; = D̂ /D̂ ). Because the
coordinates X,- and V are dimensionless, the Hertzian contact ellipse becomes
a Hertzian circle regardless of the value of A;. This Hertzian contact circle is
shown in Fig. 19.10 with a radius of unity. The edges of the computing area,
where the pressure is assumed to be ambient, are also denoted. Also shown is
the dimensionless inlet distance m, which is equal to the dimensionless distance
from the center of the Hertzian contact zone to the inlet edge of the computing
area.

Lubricant starvation can be studied by simply changing 772. A fully flooded
condition is said to exist when m ceases to influence the minimum film thick-
ness to any significant extent. The value at which the minimum film thickness
first starts to change when m is gradually reduced from a, fully Hooded con-
dition is called the "fully Hooded/starved boundary position" and is denoted
by m*. Therefore, lubricant starvation was studied by using the basic EHL
elliptical contact theory developed in Sec. 19.1 and by observing how reducing
the dimensionless inlet distance affected the basic features of the conjunction.

19.7.2 Hard-EHL Results

Table 19.4 shows how changing the dimensionless inlet distance affected the
dimensionless minimum film thickness for three groups of dimensionless load
and speed parameters. AH the data presented in this section are for hard-EHL
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Box denotes edges of computing area, where
pressure is assumed to be ambient

Hertzian contact circle -

-*,-

Figure 19.10: Computing area in and around Hertzian contact zone.
an,a* Dowsow

contacts that have a materials parameter C fixed at 4522 and an ellipticity
parameter /c fixed at 6. It can be seen from Table 19.4 that as m decreased,
the dimensionless minimum film thickness Re.min also decreased.

Table 19.5 shows how the three groups of dimensionless speed and load pa-
rameters considered affected the location of the fully Hooded/starved boundary
m*. Also given in this table are the corresponding values of dimensionless cen-
tral and minimum film thicknesses for the fully flooded condition as obtained
by interpolating the numerical values. The values of m* shown in Table 19.5
were obtained by using the data from Table 19.4 when the following equation
was satisfied:

i=HH = Q.Q3 (19.22)

The value of 0.03 was used in Eq. (19.22) because it was ascertained that the
data in Table 19.4 were accurate to only ±3%.

The genera! form of the equation that describes how m* varies with the
geometry and central film thickness of an elliptical elastohydrodynamic con-
junction is given as

-̂  - 1 = yl* (19.23)

The right side of Eq. (19.23) is similar in form to the equations given by
Wolveridge et al. (1971) and Wedeven et al. (1971). Applying a least-squares
power fit to the data obtained from Hamrock and Dowson (1977b) shown in
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Table 19.4: Effect of starvation on minimum film thickness for hard-EHL con-
tacts. [Fhom #am,roc%; ana*

Dimensionless
inlet distance

6
4
3
2.5
2

1.75
1.5
1.25

Group
1 2 3

Dimensionless load parameter, tV
0.3686 x 10*" 0.7371 x 10*° 0.7371 x 10*°

Dimensionless speed parameter, t/
0.1683 x 10-" 0.1.683 x 10-" 0.5.050 x 10""

Dimensionless minumum film thickness, #g min
—

6.317 x 10"6
6.261 x 10*6

—
5.997 x 10-6

—
5.236 x 10*6
3.945 x 10-6

29.75 x 10*6
29.27 x 10"6
27.84 x 10-6
26.38 x 10*6
23.46 x 10-6
21.02 x 10-6

—
—

61.32 x 10*6
57.50 x 10-6
51.70 x 10-6
46.89 x 10*°
39.91 x 10-6
34.61 x 10-6
27.90 x 10-6

—

Table 19.4 gives

m* = 1 + 3.06

O.S8

(19.24)

A fully flooded condition exists when m > m*, and a starved condition exists
when m < m*. The coefficient of determination for these results is 0.9902,
which is entirely satisfactory.

If in Eq. (19.23) the dimensionless minimum film thickness is used instead
of the central firm thickness,

(19.25)

The coefficient of determination for these results is 0.9869, which is again ex-
tremely good.

Table 19.5: Effect of dimensionless speed and load parameters on
Hooded/starved boundary for hard-EHL contacts. [From RamroeA: ana!

fully

Group
(from
Table
19.4)
1
2
3

2Rx/Dx

205.9
163.5
163.5

Fully Hooded Him thickness
Central,
%,c

7.480 x 10-6
33.55 x 10-6
70.67 x 10*6

Minimum,

5.211 x 10-6
29.29 x 10-6
60.92 x 10-6

Fully flooded/
starved
boundary
m*
2.62
3.71
5.57

Copyright © 2004 Marcel Dekker, Inc.



512 FUNDAMENTALS OF FLUID FILM LUBRICATION

Table 19.6: Effect of dimensionless inlet distance on central- and minimum-film-
thickness ratios for hard-EHL contacts. [From RamrccA; and Damson.

Group
(from

Table

19.4)

1

2

3

Dimensionless
inlet

distance

2.62
2
1.5
1.25
3.71
2
2.5
2

1.75
5.57
4
3
2.5
2

1.75
1.5

Film thickness ratios
for starved and

flooded conditions

Central,

1.000
0.9430
0.7697
0.5689
1.000
0.9574
0.8870
0.7705
0.7151
1.000
0.9348
0.8330
0.7440
0.5223
0.5309
0.4155

Minimum,

1.000
0.9640
0.8417
0.6341
1.000
0.9534
0.9034
0.8034
0.7199
1.000
0.9439
0.8487
0.7697
0.6551
0.5681
0.4580

Inlet boundary parameters
Critical,
(m-1)

(m* - 1)

1.000
0.6173
0.3086
0.1543
1.000
0.7380
0.5525
0.3690
0.2768
1.000
0.6565
0.4376
0.3282
0.2188
0.1641
0.1094

Wedeven et al.

(1971),

(A-l)
(mw - 1)

0.9895
0.6108
0.3054
0.1527
0.8281
0.6111
0.4584
0.3056
0.2292
0.8498
0.5579
0.3719
0.2789
0.1860
0.1395
0.0930

Once the limiting location of the inlet boundary for the fully flooded con-
ditions [Eqs. (19.24) and (19.25)] has been clearly established, and equation
can be developed that defines the dimensionless film thickness for elliptical con-
junctions operating under starved lubrication conditions. The ratio between the
dimensionless central film thicknesses under starved and fully flooded conditions
can be expressed in general form as

— 1

m* - 1

D*
(19.26)

Table 19.6 shows how the ratio of the dimensionless inlet distance to the fully
flooded/starved boundary (rh, — l)/(m* — 1) affects the ratio of central film
thicknesses under starved and fully flooded conditions Re,c,s/Re,<=. A least-
squares power curve fit to the 16 pairs of data points

m-1
m* - 1

was used in obtaining values for C* and D* in Eq. (19.26). For these values the
dimensionless central film thickness for a starved condition can be written as

— 1
wi* - 1

0.29

(19.27)
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By using a similar approach and the data in Table 19.6 the dimensionless min-
imum film thickness for a starved condition can be written as

/ - .. \ o.2s
Re.min.s = Fe,min ( „ _ . ) (19.28)

\m — iy

Therefore, whenever m < ?7t*, where ?n.* is defined by either Eq. (19.24) or
(19.25), a starved lubrication condition exists. When this is true, the dimen-
sionless central film thickness is expressed by Eq. (19.27), and the dimensionless
minimum film thickness is expressed by Eq. (19.28). If m > m*, a fully Hooded
condition exists. Expressions for the dimensionless central and minimum film
thicknesses for a fully flooded condition (Fe c and ̂  min) were developed in
Sec. 19.5.

Figures 19.11 and 19.12 explain more fully what happens in going from a
fully flooded to a starved lubrication condition. As in Sec. 19.2 the + symbol
indicates the center of the Hertzian contact, and the dashed line indicates the
Hertzian contact circle. The contour labels and each corresponding value are
given on each figure.

In Fig. 19.11a, b, and c contour plots of the dimensionless pressure (7̂. =
P/.E') are given for group 1 of Table 19.5 and for dimensionless inlet distances m
of 4, 2, and 1.25, respectively. In this figure the contour values are the same in
each plot. The pressure spikes are evident in Figs. 19.1 la and b, but no pressure
spike occurs in Fig. 19.He. This implies that as m decreases, or as the severity of
lubricant starvation increases, the pressure spike is suppressed. Figure 19.Ha,
with m = 4, corresponds to a fully flooded condition; Fig. 19.lib, with m =
2, to a starved condition; and Fig. 19.He, with m = 1.25, to even more severe
starvation. Once lubricant starvation occurs, the severity of the situation within
the conjunction increases rapidly as is decreased and dry contact conditions are
approached.

Contour plots of the dimensionless film thickness (R̂  = ̂ /.Rg) for the
results shown in group 1 of Table 19.5 and for conditions corresponding to the
three pressure distributions shown in Fig. 19.11 are reproduced in Fig. 19.12. It
is clear that the film contours in the central region of the elastohydrodynamic
conjunction become more parallel as lubricant starvation increases and that
the region occupied by the minimum film thickness becomes more concentrated.
Note also that the values attached to the film thickness contours for the severely
starved condition (Fig. 19.12c) are much smaller than those for the fully flooded
condition (Fig. 19.12a).

19.7.3 Soft-EHL Results

The theory and numerical procedure mentioned in Sec. 19.5 can be used to in-
vestigate how lubricant starvation influences minimum Him thickness in starved,
elliptical, elastohydrodynamic conjunctions for low-elastic-modulus materials
(soft EHL). Lubricant starvation was studied by Hamrock and Dowson (1979a)
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Figure 19.11: Contour plots of dimensionless pressure for dimensionless inlet
distances m of (a) 4, (b) 2, and (c) 1.25 and for group 1 of Table 19.5. [Rum

Dotusow
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Hertzian

(a)

Dimensioniess
fi!m thickness,

6.5x10'"
7.0
7.5
8.0
8.5
9.0
10.0
11.5

Dimensioniess
fiim thickness,
M, = n/H,

6.1 x10-6
6.4
6.8
7.3
7.9
8.6
10.3

Dimensioniess
fitm thickness,

4.2
4.5
4.9
5.4
6.0
6.8
7.8

Figure 19.12: Contour plots of dimensioniess film thickness for dimensioniess
inlet distances rn of (a) 4, (b) 2, and (c) 1.25 and for group 1 of Table 19.5.
[.From Ramroc/; cma* Dowson
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Table 19.7: Effect of starvation on minimum film thickness for soft-EHL con-
tacts. [From, RfMWocA: ancf Dowsoyt

D imensionless
inlet distance.

7K

1.967
1.833
1.667
1.500
1.333
1.167
1.033

Group
1 2 3
Dimensionless load parameter, W

0.4405 x 10"" 0.2202 x 10̂ 0.4405 x 10--*
Dimensionless speed parameter, f/

0.5139 x 10"" 1.027 x 1Q-" 5.139 x 10-°
Dimensionless minimum film thickness, 7Ve,min
131.8 x 10""
131.2 x 10*6
129.7 x 10"6
125.6 x 10"6
115.9 x 10"6
98.11 x 10"6
71.80 x 10-6

241.8 x 10""
238.6 x 10-6
230.8 x 10*6
217.2 x 10*6
199.3 x 10-6
120.8 x 10-6
120.8 x 10-6

584.7 x 1Q-"
572.0 x 10-6
543.1 x 10"6
503.0 x 10-6
444.9 x 10-6
272.3 x 10-6
272.3 x 10*6

by simply moving the inlet boundary closer to the contact center, as described
in the previous section.

Table 19.7 shows how the dimensionless inlet distance m affects the di-
mensionless minimum Rim thickness #e,min for three groups of dimensionless
load and speed parameters. For all the results presented in this section, the
dimensionless materials parameter C was fixed at 0.4276 and the ellipticity pa-
rameter A: was fixed at 6. The results shown in Table 19.7 clearly indicate the
adverse effect of lubricant starvation in the sense that as m decreases, % min
also decreases.

Table 19.8 shows how the three groups of dimensionless speed and load pa-
rameters affect the limiting location of the fully Hooded/starved boundary m*.
Also given in this table are corresponding values of the dimensionless minimum
film thickness for the fully flooded condition, as obtained by interpolating the
numerical values. Making use of Table 19.7 and following the procedure out-
lined in the previous section yield the critical boundary m* at which starvation
becomes important for low-elastic-modulus materials:

Table 19.8: Effect of inlet distance on minimum film thickness for soft-EHL
contacts. [From #a?woc%; ancf Dowson

Group
(from
table
19.7)
1
2
3

2Rx/D:E

19.41
24.45
19.41

Fully flooded
minimum Him
thickness,
#e,min

127.8 x 10""
234.5 x 10-6
567.2 x 10-6

Fully flooded-
starved

boundary.
m*
1.661
1.757
1.850
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Table 19.9: Effect of inlet distance on minimum-film-thickness ratio for soft-
EHL contacts. [From #a?woc%; nnc! Dowson

Group

(from

table

19.7)

1

2

3

Dimensionless

inlet distance,

m

1.661

1.500

1.333

1.167

1.033
1.757
1.667
1.500
1.333
1.167
1.033
1.850
1.667
1.500
1.333
1.167
1.033

Ratio of minumum

Him thickness

for starved and

flooded conditions,

1.000
0.9828
0.9069
0.7677
0.5618
1.000
0.9842
0.9262
0.8499
0.7267
0.5151
1.000
0.9575
0.8868
0.7844
0.6761
0.4801

Critical inlet

boundary

parameter,

(-- D/(-*-i)
1.000
0.7564
0.5038
0.2526
0.0499
1.000
0.8811
0.6605
0.4399
0.2206
0.0436
1.000
0.7847
0.5882
0.3918
0.1965
0.0388

= 1 + 1.07

0.16

(19.29)

where R^ min is obtained from the fully flooded soft-EHL results in Sec. 19.6.
Table 19.9 shows how w affects the ratio of minimum film thicknesses for

the starved and fully flooded conditions #e,min,s/Re,min. The dimensionless
minimum film thickness for a starved condition for low-elastic-modulus mate-
rials can thus be written as

1
m* - 1

0.22

(19.30)

Therefore, whenever m < m*, where m* is defined by Eq. (19.29), a lubricant
starvation condition exists. When this is true, the dimensionless minimum film
thickness is expressed by Eq. (19.30). If rh, > m*, a fully flooded condition
exists. The expression for the dimensionless minimum film thickness for a fully
Hooded condition Re,min for materials of low elastic modulus was developed in
Sec. 19.6.

In Fig. 19.13 contour plots of the dimensionless pressure (Ĵ. = P/̂ *') are
shown for the third set of conditions recorded in Table 19.7 and for m of 1.967,
1.333, and 1.033. Note that the contour levels and intervals are identical in
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aM parts of Fig. 19.13. In Fig. 19.13a, with m = 1.967, an essentially fully
Hooded condition exists. The contours are almost circular and extend farther
into the inlet region than into the outlet region. In Fig. 19.13b, with m = 1.333,
starvation is influencing the distribution of pressure, and the inlet contours are
slightly less circular than those shown in Fig. 19.13a. By the time m falls
to 1.033 [Fig. 19.13c], the conjunction is quite severely starved and the inlet
contours are even less circular.

In Fig. 19.14 contour plots of the dimensionless Rim thickness (Re = /t/R̂ )
are shown, also for the third set of conditions recorded in Table 19.7 and for
rn of 1.967. 1.333, and 1.033. These film thickness results correspond to the
pressure results shown in Fig. 19.13. The central portions of the film thickness
contours become more parallel as starvation increases and the minimum-film
thickness area moves to the outlet region. The values of the film thickness
contours for the severely starved condition [Fig. 19.14c] are much lower than
those for the fully flooded condition [Fig. 19.14a].

19.8 Closure

This chapter focused on the transition from rectangular conjunctions covered
in the last chapter to elliptical conjunctions. The numerical analysis and com-
putational technique represent a substantial extension. A procedure for the
numerical solution of isothermal elastohydrodynamically lubricated elliptical
conjunctions was outlined. The influence of the ellipticity parameter and the
dimensionless speed, load, and materials parameters on pressure and film shape
was investigated in this chapter for elastohydrodynamically lubricated elliptical
conjunctions. The eMipticity parameter was varied from 1 (a ball-on-plane con-
figuration) to 8 (a configuration approaching a line contact). The dimensionless
speed parameter was varied over a range of nearly two orders of magnitude. The
dimensionless load was varied over a range of one order of magnitude. Situ-
ations equivalent to using solid materials of bronze, steel, and silicon nitride,
and lubricants of paraffinic and naphthenic mineral oils were considered in an
investigation of the role of the dimensionless materials parameter. Thirty-four
cases were used to generate the minimum-film-thickness formula given below for
elastohydrodynamically lubricated elliptical conjunctions while assuming that
the solid surface materials are hard and that fully flooded lubrication conditions
exist:

SC° 49H/-0.073 _

Minimum-Rlm-thtckness formulas were also obtained for starved lubricating
conditions as well as for when one of the solid surfaces is made of a soft (low
elastic modulus) material under fully flooded or starved lubricating conditions.
For each of these conditions contour plots were presented that indicate in detail
the pressure distribution and film thickness throughout the conjunctions. Pres-
sure spikes were in evidence in the hard elastohydrodynamic lubrication results,
as was found in the last chapter for rectangular conjunctions. The theoretical
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(a)

Dimensionless
pressure,

12.3x10*3
12.1
11.7
11.0
10.0
8.5
6.0
3.0

(c)

Figure 19.13: Contour plots of dimensionless pressure for dimensionless inlet
distances m of (a) 1.967, (b) 1.333, and (c) 1.033 and for group 3 of Table 19.7.
[.From RamrocA; and
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A
B
C
D
E
F
G
H

Dimensionless
film thickness,

5.9x10*"
6.0
6.2
6.4
6.7
7.2
8.0
9.2

A
B
C
D
E
F
G
H

Dimensionless
film thickness,

4.0x10'"
4.8
5.1
5.5
6.0
6.6
7.3
8.0

Dimensiontess
film thickness,
H. = /i/R*

2.9x10"
3.0
3.2
3.4
3.7
4.0
4.3
4.6

Figure 19.14: Contour plots of dimensionless Rim thickness for dimensionless
inlet distances m of (a) 1.967, (b) 1.333, and (c) 1.033 and for group 3 of Table
19.7. [From
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PROBLEM 521

solutions of film thickness have all the essential features of previously reported
experimental observations based on optical interferometry.

19.9 Problem

19.1 Describe at least six practical situations that illustrate the importance of
elastohydrodynamic lubrication. Also indicate whether in each of these
applications you might anticipate side leakage or starvation to play a
significant roll in determining minimum film thickness.
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%0/tyaVô ywanMc.s ana* Re^a^ea* Tbp:cs. Proceedings of the 5th Leeds-Lyon
Symposium on Tribology, D. Dowson et al. (eds), Mechanical Engineering
Publications, Ltd., England, pp. 22-27.

Hamrock, B. J., and Dowson, D., (1981): Ba^ BeaWw? Z/M&Wca^oK - TTte .Kas-
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Chapter 20

Film Thicknesses for
Different Regimes of Fluid
Film Lubrication

Symbols

c
c,

E
E'

coefficients given in Table 20.2
constants defined in Eqs. (20.10)
and (20.15), respectively
stide-roll ratio,

denned in Eqs. (20.35) and
(20.36), respectively
denned in Eqs. (20.38) to
(20.43), respectively
coefficient given in Table 20.1
correctionfactor
thermal correction factor given
in Eq. (20.22)
constants
expectancy operator
modulus of elasticity, Pa
effective modulus of elasticity,

Pa

dimensionless materialspara-
meter, $E'
dimensionless elasticity para-
meter, ty*/3/y2

dimensionless viscosity para-
meter,

A;
L*
p
p*

dimensionless film thickness
parameter, Ĥ Ŵ /t/)̂
dimensionless film thickness for
elliptical contacts, /t/R̂
curve-fit dimensionless mini-
mum film thickness for
eUiptical contacts
dimensionless absolute film
thickness
dimensiontess percolation
threshold
film thickness (distance between
center lines of surfaces) , m
nominal film thickness (fluid
volume divided by surface
area), m
lubricant thermal conductivity,
W/(m.°C)
ellipticity parameter, D^/Dx
defined in Eq. (20.23)
pressure, Pa
reduced pressure, Pa
maximum Hertzian pressure,
Pa
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root-mean-square (rms) surface
roughness, m
effective radii in T and y
directions, respectively, m
radius, m
lubricant temperature, °C
dimensionless speed parameter,

velocity in z direction, m/s
mean surface velocity in x
direction, m/s

b variance ratios denned in
Eq. (20.30)
dimensionless load parameter,

normal load, N
normal load per unit width,
N/m
Cartesian coordinates, m
radius ratio, R^/Ra,
surface pattern parameter,

absolute viscosity, Pa-s
absolute viscosity at p = 0 and
constant temperature, Pa-s

dimensionless Him parameter,
t, / / n2 _t_ !?2 \ ̂/̂
"min/ (,̂s,a + ̂ *-<?,bJ

^, Ay autocorrelation lengths in 2
and y directions, m
Poisson's ratio
pressure-viscosity coefficient,
m^/N

x̂ maximum normal stress, Pa
x t 3*9 pressure flow factors in z and

y directions
s shear How factor

denned in Eq. (16.64)

Subscripts
a solid a
& solid &
c central
e elliptica]
IE isoviscous-elastic regime
IR isoviscous-rigid regime
VE viscous-elastic regime
VR viscous-rigid regime
2,y,2 coordinates

20.1 Introduction

The type of lubrication taking place in nonconformal conjunctions is influenced
by two major physical effects: the elastic deformation of the solids under an
applied load and the increase in fluid viscosity with pressure. There are four
main regimes of fluid Rtm tubrication, depending on the magnitude of these
effects and on their importance. These four regimes are defined as follows:

1. /somscoMs-Wĝ .' In this regime the amount of elastic deformation of the
surfaces is insignificant relative to the thickness of the fluid film separating
them, and the maximum contact pressure is too low to increase fluid
viscosity significantly. This form of lubrication is typically encountered
in circular-arc thrust bearing pads and in industrial coating processes in
which paint, emulsion, or protective coatings are applied to sheet or film
materials passing between rollers.

c!.' If the contact pressure is sufficiently high to significantly
increase the fluid viscosity within the conjunction, it may be necessary
to consider the pressure-viscosity characteristics of the lubricant while
assuming that the solids remain rigid. For the latter part of this assump-
tion to be valid the deformation of the surfaces must remain insignificant
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relative to the fluid Him thickness. This form of lubrication may be en-
countered on roller end-guide flanges, in contacts in moderately loaded
cylindrical tapered roHers, and between some piston rings and cylinder
liners.

VsomscoMS-e^nsMc.* In this regime the elastic deformation of the solids is
significant relative to the thickness of the fluid fUm separating them, but
the contact pressure is quite low and insufficient to cause any substantial
increase in viscosity. This situation arises with low-elastic-modulus ma-
terials (soft EHL) and may be encountered in seals, human joints, tires,
and elastomeric-material machine elements.

4. VMcoMs-eJasMc.* In fully developed elastohydrodynamic lubrication the
elastic deformation of the solids is often significant relative to the thick-
ness of the fluids film separating them, and the contact pressure is high
enough to significantly increase the lubricant viscosity within the conjunc-
tion. This form of lubrication is typically encountered in ball and roller
bearings, gears, and cams.

Several authors-Moes (1965-1966), Theyse (1966), Archard (1968), Green-
wood (1969), Johnson (1970), and Hooke (1977)-have contributed solutions for
the Aim thickness in the four lubrication regimes, but their results have been
confined largely to rectangular conjunctions. The essential difference between
these contributions is the way in which the parameters were made dimension-
less. In this chapter the film thickness is defined for the four fluid Rim lubri-
cation regimes just described for conjunctions ranging from circular to rectan-
gular. The film thickness equations for the respective lubrication regimes come
from theoretical studies on elastohydrodynamic and hydrodynamic lubrication
of elliptical conjunctions. The results are valid for isothermal, fully flooded con-
junctions. In addition to the Rim thickness equations for the various conditions,
maps are presented of the lubrication regimes, with Rim thickness contours rep-
resented on a log-log grid of the viscosity and elasticity parameters for three
values of the ellipticity parameter.

20.2 Dimensionless Grouping

Chapter 19 presented elastohydrodynamic theory for elliptical conjunctions in
terms of the dimensionless groups (#,,, t/, IV, C, %;). This has been particularly
helpful, since it allows the physical explanation of conjunction behavior to be
readily associated with each set of numerical results. However, several authors
have noted that this dimensionless group can be reduced by one parameter-
without any loss of generality-by using dimensional analysis. The Rim thickness
contours for the four Huid Rim lubrication regimes can be conveniently repre-
sented graphically by the fewest parameters, even though the physical meaning
of each composite parameter requires careful consideration.
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Johnson (1970) has pointed out that the behavior distinguishing the four
lubrication regimes can be characterized by three dimensionless quantities, each
having the dimensions of pressure:

1. The reduced pressure parameter p*, a measure of the fluid pressure gen-
erated by an isoviscous lubricant when elastic deformation is neglected

2. The inverse pressure-viscosity coefficient l/$, a measure of viscosity change
with pressure

3. The maximum Hertzian pressure p^, the maximum pressure of a dry
elastic contact

Although Johnson (1970) does not consider elliptical conjunctions, he does state
what the dimensionless parameters for such configurations should be:

tMc/:ness parameter;

(20.1)

(20.2)

parameter.'

W/s/3
3E = ̂r (20.3)

The ellipticity parameter A; remains as discussed in Chapter 19. Therefore, the
reduced dimensionless group is (R, <?y, pg, ̂).

20.3 Isoviscous-Rigid Regime

How the conjunction geometry influences the isothermal hydrodynamic film
separating two rigid solids was investigated by Brewe et al. (1979) for fully
flooded, isoviscous conditions and covered in Chapter 16. Brewe et al. varied
the radius ratio .R̂ /Ap from 1 (a circular configuration) to 36 (a configuration
approaching a rectangular conjunction) and varied the film thickness over two
orders of magnitude for conditions representing steel solids separated by a paraf-
finic mineral oil. They found that the computed minimum Rim thickness had
the same speed, viscosity, and load dependence as the classical Kapitza (1955)
solution. However, when they introduced the Reynolds cavitation boundary
condition (dp/da; = 0 and p = 0 at the cavitation boundary), an additional
geometrical effect emerged. Therefore, from Brewe et al. (1979) the dimen-
sionless minimum (or central) film thickness parameter for the isoviscous-rigid
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lubrication regime can be written from Eqs. (16.75) and (16.76) in terms of the
new dimensionalization as

= (Re) = 128a, [O.131tan-̂  (y) + 1.683J ̂  (20.4)

where

^ = & = ̂/̂  (17.29)

(16-64)

In Eq. (20.4) the dimensionless film thickness parameter F is shown to be
strictly a function of the contact geometry R̂ /R̂ .

20.4 Viscous-Rigid Regime

Jeng et al. (1987) have shown that the minimum (or central) Sim thickness for
the viscous-rigid regime in an elliptical conjunction can be expressed as

Forty-one cases were used in obtaining this formula. Note that, in the past,
several formulas have been proposed for the lubricant film thickness in this
lubrication regime. However, either the load parameter W, which has a strong
effect on film thickness, was not included or the film thickness was overestimated
by using the Barus (1893) formula for pressure-viscosity characteristics. The
Roelands (1966) formula was used for the pressure-viscosity relationship in the
analysis that produced Eq. (20.5).

Rewriting Eq. (20.5) in terms of the dimensionless groupings given in Eqs.
(20.1) to (20.3) gives

(20.6)
VR \ /VR

Note that before the Jeng et al. (1987) work a modified version of the Blok
(1952) work had been used to represent the film thickness in the viscous-rigid
regime. For example, in Hamrock and Dowson (1979) the following modified
Blok equation was used:

(20.7)

Two differences should be observed in Eqs. (20.6) and (20.7). The first is that
the exponent on <?y in (20.6) is almost half that given in (20.7). In deriving
Eq. (20.7) it was assumed, since no other equation was available at the time,
that the geometry effect for the viscous-rigid regime was the same as that for
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^ E
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Lubrication
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Isoviscous-elastic
Viscous-rigid
Isoviscous-rigid

Figure 20.1: Comparison of geometry effects in four lubrication regimes. [Rum

the viscous-elastic regime. This assumption turns out not to be true as demon-
strated by the difference in the geometry effect shown in Eqs. (20.6) and (20.7).
Figure 20.1 is presented to further illustrate this point. It is assumed that when
ar = 150 a rectangular conjunction is obtained. From Fig. 20.1 it is observed
that -Hmin/#min e approaches the limiting value quickly for the viscous-elastic
regime, and most slowly for the isoviscous-rigid regime. It is further observed
that the assumption that the geometry effects for the viscous-rigid regime are
similar to those for the viscous-elastic regime is not true. Therefore, both the
power on yv and the difference in geometry effect should appreciably change
the results given in Hamrock and Dowson (1979).

20.5 Isoviscous-Elastic Regime

The influence of the ellipticity parameter ̂  and the dimensionless speed t/, load
tV, and materials G parameters on the minimum (or central) film thickness
was investigated theoretically for the isoviscous-elastic (soft EHL) regime. The
results were presented in Sec. 19.6. The ellipticity parameter was varied from
1 (a circular configuration) to 12 (a configuration approaching a rectangular
conjunction). The dimensionless speed and load parameters were each varied
by one order of magnitude. Seventeen cases were considered in obtaining the
dimensionless minimum-film-thickness equation

(19.20)
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From Eqs. (20.1) and (20.3) the general form of the dimensionless minimum-
film-thickness parameter for the isoviscous-elastic lubrication regime can be
expressed as

(1 - 0.85e-°'3i") (20.8)

where ̂ 4 and c are constants to be determined. From Eqs. (20.1) and (20.3),
Eq. (20.8) can be written as

R,,mia = ,4t/2-2cpy(8/3c)-2 (l - 0.85e-°''") (20.9)

Comparing Eq. (19.20) with (20.9) gives c = 0.67. Substituting this into Eq.
(20.8) while solving for yl gives

/t -

The arithmetic mean for ̂4 based on the 17 cases considered in Sec. 19.6 is 8.70,
with a standard deviation of ±0.05. Therefore, the dimensionless minimum-
film-thickness parameter for the isoviscous-elastic lubrication regime can be
written as

(20.11)

With a similar approach the dimensionless central-film-thickness parameter for
the isoviscous-elastic lubrication regime can be written as

(20.12)

20.6 Viscous-Elastic Regime

In Sec. 19.4 the influence of the ellipticity parameter and the dimensionless
speed, load, and materials parameters on the minimum (or central) film thick-
nesses of hard-EHL contacts was investigated theoretically for the viscous-
elastic regime. The eHipticity parameter was varied from 1 to 8. the dimension-
less speed parameter was varied over nearly two orders of magnitude, and the
dimensionless load parameter was varied over one order of magnitude. Condi-
tions corresponding to the use of bronze, steel, and silicon nitride and paraffmic
and naphthenic oils were considered in obtaining the exponent on the dimension-
less materials parameter. Thirty- four cases were used in obtaining the following
dimensionless minimum-film-thickness formula:

The genera! form of the dimensionless minimum-film-thickness parameter for
the viscous-elastic lubrication regime can be written as

1 - e-°'6s*) (20.13)
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where B, a!, and / are constants to be determined. From Eqs. (20.1) to (20.3),
Eq. (20.13) can be written as

(l - e*°'̂ ) (20.14)

Comparing Eq. (19.16) with (20.14) gives d = 0.49 and / = 0.17. Substituting
these values into Eq. (20.13) while solving for B gives

3̂ 17 (0.68.) -
For the 34 cases considered in Table 19.1 for the derivation of Eq. (19.16), the
arithmetic mean for B was 3.42, with a standard deviation of ±0.03. Therefore,
the dimensionless minimum-film-thickness parameter for the viscous-elastic lu-
brication regime can be written as

= 3.42449̂ 7 (1 _ ,-0.68.) pQ.16)

An interesting observation to make in comparing Eqs. (20.11) and (20.16) is that
the sum of the exponents on <?y and <?g is close to 2/3 for the isoviscous-elastic
and viscous-elastic cases.

By adopting a similar approach to that outlined here, the dimensionless
central-film-thickness parameter for the viscous-elastic lubrication regime can
be written as

(#c) =3.61<#s3^i3(i_o.6ie-°73'=) (20.17)

20.7 Procedure for Mapping the Different Lu-
brication Regimes

The dimensionless minimum-fUm-thickness parameters for the four fluid Him
lubrication regimes expressed in Eqs. (20.4), (20.6), (20.11), and (20.16) were
used to develop a map of the lubrication regimes in the form of dimensionless
minimum-film-thickness-parameter contours. These maps are shown in Fig.
20.2 on a log-log grid of the dimensionless viscosity and elasticity parameters
for ellipticity parameters /c of 1/2, 1, 3, and 6, respectively. The procedure used
to obtain these figures was as follows:

1. For a given value of the ellipticity parameter, (.%nin) was calculated

from Eq. (20.4).

2. For a value of Rmin > ^min and the value of %; chosen in step 1, the

dimensionless viscosity parameter was calculated from Eq. (20.6) as

1/0.375

141(1 -
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Figure 20.2: Maps of lubrication regimes for four values of eHipticity parameter
&. (a) A; = ̂ ; (b) & = 1. [From Rs/a/taman ana*
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Figure 20.2: Concluded, (c) R; = 3; (d) A; = 6.
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This established the dimensionless minimum-film-thickness-parameter con-
tours ,Hmin as a function of <?v for a given value of /c in the viscous-rigid
regime.

3. For the values of ̂  selected in step 1, -Hmin selected in step 2, and <?v
obtained from Eq. (20.18), the dimensionless elasticity parameter was
calculated from the following equation, derived from Eq. (20.16):

1/0.17
'

This established the boundary between the viscous-rigid and viscous-
elastic regimes and enabled contours of -Hmin to be drawn in the viscous-
elastic regime as functions of gy and <?g for given values of %;.

4. For the values of ̂  and .Hmin chosen in steps 1 and 2, the dimensionless
elasticity parameter was calculated from the following equation, obtained
by rearranging Eq. (20.11):

1/0.67
'

This established the dimensionless minimum-film-thickness-parameter con-
tours Rmin &s a function of <?g for a given value of ̂ in the isoviscous-eiastic
lubrication regime.

5. For the values of A; and Rmin selected in steps 1 and 2 and the value of <?g
obtained from Eq. (20.20), the viscosity parameter was calculated from
the following equation:

This established the isoviscous-eiastic and viscous-elastic boundaries for
the particular values of A: and Rmtn chosen in steps 1 and 2.

6. At this point, for particular values of ̂ and Fmin; the contours were drawn
through the viscous-rigid, viscous-elastic, and isoviscous-eiastic regimes.
A new value of .Hmin was then selected, and the new contour was con-
structed by returning to step 2. This procedure was continued until an
adequate number of contours had been generated. A similar procedure
was followed for the range of A: values considered.

The maps of the lubrication regimes shown in Fig. 20.2 were generated
by following the procedure outlined here. The dimensionless minimum-Rlm-
thickness-parameter contours were plotted on a log-log grid of the dimension-
less viscosity parameter and the dimensionless elasticity parameter for A; of i,
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1, 3, and 6. The four lubrication regimes are clearly shown in these figures.
The smallest Rmin contour considered in each case represented the values ob-
tained from Eq. (20.4) in the isoviscous-rigid regime. The value of .&min on
the isoviscous-rigid boundary increased as /c increased. The main difference
between the results given in Fig. 20.2 and those presented by Hamrock and
Dowson (1979) is that the viscous-elastic regime is much larger in Fig. 20.2
than in the Hamrock and Dowson results. This is entirely due to the use of the
Jeng et al. (1987) formula in the viscous-rigid regime instead of the modified
Blok (1952) formula.

By using Fig. 20.2 for given values of the parameters /c, gy and gg, the fluid
film lubrication regime in which any elliptical conjunction is operating can be
ascertained and the approximate value of Rmin determined. When the lubrica-
tion regime is known, a more accurate value of Rmin can be obtained by using
the appropriate dimensionless minimum-nlm-thickness-parameter equation.

20.8 Thermal Correction Factor

The relevant film thickness formulas for the various lubrication regimes having
been described, the next task is to look at secondary effects that alter these
formulas. The first of these correction factors has already been considered
under starvation effects. That is, the starvation effects considered in Sec. 16.6
are applicable for both the isoviscous-rigid and viscous-rigid regimes. For the
viscous-elastic regime the starvation effects covered in Sec. 19.7.2 are applicable;
for the isoviscous-elastic regime Sec. 19.7.3 is applicable. The film thickness
reduction due to starvation needs to be properly taken care of while applying
the information to the specified section of the fully flooded film equation.

The film thickness predictions given elsewhere in this chapter require knowl-
edge of the lubricant temperature in the conjunction inlet, which can be used
in determining the absolute viscosity at p = 0 and constant temperature 770- A
method of estimating lubricant Him thickness when considering shear heating
effects is described in this section.

The film thickness reduction due to viscous heating of the lubricant at
the conjunction inlet was examined by Cheng (1967) and by Sheu and Wilson
(1982). These data were recently consolidated and correlated by Gupta et
al. (1991) to give the following integrated empirical formula for calculating
the percentage of film thickness reduction due to inlet heating, or the thermal
correction factor C;.

l-13.2(p,,/E')(L*r2
°'̂1 + 0.213 (1 +

where

! (20.23)
^ ^
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and
L't — "thcrmat/^isothcrmat

p̂ r = maximum Hertzian pressure, N/m^
'̂ = effective modulus of elasticity, N/m^
^ = absolute viscosity, N'S/m̂
^ = lubricant temperature, °C
-ii = mean surface velocity, m/s
Ff/= lubricant thermal conductivity, W/(m-°C)
/lc = slide/roll ratio, 2(û  - Ma)/(Mo + Mb)

Thus, C; calculated from Eq. (20.22) must be multiplied by Fmin to get the
effect of the thermal correction factor. It is suggested that Eq. (20.22) be
applied to all the fluid Rim regimes (IR, VR, IE, and VE). Note that if pure
rolling exists, Ag is equal to zero and Eq. (20.22) is still valid. Substantial
reduction in film thickness can result if thermal effects are considered.

Sheu and Wilson (1982) discovered no conditions under which thermal ac-
tion leads to a catastrophic breakdown in lubrication. They concluded that
no conditions have been found under which a lubricant film cannot be formed
nor do the forms of the relationships given in Eq. (20.22) suggest that such a
condition exists. Thus, the analysis seems to indicate that lubricant failure due
to thermal action is not a direct result of viscosity reduction due to tempera-
ture variations across the Rim. If thermally induced failure exists, it must be
due to either surface temperature rises or changes in some property other than
viscosity.

The effects of temperature on the Rim thickness, pressure, and surface shear
stress distributions within the entire conjunction were examined early on by
Cheng (1965) and Dowson and Whitaker (1965). They discovered that although
temperature is a major inRuence on friction, it does not alter signiRcantly the
minimum Rim thickness at the outlet of the conjunction, at least for moderately
loaded cases and slide-roll ratios up to 25%. Recently, Sadeght and Sui (1990)
extended these results to much higher loads and slide/roll ratios up to 30%. A
somewhat higher reduction in minimum Rim thickness, up to 15%, was found
in their calculations.

Sliding friction is affected signiRcantly by heat not only in thermal EHL
theories based on the Newtonian model, as alluded to earlier, but also in later
analyses based on non-Newtonian models, such as that by Bair and Winer
(1979).

Experimental veriRcation of Rim temperature rise has proven to be ex-
tremely difRcult. Winer (1983) employed infrared thermometry and was suc-
cessful in measuring the temperature rise in the Rim between a steel ball sliding
against a sapphire disk. Figure 20.3 shows the Rim thickness, the Rim temper-
ature rise, and both surface temperatures with <?max = 1.82 GPa and a bath
temperature of 40°C. Even though these measured Rim temperature proRles
cannot be directly compared with those calculated recently by Sadeghi and Sui
(1990) because of the difference in line and point contacts, we can still observe
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Figure 20.3: Lubricant and ball surface temperatures along contact centerline.
Sliding speed, 1.40 m/s; load 67 N. [,R-om tVmer

similar features in the measured and calculated profiles.

20.9 Surface Roughness Correction Factor

Surface roughness refers to any departure of the actual surface height from a
reference level as discussed in Chapter 3. It is due to the physical and chemical
methods used in preparing the surface as well as to the microstructure of the
material. Surface roughness can appreciably affect the lubrication of surfaces if
the film thickness is of the same order as the roughness. For example, endurance
tests of ball bearings, as reported by Tallian et al. (1965), have demonstrated
that when the lubricant film is thick enough to separate the contacting bodies,
the fatigue life of the bearing is greatly extended. Conversely, when the film is
not thick enough to provide full separation between the asperities in the contact
zone, the bearing life is adversely affected by the high shear stresses resulting
from direct metal-to-metal contact.

A surface roughness correction factor Cr for the minimum film thickness
is denned as a function of the ratio of minimum film thickness to composite
surface roughness A as described in Chapter 3. The mathematical expression
for A is

A = ̂

where
,1/2

(3.20)

(20.24)

and 7?q,a and R^b are the rms surface finishes of solids a and &, respectively
(see Sec. 3.6 for more details).
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Another parameter used to define surface texture is the surface pattern
parameter. Many engineering surfaces have roughnesses that are directionaHy
oriented and can be described by the surface pattern parameter %, first intro-
duced by Peklenik (1968) as

7c = ̂  (20.25)
<\

where A^ and A^ are autocorrelation lengths in the 2 and y directions. The
surface pattern parameter % may be interpreted as the length-to-width ratio
of a representative asperity contact. Purely transverse, isotropic, and purely
longitudinal patterns have % of 0, 1, and oo, respectively. Surfaces with % > 1
are longitudinally oriented.

Cheng and Dyson (1978) showed the effect of roughness on the pressure
buildup in the inlet region, up to the center of the contact. They used a
stochastic Reynolds equation for longitudinal striations and a force compliance
relationship to account for the mean contact pressure between the asperities.

In a later publication, Patir and Cheng (1978) made the solution more gen-
eral by replacing the stochastic Reynolds equation, used by Cheng and Dyson,
with an average Reynolds equation. They developed a method known as the
"average now model" to handle surface roughnesses at any arbitrary surface
pattern parameter %. The now factors in the average Reynolds equation are
denned by numerical flow simulation. The modified Reynolds equation is given
by

_L_ ̂  ̂  O "S .̂  ̂-.
^^d^y'd^^"^??^'' "==--^ i ^9^- '̂̂

where
$̂ ., $̂  = pressure How factors
$3 = shear flow factor
_Rg = composite surface roughness, see Eq. (20.24)
/̂  = average film thickness
^ = nominal Rim thickness

The flow factors <&x, <&y, and $,, were obtained by Patir and Cheng (1978)
through numerical simulation of Gaussian surface profiles and extracted through
an empirical approach. Their functions are (Patir and Cheng 1978, 1979):

1-CyA <^<i

1 + CA for 7 > 1

where i?p is the expectancy operator. The coefficients C and r are given in
Table 20.1.

Similarly,
<&2,(A, *y) = <&a(A,l/'y) (20.28)

and
/ ̂  \ / ;, \

(20.29)
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Table 20.1: Coefficients for use with Eq. (20.27), [From and

7
1/9
1/6
1/3
1
3
6
9

C
1.48
1.38
1.18
0.90
0.225
0.520
0.870

r
0.42
0.42
0.42
0.56
1.5
1.5
1.5

Range
A> 1
A>1

A > 0.75
A > 0.5
A > 0.5
A > 0.5
A > 0.5

where %a and %& are the variance ratios given by

/ o \ 2 2
T, / Aqa \
-̂" = D

\ ̂9 /

and <̂ s is given by

for A < 5
for A > 5

(20.30)

(20.31)

and the coefficients 4̂i, ai, 0:2, 03, and ̂ 2 ̂ re given in Table 20.2.
This method enables one not only to investigate the effect of more practical

surface roughness textures, but also to extend the results to A < 3, where part
of the load is shared by asperity contacts. When A becomes large, Eq. (20.26)
reduces to the standard form of the Reynolds equation. As such, Eq. (20.26) is
very valuable when the lubrication regime is unknown a pr:oW, or if multiple
lubrication regimes exist within a given problem.

Figure 20.4 shows the flow pattern for longitudinally oriented (% = 6),
transversely oriented (% = 1/6), and isotropic (% = 1) roughness. A simplified
way of obtaining the value of % is to calculate the ratio between high spot
counts (HSC) measured in the lateral direction y and HSC measured in the
rolling direction a?.

Table 20.2: Coefficients for use with Eq. (20.31) for A > 0.5. [From Pâ r

7
1/9
1/6
1/3
1
3
6
9

î
2.046
1.962
1.858
1.899
1.560
1.290
1.011

ai
1.12
1.08
1.01
0.98
0.85
0.62
0.54

02
0.78
0.77
0.76
0.92
1.13
1.09
1.07

03
0.03
0.03
0.03
0.05
0.08
0.08
0.08

A2
1.856
1.754
1.561
1.126
0.556
0.388
0.295
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Figure 20.5, obtained from Zhu and Cheng (1988), shows (7r plotted against
the Rim parameter A. A conclusion reached from Fig. 20.5 is that transverse
roughness orientation leads to a thicker mean film than isotropic roughness
orientation, and isotropic to a thicker mean film than longitudinal roughness
orientation. For A ̂  2, trough ̂  ̂smooth- The surface roughness correction
factor Cr can be estimated from Fig. 20.5 and then multiplied by (^min)smooth
to get (/tmin)rough-

Results that include the effects of surface roughness have been recently
obtained for point contacts by Zhu and Cheng (1988) using the average flow
factors provided by Patir and Cheng. They show the same features found in
line contacts.

Wilson and Marsault (1998) extended this approach to conditions with
large fractional contact areas, where the nominal film thickness (distance be-
tween surface centerlines) can become zero or negative. They reformulated the
problem in terms of the mean film thickness (volume of lubricant between solids
divided by total contact area), so that their Reynolds equation is

127? d ++ +
Wilson and Marsault also obtained an empirical fit for $2

is useful. 4*x is obtained from

= <*2 (R; - (R, -

3$,

and <&g that

(20.33)

where R( is the dimensionless nominal film thickness. It should be noted that
Rt and A are subtly different: A represents a dimensionless distance between
surface centerlines and, for very highly loaded conjunctions, can be zero or
negative. R; is defined from the volume of lubricant in the conjunction, and
has as its minimum a value of zero.

Rtc is the percolation threshold, which corresponds to the situation where
the lubricant is in trapped pockets, and pressure gradients no longer influence

(a)

Figure 20.4: Typical contact
area for (a) longitudinally ori-
ented (% = 6), (b) isotropic
(% = 1), and (c) transversely
oriented (% = §) rough sur-
faces. [From PaMr antf CVtew?
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1 2 3 4
Dimensionless film parameter, A = /

Figure 20.5: Effect of surface roughness on average film thickness of EHL con-
tacts. [From Z/m and CAew?

fluid How. #;c, "2, and 03 are given by

H,, = 3 [l - (0.47476/7 + 1)"°'̂°°̂  (20.34)

az = 0.051375 ln̂ (97) - 0.0071901 ln"(97) (20.35)

03 = 1.0019-0.179271n7 + 0.0475831n̂ 7-0.0164171n̂ 7 (20.36)

$;, is given by Eq. (20.28). The shear factor $3 is given for R; < 5 by

<&,, = &Q + ̂R^ + 5̂ R̂  + &sR̂  + &4̂  + &sR̂  (20.37)

where
&o = 0.126677̂ °'63°s (20.38)

61 = exp (-0.38768-0.44160 In 7-0.12679 ln̂  7 +0.042414 ln̂  7) (20.39)

62 = -exp (-1.1748- 0.39916 In 7 - 0.11041 ln̂  7 + 0.031775 ln^ 7) (20.40)

63 = exp (-2.8843 - 0.36712 In 7 - 0.10676 ln̂  7 + 0.028039 ln^ 7) (20.41)

64 = -0.004706+ 0.0014493 In 7+ 0.000331241̂ 7-0.000171471̂ 7 (20.42)

65 = 0.00014734 - 4.255 x 10̂  ̂7 - 1.057 x 10"̂  ln̂  7 + 5.0292 x 10"̂  ln^ 7
(20.43)

With the recent dramatic improvements in computer memory and speed
and with the recent development of more efficient numerical schemes in EHL,
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3 -i

H 1 -

Figure 20.6: Pressure profiles, film thickness profiles, and film thickness coun-
tour plots for longitudinal and transverse roughness, (a) Longitudinal rough-
ness. Dimensionless film thickness where dP/dJ^ = 0, R^ = 0.130. (b) Trans-
verse roughness. R^ = 0.155. Dimensionless viscosity index a, 10; dimen-
sionless velocity parameter, A, 0.1; dimensionless amplitude of asperity ̂, 0.1;
dimensionless radius of asperity R&, 0.125. [From
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such as the multigrid method by Lubrecht et al. (1988), it is now possible
to calculate the detailed pressure and deformation around idealized asperi-
ties in a circular or elliptical Hertzian conjunction. Efforts in this area are
now known as "microelastohydrodynamic lubrication." Representative works
in micro-EHL include those on longitudinal and transverse roughness by Lu-
brecht et al. (1988), as shown in Fig. 20.6, by Kweh et al. (1989), and by
Barragan de Ling et al. (1989). Their powerful methods offer considerable
promise for verifying the average quantities obtained from the Reynolds equa-
tion and for determining asperity film thickness, peak pressure, temperature,
shear stress, and near surface stress Aeld.

20.10 Closure

Relationships for the dimensionless minimum-nlm-thickness-parameter equa-
tions for the four lubrication regimes found in elliptical conjunctions have been
developed and expressed as

-^ + 1.683

<3r = *?T* = '

1+^

-0.0387.,

The relative importance of the influence of pressure on elastic distortion and
lubricant viscosity is the factor that distinguishes these regimes for a given
conjunction geometry.

These equations were used to develop maps of the lubrication regimes by
plotting Him thickness contours on a log-log grid of the viscosity and elasticity
parameters for four values of the ellipticity parameter. These results present
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a complete theoretical minimum-film-thickness-parameter solution for ellipti-
cal conjunctions in the four lubrication regimes. The results are particularly
useful in initial investigations of many practical lubrication problems involving
elliptical conjunctions. Correction factors taking into account lubricant supply,
thermal effects, and surface roughness effects were also presented.

20.11 Problem

20.1 In Problem 18.1 we assumed that the viscous-elastic regime was the proper
lubrication regime while considering water or oil as a lubricant. Making
use of the fluid film regime charts of this chapter, indicate if this is a
valid assumption for both lubricants. Also indicate how the minimum
film thickness obtained for rectangular conjunction given in Problem 18.1
compares with the elliptical conjunctions results found in this problem.
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Chapter 21

Rolling Element Bearings

Symbols

A constant
B total conformity ratio
& contact semiwidth, m
C load rating of bearing, N
c radial clearance, m
ĉ  diametral clearance, m
Cr distance between race centers, m
Di diameter of contact ellipse along

z-axis, m
D,, diameter of contact ellipse along

y-axis, m
D material factor
d diameter of rolling element, m
o!b bore diameter of rolling-element

bearing, m
de pitch diameter, m
c%;, do inner- and outer-race diameter, m
E modulus of elasticity, Pa
E' effective elastic modulus,

, Pa

metallurgical processing factor
complete elliptic integral of se-
cond kind
constant
lubrication factor
complete elliptic integral of first
kind
coefficient depending on material
and bearing type

C speed effect parameter
f̂m misalignment factor
: number of rows of rolling

elements
J number of stress cycles
Â i constant denned in Eq. (21.34)
A"i.s constant denned in Eq. (21.33)
& ellipticity parameter, D̂ /Dx
L̂ t life adjustment
L fatigue life
Lio fatigue life for probability of

survival of 0.90
^ length of rolling element, m
f̂  roller effective length, m
^t roller length, m

length dimension in stressed
volume, m
probability of failure
load-life exponent
cycle of failures
number of rolling elements per
row
dimensionless pressure
pressure, Pa
curvature sum, m
race conformity, r/2)*r

Ry effective radii in 3 and y
directions, respectively, m
radius, m
corner radius, m
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crown radius, m
probability of survival A/
shoulder height, m A?,
velocity in 2 direction, m/s
surface a velocity, m/s /4
surface & velocity, m/s /̂ r
elemental volume, m^ 7*
linear velocities of inner and T*u
outer contacts, m/s V*
bearing equivalent load, N V^
total thrust load of bearing, N
tangential load, N ^
normal load, N <̂ 6
factors for calculating equivalent
load -̂*c
constant, see Eq. (21.46)
depth of maximum shear î̂
stress, m
stress-weighted mean depth, m ^
contact angle, deg
free contact angle, deg
angle denned in Fig. 21.9, deg Subscripts
elastic deformation where
dp/f̂ a; = 0, m "
total elastic compression on "
load line, m ^
elastic compression of ball, m °
angle used to define shoulder ^-

height, deg
dimensionless friction force
dimensionless eiastic energy
tost from hysteresis
coefficient of sliding friction
coefficient of rolling friction
shear stress, Pa
endurance strength, Pa
angle to load line, deg
angular extent of bearing
load, deg
angular velocity, rad/s
angular velocity of rolling
element about its axis, rad/s
angular velocity of separator
or ball set, rad/s
angular velocity of inner and
outer races, rad/s
angular velocity of race, rad/s

solid a
solid &
inner
outer
Cartesian coordinates

21.1 Introduction

Since Chap. 16, the focus hag been on nonconformal lubricated conjunctions
and the development of elastohydrodynamic lubrication theory. In this and the
following chapter the principles developed in those chapters are applied to spe-
cific machine elements. This chapter focuses on rolling-element bearings, which
are a precise, yet simple machine element of great utility, and draws together the
current understanding of these bearings. First, the history of rolling-element
bearings is briefly reviewed. Subsequent sections are devoted to describing the
types of rolling-element bearing, their geometry and kinematics, the materials
they are made from, and the manufacturing processes involved. The organi-
zation of this chapter is such that unloaded and unlubricated rolling-element
bearings are considered in the Arst five sections, loaded but unlubricated rolling-
element bearings in Sees. 21.7 and 21.8 (as well as Chapter 17), and loaded and
lubricated rolling-element bearings in Sees. 21.9 to 21.12 (as well as Chapters
18 to 20).
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21.2 Historical Overview

The purpose of a bearing is to provide relative positioning and rotational free-
dom while transmitting a load between two structures, usually a shaft and a
housing. The basic form and concept of the rolling-clement bearing are simple.
If loads are to be transmitted between surfaces in relative motion in a machine,
the action can be facilitated in a most effective manner if rolling elements are
interposed between the sliding members. The frictional resistance encountered
in sliding is then largely replaced by the much smaller resistance associated
with rolling, although the arrangement is inevitably afflicted with high stresses
in the restricted regions of effective load transmission.

The precision rolling-element bearing of the twentieth century is a product
of exacting technology and sophisticated science. It is simple in form and con-
cept and yet extremely effective in reducing friction and wear in a wide range of
machinery. The spectacular development of numerous forms of rolling-element
bearing in the twentieth century is well known and documented, but it is pos-
sible to trace the origins and development of these vital machine elements to
periods long before there was a large industrial demand for such devices and
certainly long before adequate machine tools for their effective manufacture ex-
isted in large quantities. A complete historical development of rolling-element
bearings is given in Hamrock and Dowson (1981), and therefore only a brief
overview is presented here.

The influence of general technological progress on the development of rolling-
element bearings, particularly those concerned with the movement of heavy
stone building blocks and carvings, road vehicles, precision instruments, water-
raising equipment, and windmills is discussed in Hamrock and Dowson (1981).
The concept of rolling-element bearings emerged in embryo form in Roman
times, faded from the scene during the Middle Ages, was revived during the
Renaissance, developed steadily in the seventeenth and eighteenth centuries for
various applications, and was firmly established for individual road carriage
bearings during the Industrial Revolution. Toward the end of the nineteenth
century, the great merit of ball bearings for bicycles promoted interest in the
manufacture of accurate steel balls. Initially, the balls were turned from bars
on special lathes, with individual general machine manufacturing companies
making their own bearings. Growing demand for both ball and roller bearings
encouraged the formation of specialist bearing manufacturing companies at the
turn of the century and thus laid the foundations of a great industry. The ad-
vent of precision grinding techniques and the availability of improved materials
did much to confirm the future of the new industry.

The essential features of most forms of modern rolling-element bearing were
therefore established by the second half of the nineteenth century, but it was
the formation of specialist precision-manufacturing companies in the early years
of the twentieth century that Anally established the rolling-element bearing as
a most valuable, high-quality, readily available machine component. The avail-
ability of ball and roller bearings in standard sizes has had a tremendous impact
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on machine design throughout the twentieth century. Such bearings still provide
a challenging Reid for further research and development, and many engineers
and scientists are currently engaged in exciting and demanding research projects
in this area. In many cases, new improved materials or enlightened design con-
cepts have extended the life and range of application of rolling-element bearings,
yet in other respects, much remains to be done in explaining the extraordinary
operating characteristics of bearings that have served our technology so well
for almost a century. A recent development, covered in Chapters 18 to 20,
is the understanding and analysis of one important aspect of rolling-element
performance-the lubrication mechanism in small, highly stressed conjunctions
between the rolling element and the rings, or races.

21.3 Bearing Types

Ball and roller bearings are available to the designer in a great variety of de-
signs and size ranges. The intent of this chapter is not to duplicate the complete
descriptions given in manufacturers' catalogs but rather to present a guide to
representative bearing types along with the approximate range of sizes avail-
able. Tables 21.1 to 21.9 illustrate some of the more widely used bearing types.
In addition, numerous types of specialty bearing are available; space does not
permit a complete cataloging of all available bearings. Size ranges are gener-
ally given in metric units. Traditionally, most rolling-element bearings have
been manufactured to metric dimensions, predating the efforts toward a metric
standard.

In addition to bearing types and approximate size ranges available, Tables
21.1 to 21.9 also list approximate relative load-carrying capacities, both radial
and thrust, and, where relevant, approximate tolerances to misalignment.

Rolling-element bearings are an assembly of several parts: an inner race,
an outer race, a set of balls or rollers, and a cage or separator. The cage or
separator maintains even spacing of the rolling elements. A cageless bearing, in
which the annulus is packed with the maximum rolling-element complement, is
called a "full-complement bearing." Full-complement bearings have high load
carrying capacity but lower speed limits than bearings equipped with cages.
Tapered-roller bearings are an assembly of a cup, a cone, a set of tapered
rollers, and a cage.

21.3.1 Ball Bearings

Ball bearings are used in greater quantity than any other type of rolling-element
bearing. For an application where the load is primarily radial with some thrust
load present, one of the types in Table 21.1 can be chosen. A Conrad, or
deep-groove, bearing has a ball complement limited by the number of balls that
can be packed into the annulus between the inner and outer races with the
inner race resting against the inside diameter of the outer race. A stamped
and riveted two-piece cage, piloted on the ball set, or a machined two-piece
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Table 21.1: Characteristics of representative radial ball bearings [
and Anderson

Type

Conrad or deep
groove

Maximum capacity
or filling notch

Magneto or coun-
terbored outer

(̂

(3

0
Airframe or aircraft r'Tj
control S&iln

Self-aligning, inter-
nal

Self-aligning, exter-
nal 0̂
Double row, maxi-
mum K^M?H

Double row, deep

range of bore
sizes, mm

Mini-
mum
3

10

3

4.826

5

6

6

Maxi-
mum
1060

130

200

31.75

120

110

110

Relative capacity
Radial

1.00

1.2-1.4

0.9-1.3

High static
capacity

0.7

1.0

1.5

1.5

Thrust

"0.7

"0.2

"0.5-0.9

"0.5

"0.2

"0.7

"0.2

"1.4

Limiting
speed
factor

1.0

1.0

1.0

0.2

1.0

1.0

1.0

1.0

Tolerance
to mis-

alignment

±0°15'

±0°3'

±0°5'

0°

±2° 30'

High

±0°3'

0°

" Two directions.
' One direction.

cage, ball-piloted or race-piloted, is almost always used in a Conrad bearing.
The only exception is a one-piece cage with open-sided pockets that is snapped
into place. A filling-notch bearing most often has both inner and outer races
notched so that a ball complement limited only by the annular space between
the races can be used. It has low thrust capacity because of the filling notch.

The self-aligning internal bearing shown in Table 21.1 has an outer-race
ball path ground in a spherical shape so that it can accept high levels of mis-
alignment. The self-aligning external bearing has a multipiece outer race with a
spherical interface. It too can accept high misalignment and has higher capac-
ity than the self-aligning internal bearing. However, the self-aligning external
bearing is somewhat less self-aligning than its internal counterpart because of
friction in the multipiece outer race.

Representative angular-contact ball bearings are illustrated in Table 21.2.
An angular-contact ball bearing has a two-shouldered ball groove in one race
and a single-shouldered ball groove in the other race. Thus, it is capable of
supporting only a unidirectional thrust load. The cutaway shoulder allows
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Table 21.2: Characteristics of representative angular-contact ball bearings
(Minimum bore size, 10 mm) _R"om Ramroc%; an<%

Type

One-directiona]
thrust

Duptex, back to
back

Duplex, face to face

Duplex, tandem

s3

K^

split ring

Double row

Double row, max-
imum

ĈK3
ẐX3

Approximate
maximum
bore size,
mm
320

320

320

110

140

110

Relative capacity
Radial

6l.00-l.15

1.85

1.85

1.85

1.15

1.5

1.65

"'61.5-2.3

'1.5

'1.5

"2.4

' 1.5

' 1.85

"0.5
"1.5

Limiting
speed
factor

'1.1-3.0

3.0

3.0

3.0

3.0

0.8

0.7
"1.5

Tolerance
to mis-

alignment

±0°2'

0°

0°

0°

±0°2'

0°

0°

direction.
^Depends on contact angle
^Two directions.
**In other direction.

Table 21.3: Characteristics of representative thrust bail bearings (Relative ra-
dial capacity, 0) From Ramroc% an-cf

Type

One directional, -- — .—.
Hat race [Lj

One directional,
grooved race

Two directional,
grooved race

[Wl
55

Approximate range
of bore sizes, mm

Minimum

6.45

6.45

15

Maximum

88.9

1180

220

Relative
thrust
capacity
"0.7

"1.5

'1.5

Limiting
speed
factor
0.10

0.30

0.30

Tolerance
to mis-

alignment
bQO

0°

0°

"One direction.
^Accepts eccentricity.
^Two directions.
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Table 21.4: Characteristics of representative cylindrical roller bearings. [From
; awe!

Type

Separable outer
ring, nonlocating
(RN, RIN)
Separable inner
ring, nonlocating
(RU, RIU)
Separable outer
ring, one-direction
locating (RF, RIF)
Separable inner
ring, one-direction
locating (RJ, RIJ)
Self-contained,

locating
Separable inner
ring, two-direction
locating (RT)(RIT)
Nonlocating, full
complement
(RK, RIK)

33]
fl
O
t3
O
p
U

Double row, scp-
arable outer ring, -L-J-L̂

Double row, sep- .̂ .̂̂-̂
arable inner ring, L< L̂ &
nonlocating ' —

L
r

Approximate

Mini-
mum
10

12

40

12

12

20

17

30

70

Maxi-
mum
320

500

177.8

320

100

320

75

1060

1060

Retative capacity
Radial

1.55

1.55

1.55

1.55

1.35

1.55

2.10

1.85

1.85

thrust

0

0

"Locating

"Locating

^Locating

^Locating

0

0

0

Limiting
speed
factor

1.20

1.20

1.15

1.15

1.15

1.15

0.20

1.00

1.00

Tolerance
to mis-

alignment

±0°5'

±0°5'

±0°5'

±0°5'

±0°5'

0°5'

±0°5'

0°

0°

"One direction.
**Two directions.

assembly of the bearing by snapping the inner race over the ball set after it
is positioned in the cage and outer race. This also permits use of a one-piece,
machined, race-piloted cage that can be balanced for high-speed operation.
Typical contact angles vary from 15 to 25°.

Angular-contact ball bearings are used in duplex pairs mounted either back
to back or face to face as shown in Table 21.2. Duplex bearing pairs are man-
ufactured so that they "preload" each other when clamped together in the
housing and on the shaft. The use of preloading provides stiffer shaft support
and helps prevent bearing skidding at light loads. Proper levels of preload can
be obtained from the manufacturer. A duplex pair can support bidirectional
thrust load. The back-to-back arrangement offers more resistance to moment
or overturning loads than does the face-to-face arrangement.

Where thrust loads exceed the capability of a simple bearing, two bearings
can be used in tandem, with both bearings supporting part of the thrust load.
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Table 21.5: Characteristics of representative spherical roller bearings, [From
ana* /in̂ erson

Type

Single row, barret
or convex T 1]

Double row, barrel f

or convex f*r LL,* -<"!

Thrust r/\H

Double row, con- t ^ ^ i

Approximate
range of bore
sizes, mm

Mini-

20

25

85

50

Maxi-
mum
320

1250

360

130

Relative capacity
Radial

2.10

2.40

"0.10
0̂. 10

2.40

Thrust

0.20

0.70

"1.80
2̂.40

0.70

Limiting
speed
factor

0.50

0.50

0.35-0.50

0.50

Tolerance
to mis-

alignment

±2°

±1°30'

±3°

±1°30'

"Symmetric rollers.

^Asymmetric rollers.

Three or more bearings are occasionally used in tandem, but this is discouraged
because of the difficulty in achieving good load sharing. Even slight differences
in operating temperature will cause a maldistribution of load sharing.

The split-ring bearing shown in Table 21.2 offers several advantages. The
split ring (usually the inner) has its ball groove ground as a circular arc with a
shim between the ring halves. The shim is then removed when the bearing is
assembled so that the split-ring ball groove has the shape of a gothic arch. This
reduces the axial play for a given radial play and results in more accurate axial
positioning of the shaft. The bearing can support bidirectional thrust loads but

Table 21.6: Characteristics of standardized double-row, spherical roller bear-
ings. [From FamrocA ana! ylna*er.son

Type

SLB

SC

SD

nAn
ê a
Ŝ D

Roller design

Symmetric

Symmetric

Asymmetric

Retainer design

Machined,
roller piloted

Stamped,
race piloted

Machined,
race piloted

Roller guidance

Retainer pockets

Floating guide
ring

Inner-ring
center rib

Roller-race
contact
Modified line,
both races

Modified line,
both races

Line contact,
outer; point
contact, inner
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Table 21.7: Characteristics of spherical roller bearings. [From #amroc%;

Series

202
203
204
212
213
22, 22K
23, 23K
30, 30K
31, 31K
32, 32K
39, 39K
40, 40K

Types

Single-row barrel
Single-row barrel
Single-row barrel

SLB
SLB

SLB, SC, SD
SLB, SC, SD
SLB, SC, SD
SLB, SC, SD
SLB, SC, SD

SD
SD

Approximate range
of bore sizes,

mm
Minimum

20
20
25
35
30
30
40
120
110
100
120
180

Maximum
320
240
110
75
70
320
280
1250
1250
850
1250
250

Approximate rela-
tive capacity"

Radial
1.0
1.7
2.1
1.0
1.7
1.7
2.7
1.2
1.7
2.1
0.7
1.5

Thrust
0.11
0.18
0.22
0.26
0.53
0.46
1.0
0.29
0.54
0.78
0.18
—

Limiting
speed
factor

0.5
0.5
0.4
0.6
0.6
0.6
0.6
0.7
0.6
0.6
0.7
0.7

" Load capacities are comparative within the various series of spherical roller bearings
onty. For a given envelope size, a spherical roller bearing has a radial capacity approxi-
mately equal to that of a cylindrical roller bearing.

must not be operated for prolonged periods of time at predominantly radial
loads. This restriction results in three-point ball-race contact and relatively
high frictional losses. As with the conventional angular-contact bearing, a one-
piece precision-machined cage is used.

Ball thrust bearings (90° contact angle), Table 21.3, are used almost ex-
clusively for machinery with vertically oriented shafts. The flat-race bearing
allows eccentricity of the fixed and rotating members. An additional bearing
must be used for radial positioning. It has low load-carrying capacity because
of its small ball-race contact and consequent high Hertzian stress. Grooved-race
bearings have higher load-carrying capacities and are capable of supporting low-
magnitude radial loads. All the pure thrust ball bearings have modest speed
capability because of the 90° contact angle and the consequent high level of ball
spinning and frictional losses.

21.3.2 Roller Bearings

Cylindrical roller bearings, Table 21.4, provide purely radial load support in
most applications. An N or U type of bearing will allow free axial movement of
the shaft relative to the housing to accommodate differences in thermal growth.
An F or J type of bearing will support a light thrust load in one direction; and
a T type of bearing a light bidirectional thrust load. Cylindrical roller bearings
have moderately high radial load-carrying capacity as well as high-speed capa-
bility. Their speed capability exceeds that of both spherical and tapered-roller
bearings. A commonly used bearing combination for support of a high-speed
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rotor is an angular-contact ball bearing or duplex pair and a cylindrical roller
bearing. As explained in the following section on bearing geometry, the rollers
in cylindrical roller bearings are seldom pure cylinders. They are crowned, or
made slightly barrel shaped, to relieve stress concentrations on the roller ends
when any misalignment of the shaft and housing is present. Cylindrical roller
bearings may be equipped with one- or two-piece cages, usually race piloted.
For greater load-carrying capacity, full complement bearings can be used, but
at a significant sacrifice in speed capability.

Spherical roller bearings, Tables 21.5 to 21.7, are made as either single-
or double-row bearings. The more popular bearing design uses barrel-shaped
rollers. An alternative design employs hourglass-shaped rollers. Spherical roller
bearings combine extremely high radial load-carrying capacity with modest
thrust load-carrying capacity (with the exception of the thrust type) and ex-
cellent tolerance to misalignment. They And widespread use in heavy-duty
rolling mill and industrial gear drives, where all these bearings characteristics
are requisite.

Tapered-roller bearings, Table 21.8, are also made as single- or double-row
bearings with combinations of one- or two-piece cups and cones. A four-row
bearing assembly with two- or three-piece cups and cones is also available. Bear-
ings are made with either a standard angle for applications in which moderate
thrust loads are present or with a steep angle for high thrust capacity. Standard
and special cages are available to suit the application requirements. Single-row
tapered-roller bearings must be used in pairs because a radially loaded bear-
ing generates a thrust reaction that must be taken up by a second bearing.
Tapered-roller bearings are normally set up with spacers designed so that they
operate with some internal play. Manufacturers' engineering journals should be
consulted for proper setup procedures.

Needle roller bearings, Table 21.9, are characterized by compactness in the
radial direction and are frequently used without an inner race. In the latter
case the shaft is hardened and ground to serve as the inner race. Drawn cups,
both open and closed end, are frequently used for grease retention. Drawn cups
are thin walled and require substantial support from the housing. Heavy-duty
roller bearings have relatively rigid races and are more akin to cylindrical roller
bearings with long-width-to-diameter-ratio rollers.

Needle roller bearings are more speed limited than cylindrical roller bearings
because of roller skewing at high speeds. A high percentage of needle roller
bearings are full-complement bearings. They have higher load-carrying capacity
than a caged needle bearing, but lower speed capability.

Many types of specialty bearing are available other than those discussed
here. Aircraft bearings for control systems, thin-section bearings, and fractured-
ring bearings are some of the more widely used bearings among the many types
manufactured. Complete coverage of all bearing types is beyond the scope of
this chapter.

Angular-contact ball bearings and cylindrical roller bearings are generally
considered to have the highest speed capabilities. Speed limits of roller bearings
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Table 21.8: Characteristics of representative tapered-roller bearings. [From

Type

Single row

Two row,
double cone, L̂ -nLĴ Ĵ
single cup lf̂ ^ -̂̂ fl

Two row, <^- y-/ l̂ J
double cup, rL̂ J**lSr )f**\Jr)
sinc-le rnnR, r^*^l^ *̂***T̂
adjustable
(TOO)
Two row, r̂ — — vy** — "3
double cup, Ĵ [**TirTir****l!-L
single cone, P--̂ Û 1̂
nonadjustable ^ ^
(TNA)

i'om tow, L̂ --̂ -̂--̂ ŵ sr̂ -j
cup adjusted -̂̂ -̂-JSllfL̂ -̂JSl
( TLJU) " " " "

Subtype

TS, straight bore
TST, tapered bore
TSS, steep angle
TSE, TSK, keyway cone
TSF, TSSF, Ranged cup
TDI, straight bore
TDIK, TDIT, TDITP,

tapered bore
TDIE, TDIKE, slotted

double cone
TDIS, steep angle
TOO
TOO, steep angle

TNA, straight bore
TNASW, slotted cone
TNASWE, extended

cone rib
TNASWH, slotted cone,

sealed
TQO, straight bore
TQOT, tapered bore

Approximate
range of bore
sizes, mm

Mini-
mum
8
24
16
12
8
30
30

24

55
8
20

20
30
20

8

70
250

Maxi-
mum
1690
430
1270
380
1070
1200
860

690

520
1830
1430

60
260
305

70

1500
1500

are discussed in conjunction with lubrication methods. The lubrication system
employed has as great an influence on bearing limiting speed as the bearing
design.

21.4 Geometry

The operating characteristics of a rolling-element bearing depend greatly on
its diametral clearance. This clearance varies for the different types of bearing
discussed in the preceding section. In this section the principal geometrical
relationships governing the operation of unloaded rolling-element bearings are
developed. This information will be of vital interest when such quantities as
stress, deflection, load-carrying capacity, and life are considered in subsequent
sections. Although bearings rarely operate in the unloaded state, an under-
standing of this section is essential to appreciation of the remaining sections.
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Type

Drawn cup, needle

Open end Closed end
Drawn cup, needle grease retained

1 ]
Drawn cup, rotter

Open end Closed end

Heavy-duty roHer

Caged roller

Cam follower

IJLuL̂ itHnL
Needle thrust

Bore size,
mm

Mini-
mum
3

4

5

16

12

12

6

Maxi-
mum
185

25

70

235

100

150

105

Relative toad
capacity

Dynamic

High

High

Moderate

Very high

Very high

Moderate
to high

Very high

Static

Moderate

Moderate

Moderate

Moderate

High

Moderate
to high

Very high

Limiting
speed
factor

0.3

0.3

0.9

1.0

1.0

0.3-0.9

0.7

Misalign-
ment

tolderance

Low

Low

Moderate

Moderate

Moderate

Low

Low

o

Z

tr*02
O

O

3
g
tr"

En

Copyright © 2004 Marcel Dekker, Inc.



GEOMETRY 561

Figure 21.1: Cross section through ra-
dial single-row ball bearings. [.From

and Anderson

21.4.1 Geometry of Ball Bearings

The geometry of ball bearings involves the elements of pitch diameter and clear-
ance, race conformity, contact angle, endplay, shoulder height, and curvature
sum and difference.

Pitch Diameter and Clearance

The cross section through a radial single-row ball bearing shown in Fig. 21.1
depicts the radial clearance and various diameters. The pitch diameter d^ is
the mean of the inner- and outer-race contact diameters and is given by

1
= dj + - (do -

de = x(6?" + di) (21.1)

Also from Fig. 21.1 the diametral clearance, denoted by ĉ , can be written as

= d.-d, -2d (21.2)

Diametral clearance may therefore be thought of as the maximum distance that
one race can move diametrally with respect to the other when no measurable
force is applied and both races he in the same plane. Although diametral
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clearance is generally used in connection with single-row radial bearings, Eq.
(21.2) is also applicable to angular-contact bearings.

Race Conformity

Race conformity is a measure of the geometrical conformity of the race and
the ball in a plane passing through the bearing axis, which is a line passing
through the center of the bearing perpendicular to its plane and transverse to
the race. Figure 21.2 is a cross section of a ball bearing showing race conformity,
expressed as

R, = ̂  (21.3)

For perfect conformity, where the race radius is equal to the ball radius, R^
is equal to 1/2. The closer the race conforms to the ball, the greater the
fricttonal heat within the contact. On the other hand, open-race curvature
and reduced geometrical conformity, which reduce friction, also increase the
maximum contact stresses and consequently reduce the bearing fatigue life.
For this reason most ball bearings made today have race conformity ratios in
the range 0.51 < Rr < 0.54, with R,. = 0.52 being the most common value. The
race conformity ratio for the outer race is usually made slightly larger than that
for the inner race to compensate for the closer conformity in the plane of the
bearing between the outer race and the ball than between the inner race and
the ball. This tends to equalize the contact stresses at the inner- and outer-race
contacts. The difference in race conformities does not normally exceed 0.02.

Contact Angle

Radial bearings have some axial play, since they are generally designed to have
a diametral clearance, as shown in Fig. 21.3. This implies a free contact angle
different from zero. Angular-contact bearings are specifically designed to oper-
ate under thrust loads. The clearance built into the unloaded bearing, along
with the race conformity ratio, determines the bearing free contact angle. Fig-
ure 21.3 shows a radial bearing with contact due to the axial shift of the inner
and outer races when no measurable force is applied.

Before the free contact angle is discussed, it is important to define the
distance between the centers of curvature of the two races in line with the

Figure 21.2: Cross section of ball and outer race,
showing race conformity. [.Fh?m.
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Axis of rotation Axis of rotation

(a)

Figure 21.3: Cross section of radial bearing, showing ball-race contact due to
axial shift of inner and outer races, (a) Initial position; (b) shifted position.

center of the ball in Fig. 21.3a and b. This distance-denoted by a? in Fig.
21. 3a and by c,- in Fig. 21.3b-depends on race radius and bait diameter. When
quantities referred to the inner and outer races are denoted by subscripts ! and
o, respectively, Fig. 21. 3a and b shows that

and

or

From these equations

= !"„ + 7-j - c! (21.4)

This distance, shown in Fig. 21.3a, will be useful in defining the contact angle.
Equation (21.3) can be used to write Eq. (21.4) as

where
*t* ̂!-,t "

(21.5)

(21.6)

The quantity B in Eq. (21.6) is known as the "total conformity ratio" and is a
measure of the combined conformity of both the outer and inner races to the
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ball. Calculations of bearing deflection in later sections depend on the quantity
B.

The free contact angle /3/ (Fig. 21.3b) is defined as the angle made by a line
through the points where the ball contacts both races and a plane perpendicular
to the bearing axis of rotation when no measurable force is applied. Note that
the centers of curvature of both the outer and inner races lie on the line defining
the free contact angle. From Fig. 21.3b the expression for the free contact angle
can be written as

cos/3y = l-^- (21.7)

Equations (21.2) and (21.4) can be used to write Eq. (21.7) as

/?/ = cos"i — - LLf li (21.8)

Equation (21.8) shows that if the size of the balls is increased and everything
else remains constant, the free contact angle is decreased. Similarly, if the ball
size is decreased, the free contact angle is increased.

From Eq. (21.7) the diametral clearance c,j can be written as

This is an alternative definition of the diametral clearance given in Eq. (21.2).

Endptay

Free endplay c,, is the maximum axial movement of the inner race with respect
to the outer when both races are coaxially centered and no measurable force is
applied. Free endplay depends on total curvature and contact angle, as shown
in Fig. 21.3b, and can be written as

c,,=2c,-sin;3f (21.10)

The variation of free contact angle and endplay with the ratio ĉ /2d is shown
in Fig. 21.4 for four values of the total conformity ratio normally found in
single-row ball bearings. Eliminating /3/ in Eqs. (21.9) and (21.10) enables
the following relationships between free endplay and diametral clearance to be
established:

1/2
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Figure 21.4: Free contact angle and endplay as a function of
values of total conformity. [.Prom RamrocA; and ylnder.so7T.

for four

Shoulder Height

The shoulder height of bait bearings is illustrated in Fig. 21.5. Shoutder height,
or race depth, is the depth of the race groove measured from the shoulder to
the bottom of the groove and is denoted by ŝ  in Fig. 21.5. From this figure
the equation defining the shoulder height can be written as

(21.11)

The maximum possible diametral clearance for complete retention of the ball-
race contact within the race under zero thrust load is given by the condition
(<3/)max = #3. Making use of Eqs. (21.9) and (21.11) gives

Curvature Sum and Difference

The undeformed geometry of contacting solids in a ball bearing can be repre-
sented by two ellipsoids, as discussed in Sec. 17.2. This section applies the
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Figure 21.5: Shoulder height
in ball bearing. [.From

Figure 21.6: Cross section of
ball bearing. [From Ram-
roĉ  ana* ̂ tna*erson

information provided there to a ball bearing.
A cross section of a ball bearing operating at a contact angle /? is shown in

Fig. 21.6. Equivalent radii of curvature for both inner- and outer-race contacts
in, and normal to, the direction of rolling can be calculated from this figure.
The radii of curvature for the 6â -!?mer-race eoM^ac^ are

(21.12)

(21.13)

(21.14)

(21.15)

(21.16)

(21.17)

rax — r̂  —

dg — d cos ,9
^̂  2 cos /3

The radii of curvature for the M/-OM^er-mce con^ac^ are

_ d

2

ê + ̂ COS /?

Copyright © 2004 Marcel Dekker, Inc.



GEOMETRY 567

In Eqs. (21.13) and (21.16), /3 is used instead of /3y because these equations are
also valid when a load is applied to the contact. By setting /? = 0°, Eqs. (21.12)
to (21.17) are equally valid for radial ball bearings. For thrust ball bearings
rt,3 = oo, and the other radii are defined as given in the preceding equations.

From the preceding radius-of-curvature expressions and Eq. (17.4) and
(17.5) for the &aM-mner-mce

and for the 5a^-OM^er-roce

(21.20)

Substituting these equations into Eqs. (17.2) and (17.3) enables the curvature
sum and difference to be obtained.

21.4.2 Geometry of Roller Bearings

The equations developed for the pitch diameter ef,. and diametral clearance c%
for ball bearings, Eqs. (21.1) and (21.2), respectively, are directly applicable for
roller bearings.

Crowning

High stresses at the edges of the rollers in cylindrical roller bearings are usually
prevented by crowning the rollers as shown in Fig. 21.7. A fully crowned roller
is shown in Fig. 21.7a and a partially crowned roller in Fig. 21.7b. The crown
curvature is greatly exaggerated for clarity. The crowning of rollers also gives
the bearing protection against the effects of slight misalignment. For cylindrical
rollers r̂ /c! ̂ 1CP. In contrast, for spherical rollers in spherical roller bearings,
as shown in Fig. 21. 7a, r,-/d ̂  4. Observe in Fig. 21.7 that the roller effective
length ̂ ; is the length presumed to be in contact with the races under loading.
Generally, the roller effective length can be written as

where r̂  is the roller corner radius or the grinding undercut, whichever is larger.
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(a)

Figure 21.7: (a) Spherical roller (fully crowned) and (b) cylindrical roller (par-
tially crowned). [.From

Race Conformity

Race conformity applies to roller bearings much as it applies to ball bearings.
It is a measure of the geometrical conformity of the race and the roller. Figure
21.8 shows a cross section of a spherical roller bearing. From this figure the
race conformity can be written as

In this equation if Rr and r are subscripted with ! or o, the race conformity
values are for the inner- or outer-race contacts.

Free Endplay and Contact Angle

Cylindrical roller bearings have a contact angle of zero and may take thrust
load only by virtue of axial flanges. Tapered-roller bearings must be subjected
to a thrust load or the inner and outer races (the cone and the cup) will not
remain assembled; therefore, tapered-roller bearings do not exhibit free diame-
tral play. Radial spherical roller bearings are, however, normally assembled
with free diametral play and hence exhibit free endplay. The diametral play ĉ
for a spherical roller bearing is the same as that obtained for ball bearings as
expressed in Eq. (21.2). This diametral play as well as endplay is shown in Fig.
21.9 for a spherical roller bearing. From this figure

To COS 0 =
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Figure 21.8: Geometry of spherical
roller bearing. [Fh)7n Ramroc%;
Anderson

or

Also from Fig. 21.9 the free endplay can be written as

c,, = 2ro (sin /? — sin %) + ĉ  sin 'yj

Curvature Sum and Difference

The same procedure used for ball bearings will be used for defining the curvature
sum and difference for roller bearings. For spherical roller bearings, as shown in
Fig. 21.8, the radii of curvature for the ro^er-mner-raee eon^ae^can be written
as

d COS /?

2cos/3
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Outer ring

Axisofrotation

Figure 21.9: Schematic diagram of spherical
roller bearing, showing diametral play and end-
^̂  Ramrod

and the radii of curvature for the ro^er-ot^er-mce eow^ac^ can be written as

d

+ d cos /?

2cos/3

Once the radii of curvature for the respective contact conditions are known, the
curvature sum and difference can be written directly from Eqs. (17.2) and (17.3).
Furthermore, the radius-of-curvature expressions A^ and R^ for spherical roller
bearings can be written for the ro^er-mner-mce coniac^ as

d (d,, — d cos /?)
(21.22)

and for the con^ac^ as

(21.23)

(21.24)

^ _^_ (21.25)
r. -Tr

Substituting these equations into Eqs. (17.2) and (17.3) enables the curvature
sum and difference to be obtained.
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Figure 21.10: Contact angles in ball
bearing at appreciable speeds. [From

Figure 21.11: Angular velocities of
ball. [From Famroc^ an(f Anderson

21.5 Kinematics

The relative motions of the separator, the balls or rollers, and the races of
rolling-element bearings are important to understanding their performance.
The relative velocities in a ball bearing are somewhat more complex than those
in roller bearings, the latter being analogous to the specialized case of a zero-
or fixed-contact-angle ball bearing. For that reason the ball bearing is used
as an example here to develop approximate expressions for relative velocities.
These expressions are useful for rapid but reasonably accurate calculation of
elastohydrodynamic film thickness, which can be used with surface roughnesses
to calculate the lubrication life factor.

The precise calculation of relative velocities in a ball bearing in which speed
or centrifugal force effects, contact deformations, and elastohydrodynamic trac-
tion effects are considered requires a large computer to numerically solve the
relevant equations. Refer to the growing body of computer codes discussed in
Sec. 21.11 for precise calculations of bearing performance. Such a treatment is
beyond the scope of this section. However, approximate expressions that yield
answers with accuracies satisfactory for many situations are available.

When a ball bearing operates at high speeds, the centrifugal force acting
on the ball creates a divergency of the inner- and outer-race contact angles, as
shown in Fig. 21.10, in order to maintain force equilibrium on the ball. For the
most general case of rolling and spinning at both inner- and outer-race contacts,
the rolling and spinning velocities of the ball are as shown in Fig. 21.11.
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(a)

Figure 21.12: Ball spin axis orientations for (a) outer- and (b) inner-race control.

The equations for ball and separator angular velocity for all combinations
of inner- and outer-race rotation were developed by Jones (1964). Without
introducing additional relationships to describe the elastohydrodynamic condi-
tions at both ball-race contacts, however, the ball-spin axis orientation angle
(̂s cannot be obtained. As mentioned, this requires a lengthy numerical solu-
tion except for the two extreme cases of outer- or inner-race control. These are
illustrated in Fig. 21.12.

Race control assumes that pure rolling occurs at the controlling race, with
all the ball spin occurring at the other race contact. The orientation of the
ball rotation axis can then be easily determined from bearing geometry. Race
control probably occurs only in dry bearings or dry-film-lubricated bearings
where Coulomb friction conditions exist in the ball-race contact ellipses. The
spin-resisting moment will always be greater at one of the race contacts. Pure
rolling will occur at the race contact with the higher magnitude spin-resisting
moment. This is usually the inner race at low speeds and the outer race at high
speeds.

In oil-lubricated bearings in which elastohydrodynamic Alms exist in both
ball-race contacts, rolling with spin occurs at both contacts. Therefore, pre-
cise ball motions can only be determined through a computer analysis. The
situation can be approximated with a reasonable degree of accuracy, however,
by assuming that the ball rolling axis is normal to the line drawn through the
centers of the two ball-race contacts. This is shown in Fig. 21.6.

The angular velocity of the separator or ball set t̂ e about the shaft axis
can be shown to be (Anderson, 1970)

(f, + u.)/2
/J

21.26
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where v, and Uo are the linear velocities of the inner and outer contacts. The
angular velocity of a ball about its own axis <^b, assuming no spin, is

/oi07\(21.27)
/J

It is convenient, for calculating the velocities of the ball-race contacts, which
are required for calculating elastohydrodynamic Him thicknesses, to use a co-
ordinate system that rotates at t̂ - This fixes the ball-race contacts relative to
the observer. In the rotating coordinate system the angular velocities of the
inner and outer races become

c! cos /? \

The surface velocities entering the M%-mner-race coniac^ for pure rolling are

(21.28)

a
4

and those at the AaM-ouier-race con^ac^ are

1

or
G%e (̂ o — ̂ t ) / Ĉ ^ COS^ d \ . .^ = ̂  = ̂ -̂R- - ̂ l -- — ̂ (21.30)

4 \ "e /

Thus,

Ma: = Mao I

For a cylindrical roller bearing /3 = 0°, and Eqs. (21.26), (21.27), (21.29), and
(21.30) become, if c! is roller diameter,

1

Equations directly analogous to those for a ball bearing can be used for a
tapered-roller bearing if d is the average diameter of the tapered roller, c%g is
the diameter at which the geometric center of the rollers is located, and /3 is
the angle as shown in Fig. 21.13.
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Figure 21.13: Simplified geom-
etry for tapered-roHer bearing.
[From, Ramrod ana!

21.6 Separators

Ball and rolling-element bearing separators (sometimes called "cages" or "re-
tainers") are bearing components that, although they never carry load, are
capable of exerting a vital influence on bearing efficiency. In a bearing with-
out a separator the rolling elements contact each other during operation and
in so doing experience severe sliding and friction. The primary functions of a
separator are to maintain the proper distance between the rolling elements and
to ensure proper load distribution and balance within the bearing. Another
function of the separator is to maintain control of the rolling elements in such
a manner as to produce the least possible friction through sliding contact. Fur-
thermore, a separator is necessary for several types of bearing to prevent the
rolling elements from falling out of the bearing during handling. Most separa-
tor troubles occur from improper mounting, misaligned bearings, or improper
(inadequate or excessive) clearance in the rolling-element pocket.

The materials used for separators vary according to the type of bearing and
the application, in ball bearings and some sizes of roller bearing the most com-
mon type of separator is made from two strips of carbon steel that are pressed
and riveted together. Called "ribbon separators," they are the least expen-
sive separators to manufacture and are entirely suitable for many applications.
They are also lightweight and usually require little space.

The design and construction of angular-contact ball bearings allow the use
of a one-piece separator. The simplicity and inherent strength of one-piece
separators permit their fabrication from many desirable materials. Reinforced
phenolic and bronze are the two most commonly used materials. Bronze sep-
arators offer strength and low-friction characteristics and can be operated at
temperatures to 230°C (450°F). Machined, silver-plated ferrous alloy separa-
tors are used in many demanding applications. Because reinforced cotton-base
phenolic separators combine the advantages of low weight, strength, and non-
galling properties, they are used for such high-speed applications as gyro bear-
ings. Lightness and strength are particularly desirable in high-speed bearings,
since the stresses increase with speed but may be greatly minimized by reduc-
ing separator weight. A limitation of phenolic separators, however, is that they
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have an allowable maximum temperature of about 135°C (275°F).

21.7 Static Load Distribution

Since a simple analytical expression for the deformation in terms of load was
defined in Sec. 17.5, it is possible to consider how the bearing load is distributed
among the elements. Most rolling-element bearing applications involve steady
state rotation of either the inner or outer race or both; however, the rotational
speeds are usually not so great as to cause ball or roller centrifugal forces or
gyroscopic moments of significant magnitudes. In analyzing the loading distri-
bution on the rolling elements, it is usually satisfactory to ignore these effects
in most applications. In this section the load deflection relationships for ball
and roller bearings are given, along with radial and thrust load distributions of
statically loaded rolling elements.

21.7.1 Load Deflection Relationships

For an elliptical conjunction the load deflection relationship given in Eq. (17.16)
can be written as

^ = ̂i.5<̂ f (21.32)

where
/2C-D\ 1/2

1̂.5 = ̂E'—^ (21.33)
\ ̂-̂  /

Similarly, for a rectangular conjunction

where
' ,21 34,

^ ' ^

and ^ is the length of the rolling element. In general then,

^ = ̂ (21.35)

in which j = 1.5 for ball bearings and 1.0 for roller bearings. The total normal
approach between two races separated by a rolling element is the sum of the
deformations under load between the rolling element and both races. Therefore,

<̂  = <̂ . + <$mi (21.36)

where
/ ?n \ 1/3

(21-37)
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Substituting Eqs. (21.36) to (21.38) into Eq. (21.35) gives

(21.39)

Recall that (̂ )̂  and (R*y). are denned by Eq. (21.33) and (21.34) for an el-
liptical and a rectangular conjunction, respectively. These equations show that
(A*.,)̂  and (Â ); are functions only of the contact geometry and the material
properties. The radial and thrust load analyses are presented in the follow-
ing two sections and are directly applicable for radially loaded ball and roller
bearings and thrust-loaded ball bearings.

21.7.2 Radially Loaded Ball and Roller Bearings

A radially loaded rolling element with radial clearance ĉ /2 is shown in Fig.
21.14. In the concentric position shown in Fig. 21.14a a uniform radial clearance
between the rolling element and the races of ĉ /2 is evident. The application
of an arbitrarily small radial load to the shaft causes the inner race to move a
distance ê /2 before contact is made between a rolling element located on the
load line and the inner and outer races. At any angle there will still be a radial
clearance e that, if ĉ  is small in relation to the radius of the tracks, can be
expressed with adequate accuracy by

c= (1 -cosi/') —

On the load line where i/< = 0°, the clearance is zero; but when ̂  = 90°, the
clearance retains its initial value of ĉ /2.

The application of further load will cause elastic deformation of the balls
and elimination of clearance around an arc 2i/̂ . If the interference or total elas-
tic compression on the load line is <$max, the corresponding elastic compression
of the ball ̂  , along a radius at angle i/; to the load line will be given by

<5v = (<$max COS ̂  - c) = f̂ ax + y) ̂ °̂  ̂ " Y

This assumes that the races are rigid. Now it is clear from Fig. 21.14c that
<5max + Cd/2 represents the total relative radial displacements of the inner and
outer races. Hence,

<^=<S^COSl/--y (21.40)

The relationship between load and elastic compression along the radius at angle
^ to the load vector is given by Eq. (21.35) as

Substituting Eq. (21.40) into this equation gives

^ , ,
, = A ., [ <)m cos ̂  - — )
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(c)

Figure 21.14: Radially loaded rolling-element bearing, (a) Concentric ar-
rangement; (b) initial contact; (c) interference. [̂ *oyn ̂ famrocA: and

For static equilibrium the applied load must equal the sum of the compo-
nents of the rolling-element loads parallel to the direction of the applied load.

Wt = ̂  Ŵ , COS I/*

(21.41)

Therefore,
c^y' ] i
27

The angular extent of the bearing arc 2̂  in which the rolling elements are
loaded is obtained by setting the root expression in Eq. (21.41) equal to zero
and solving for ̂:
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The summation in Eq. (21.41) applies only to the angular extent of the loaded
region. This equation can be written for a roller bearing as

A*i<5m ,r,i <n\(21.42)

and similarly in integral form for a ball bearing as

t"t - p i.s „. ĵ  (̂ os gj

The integral in the equation can be reduced to a standard elliptic integral by
the hypergeometric series and the beta function. If the integral is numerically
evaluated directly, the following approximate expression is derived:

\ 1 9̂

This approximate expression fits the exact numerical solution to within ±2%
for a complete range of ĉ /2̂ '

The load carried by the most heavily loaded rolling element is obtained by
substituting ̂  = 0° in Eq. (21.41) and dropping the summation sign.

Dividing this maximum load by the total radial load for a roller bearing [Eq.
(21.42)] gives

-̂  (21.44)
A " t-d/'H'm

and similarly for a ball bearing

Wx = "^max (21.45)

where

For roller bearings when the diametral clearance ĉ  is zero, Eq. (21.44) gives

^ = ̂L̂  (21.47)
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Figure 21.15: Contact ellipse in
bearing race under load.

For ball bearings when the diametral clearance ĉ  is zero, the value of Ẑ  in
Eq. (21.45) becomes 4.37. This is the value derived by Stribeck (1901) for ball
bearings of zero diametral clearance. The approach used by Stribeck was to
evaluate the finite summation for various numbers of balls. He then derived the
celebrated Stribeck equation for static load-carrying capacity by writing the
more conservative value of 5 for the theoretical value of 4.37:

^ = " ("̂ )max (21.48)

In using Eq. (21.48) remember that Ẑ  was considered to be a constant and
that the effects of clearance and applied load on load distribution were not
taken into account. These effects were, however, considered in obtaining Eq.
(21.45).

21.7.3 Thrust-Loaded Ball Bearing

The static thrust load-carrying capacity of a ball bearing may be deHned as the
maximum thrust load that the bearing can endure before the contact ellipse
approaches a race shoulder, as shown in Fig. 21.15, or as the load at which the
allowable mean compressive stress is reached, whichever is smaller. Both the
limiting shoulder height and the mean compressive stress must be calculated to
Hnd the static thrust load-carrying capacity.

Each ball is subjected to an identical thrust component n4/%, where û
is the total thrust load. The initial contact angle before the application of a
thrust load is denoted by /?/. Under load the normal ball thrust load W; acts
at the contact angle /3 and is written as

(21.49)

A cross section through an angular-contact bearing under a thrust load M; is
shown in Fig. 21.16. From this figure the contact angle after the thrust load
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Figure 21.16: Angular-contact ball bearing under thrust load. [From Ram.roc%;

has been applied can be written as

= COS (21.50)

The initial contact angle was given in Eq. (21.7). Using that equation and
rearranging terms in Eq. (21.50) gives, solely from geometry (Fig. 21.16),

<5,n =

(21.51)
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where Eq. (21.32) for R*i.s is replaced by Eq. (21.51) and %;, <f, JF are given by
Eq. (17.29), (17.30), and (17.32), respectively.

From Eq. (21.49) and (21.52),

nsinp*

3/2

(21.53)

This equation can be solved numerically by the Newton-Raphson method. The
iterative equation to be satisfied is

. /cospy
-sin/3 -̂ -1

\ cos/3

3/2

^-^= /cosj 1̂  3 ^ ̂  ̂'̂
cos /3 ! — 1 j -(- * cos /3̂  tan

\ cos/3 y 2

In this equation convergence is satisfied when /3' — /3 becomes essentially zero.
When a thrust load is applied, the shoulder height limits the axial deforma-

tion, which can occur before the pressure-contact ellipse reaches the shoulder.
As long as the following inequality is satisfied, the contact ellipse will not exceed
this limit:

From Fig. 21.5 and Eq. (21.11) the angle 0s used to define the shoulder height
can be written as

From Fig. 21.3 the axial deflection <5; corresponding to a thrust load can be
written as

g, = (cr + <5)sin/3-Crsinp'/ (21.55)

Substituting Eq. (21.51) into (21.55) gives

cosp*

Once /? has been determined from Eq. (21.54) and /3f from Eq. (21.7), the
relationship for <5t can be easily evaluated.
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Bearing a Bearing b

(b)

Figure 21.17: Angular-contact bearings in back-to-back arrangement, shown (a)
individually as manufactured and (b) as mounted with preload. [Fh?

21.7.4 Preloading

The use of angular-contact bearings as duplex pairs preloaded against each
other is discussed in Sec. 21.3.1. As shown in Table 21.2, duplex bearing pairs
are used in either back-to-back or face-to-face arrangements. Such bearings are
usually preloaded against each other by providing what is called "stickout" in
the manufacture of the bearing. This is illustrated in Fig. 21.17 for a bearing
pair used in a back-to-back arrangement. The magnitude of the stickout and
the bearing design determine the level of preload on each bearing when the
bearings are clamped together as in Fig. 21.17. The magnitude of preload and
the load deflection characteristics for a given bearing pair can be calculated by
using Eqs. (21.7), (21.32), (21.49), and (21.51) to (21.53).

The relationships of initial preload, system load, and final load for bearings
a and 6 are shown in Fig. 21.18. The load deflection curve follows the relation-
ship <5,rt = Ku)2/3. When a system thrust load w; is imposed on the bearing
pairs, the magnitude of load on bearing & increases while that on bearing a
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Axial deflection,

Figure 21.18: Thrust
load - axial deflection
curve for typical ball
bearing. [From

decreases until the difference equals the system load. The physical situation
demands that the change in each bearing deflection be the same (Aa = A5 in
Fig. 21.18). The increments in bearing load, however, are not the same. This
is important because it always requires a system thrust load far greater than
twice the preload before one bearing becomes unloaded. Prevention of bearing
unloading, which can result in skidding and early failure, is an objective of
preloading.

21.8 Rolling Friction and Friction Losses

21.8.1 Rolling Friction

The concepts of rolling friction are important generally in understanding the
behavior of machine elements in rolling contact and particularly because rolling
friction inAuences the overall behavior of rolling element bearings. The theories
of Reynolds (1886) and Heathcote (1921) attempted to explain rolling friction
in terms of the energy required to overcome the interfacial slip that occurs
because of the curved shape of the contact area. As shown in Fig. 21.19, the
ball rolls about the K axis and makes contact with the groove from a to 5. If
the groove is fixed, then for zero slip over the contact area no point within the
area should have a velocity in the rolling direction. The surface of the contact
area is curved, however, so that points a and & are at different radii from the
V axis than are points c and a*. For a rigid ball, points a and & must have
different velocities with respect to the V axis than do points c and d because
the velocity of any point on the ball relative to the V axis equals the angular
velocity times the radius from the Y axis. Slip must occur at various points
over the contact area unless the body is so elastic that yielding can take place
in the contact area to prevent this interfacial slip. The theories of Reynolds and

Copyright © 2004 Marcel Dekker, Inc.



584 FUNDAMENTALS OF FLUID FILM LUBRICATION
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c e d

Figure 21.19: Differential slip due to curvature of contact ellipse. [From

later Heathcote assumed that this interfacial slip took place and that the forces
required to make a ball roll were those required to overcome the friction due
to this interfacial slip. In the contact area rolling without slip will occur at a
specific radius from the V axis. Where the radius is greater than this radius to
the rolling point, slip will occur in one direction; where it is less, slip will occur
in the other direction. In Fig. 21.19 the lines at points c and d represent the
approximate location of the rolling bands, and the arrows shown in the three
portions of the contact area represent the directions of interfacial slip when the
ball is rolling into the paper.

The location of the two rolling bands relative to the axis of the contact
ellipse can be obtained by summing the loads acting on the ball in the rolling
direction. In Fig. 21.20 these are

where /̂ ^ is the coefficient of rolling friction. If a Hertzian ellipsoidal pressure
distribution is assumed, the location of the rolling bands can be determined
(Bisson and Anderson, 1964). For rolling with zero traction (̂  = 0), the
result is

- 0 . 1 7 4

where D̂  is the diameter of the contact ellipse along the y axis [Eq. (17.14)].
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In reality, all materials are elastic so that areas of no slip as well as areas of
microslip exist within the contact as pointed out by Johnson and Tabor (1967-
1968). Differential strains in the materials in contact will cause slip unless
it is prevented by friction. In high-conformity contacts slip is likely to occur
over most of the contact region, as can be seen in Fig. 21.21, which shows the
nondimensional friction force as a function of the conformity parameter

Af =

where ̂  is the coefficient of sliding friction and Pmean is the mean pressure of
the contact ellipse. The limiting value of friction force û  is

A fraction A^ of the elastic energy of compression in rolling is always lost because
of hysteresis. The effect of hysteresis losses on rolling resistance has been studied
by Tabor (1955). Tabor developed the following expression:

(21.56)

where 04 is l/3?r for rectangular conjunctions and 3/32 for elliptical conjunc-
tions. Two hard-steel surfaces show a A/t of about 1 percent.

Of far greater importance in contributing to frictional losses in rolling-
element bearings, especially at high speeds, is ball spinning. Spinning as well
as rolling takes place in one or both of the ball-race contacts of a ball bearing.
The situation is shown schematically in Fig. 21.11.

High speeds cause a divergency of the contact angles ̂  and A- In Fig.
21.12b the ball is rolling with inner-race control so that approximately pure
rolling takes place at the inner-race contact. The rolling and spinning vectors
ojr and (jg at the outer-race contact are shown in Fig. 21.11. The higher the
ratio oJs/t^r, the higher the friction losses.

Figure 21.20: Load components
in contact ellipse. [From
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Limit for complete slip
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Figure 21.21: Frictional resistance of ball in conforming groove. [From
and Tinder-son.

21.8.2 Friction Losses

Some factors that affect the magnitude of friction losses in rolling-element bear-
ings are

1 . Bearing size

2. Bearing type

3. Bearing design

4. Load (magnitude and type, either thrust or radial)

5. Speed

6. Oil viscosity

7. Oil now

Friction losses in a specific bearing consist of the following:

1 . Sliding friction losses in the contacts between the rolling elements and the
races. These losses include differential slip and slip due to ball spinning.
They are complicated by the presence of elastohydrodynamic lubrication
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Rims. The shearing of these films, which are extremely thin and contain oi]
whose viscosity is increased by orders of magnitude above its atmospheric
pressure value, accounts for a significant fraction of the friction losses in
rolling-element bearings.

2. Hysteresis losses due to the damping capacity of the race and ball mate-
rials.

3. Sliding friction losses between the separator and its locating race surface
and between the separator pockets and the rolling elements.

4. Shearing of oil Rims between the bearing parts and oil churning losses
caused by excess lubricant within the bearing.

5. Flinging of oil off the rotating parts of the bearing.

Because of the dominant role in bearing frictional losses played by the
lubrication method, there are no quick and easy formulas for computing rolting-
element bearing power loss. Friction coefficients for a particular bearing can
vary by a factor of 5 depending on lubrication. A Hood-lubricated bearing
may consume Hve times the power of one that is merely wetted by oil/air mist
lubrication.

The friction coefficients given by Palmgren (1959) are a rough but useful
guide. These values were computed at a bearing load that will give a life of
1 x 10̂  revolutions for the the respective bearings. The friction coefHcients for
several different bearings are shown here:

Self-aligning ball 0.0010
Cylindrical roller with Range-guided short rollers 0.0011
Thrust ball 0.0013
Single-row, deep-groove ball 0.0015
Tapered and spherical roller with Range-guided rollers 0.0018
Needle roller 0.0045

All these friction coefHcients are referenced to the radius of the bearing bore.
More accurate estimates of bearing power loss and temperature rise can be

obtained by using one or more of the available computer codes that represent
the basis for the current design methodology for rolling-element bearings. These
are discussed in Anderson (1979) and Pirvics (1980) and brieRy reviewed in Sec.
21.11.

21.9 Lubrication Systems

A liquid lubricant has several functions in a rolling-element bearing. It provides
separating Rims between the bearing parts (elastohydrodynamic lubrication be-
tween the races and the rolling elements and hydrodynamic between the cage
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or separator and its locating surface). It serves as a coolant if either circu-
lated through the bearing to an external heat exchanger or simply brought into
contact with the bearing housing and the machine casing. A circulating lubri-
cant also serves to flush out wear debris and carry it to a filter where it can
be removed from the system. Finally, it provides corrosion protection. The
different methods of providing liquid lubricant to a bearing are each discussed
here. Note that Chapter 4 presents lubricant properties, whereas this section
explores effective means of lubrication.

21.9.1 Solid Lubrication

An increasing number of rolling-element bearings are lubricated with solid-film
lubricants, usually in applications, such as extreme temperature or the vacuum
of space, where conventional liquid lubricants are not suitable.

Success in cryogenic applications, where the bearing is cooled by the cryo-
genic fluid (liquid oxygen or hydrogen), has been achieved with transfer films
of polytetrafluoroethylene (Scibbe, 1968). Bonded films of soft metals such as
silver, gold, and lead applied by ion plating as extremely thin films (0.2 to 0.3
/̂ m) have also been used (Todd and Bentall, 1978). Silver and lead in particu-
lar have found use in bearings that support the rotating anode in x-ray tubes.
Extremely thin films are required in rolling-element bearings in order not to sig-
nificantly alter the bearing internal geometry and in order to retain the basic
mechanical properties of the substrate materials in the Hertzian contacts.

21.9.2 Liquid Lubrication

The great majority of rolling-element bearings are lubricated by liquids. The
liquid in greases can be used, or liquid can be supplied to the bearing from
either noncirculating or circulating systems.

Greases

The most common and probably least expensive mode of lubrication is grease
lubrication; in the strictest sense a grease is not a liquid, but the liquid or
fluid constituent in the grease is the lubricant. Greases consist of a fluid phase
of either a petroleum or synthetic oil and a thickener. The most common
thickeners are sodium-, calcium-, or lithium-based soaps, although thickeners
of inorganic materials such as bentonite clay have been used in synthetic greases.
Some discussion of the characteristics and temperature limits of greases is given
in Bisson and Anderson (1964) and McCarthy (1973).

Greases are usually retained within the bearing by shields or seals that
are an integral part of the assembled bearing. Since there is no recirculating
fluid, grease-lubricated bearings must reject heat by conduction and convection
and are therefore limited to maximum c!&Na (ball bearing bore diameter in
millimeters times rotational speed in revolutions per minute) values of 0.25 to
0.4 million.

Copyright © 2004 Marcel Dekker, Inc.



LUBRICATION SYSTEMS 589

The proper grease for a particular application depends on the temperature,
speed, and ambient pressure environment to which the bearing is exposed. Mc-
Carthy (1973) presents a comprehensive discussion useful in the selection of a
grease; the bearing manufacturer can also recommend the most suitable grease
and bearing type.

Nonrecircutating Liquid Lubrication Systems

At low to moderate speeds, where the use of grease lubrication is not suitable,
other methods of supplying lubricant to the bearing can be used. These include
splash or bath, wick, oil-ring, and oil-air mist lubrication. Felt wicks can be
used to transport oil by capillary action from a nearby reservoir. Oil rings,
which are driven by frictional contact with the rotating shaft, run partially
immersed in an oil reservoir and feed oil mechanically to the shaft, which is
adjacent to the bearing. The bearing may itself be partially immersed in an oil
reservoir to splash-lubricate itself. AH these methods require modest ambient
temperatures and thermal conditions as well as speed conditions equivalent to
a maximum (4% of about 0.5 million. The machinery must also remain in a
fixed-gravity orientation.

Oil/air mist lubrication supplies atomized oil in an airstream to the bear-
ing, where a reclassifier increases the droplet size, allowing it to condense on the
bearing surfaces. Feed rates are low, and a portion of the oil flow escapes with
the feed air to the atmosphere. Commercial oil/air mist generators are avail-
able for systems ranging from a single bearing to hundreds of bearings. Bearing
friction losses and heat generation are low with mist lubrication, but ambient
temperatures and cooling requirements must be moderate because oil/air mist
systems provide minimal cooling. Many bearings, especially small bore bear-
ings, are successfully operated at high speeds (̂ Â  values to greater than 1
million) with oil/air mist lubrication.

Jet Lubrication

In applications where speed or heat rejection requirements are too high, jet
lubrication is frequently used both to lubricate and to control bearing temper-
atures. A number of variables are critical to achieving not only satisfactory but
near optimal performance and bearing operation. These include the placement
of the nozzles, the number of nozzles, the jet velocity, the lubricant flow rate,
and the scavenging of the lubricant from the bearing and its immediate vicinity.
The importance of proper jet lubricating system design is shown by Matt and
Gianotti (1966). Their results are summarized in Fig. 21.22.

Proper placement of the jets should take advantage of any natural pumping
ability of the bearings. Figure 21.23 (Parker, 1980) illustrates jet lubrication
of ball and tapered-roller bearings. Centrifugal forces aid in moving the oil
through the bearing to cool and lubricate the elements. Directing jets at the
radial gaps between the cage and the races achieves maximum oil penetration
into the bearing interior. Miyakawa et al. (1972), Anderson et al. (1954),
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Figure 21.22: Effective-
ness of proper jet lubri-
cation. Test bearings:
20-mm-bore, angular-
contact ball bearings;
thrust load, 222 N (50
Ibf). [From AfaM

Zaretsky et at. (1976), and Parker and Signer (1978) present useful data on
how jet placement and velocity influence the lubrication of several types of
bearing.

Underrace Lubrication

As bearing speeds increase, centrifugal effects become more predominant, mak-
ing it increasingly difficult to lubricate and cool a bearing effectively. The
jetted oil is thrown off the sides of the bearing rather than penetrating to the
interior. At extremely high dbA^ values (2.4 million and higher), jet lubrica-
tion becomes ineffective. Increasing the flow rate only adds to heat generation
through increased churning losses. Brown (1970) describes an underrace oiling
system used in a turbofan engine for both ball and cylindrical roller bearings.
Figure 21.24 illustrates the technique. The lubricant is directed radially under
the bearings. Centrifugal effects assist in pumping oil out through the bearings
via suitable slots and holes, which are made a part of both the shaft and the
mounting system and the bearings themselves. Holes and slots are provided
within the bearing to feed oil directly to the ball-race and cage-race contacts.

This lubrication technique has been thoroughly tested for large-bore ball
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Figure 21.23: Placement of jets for ball bearings with relieved rings and tapered-
roller bearings. [Fh3w .Parser
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Figure 21.24: Under-
race oiling system for
main shaft bearings on
turbofan engine. (a)
Cylindrical roller bear-
ing; (b) ball thrust
bearing. [FS"o
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Figure 21.25: Typical
fatigue spall.

and roller bearings up to 3 million ĉ Na. Pertinent data are reported by Signer
et al. (1974), Brown et al. (1977), Schuller (1979), and Signer and Schuller
(1982).

21.10 Fatigue Life

21.10.1 Contact Fatigue Theory

Rolling fatigue is a material failure caused by the application of repeated stresses
to a small volume of material. It is a unique failure type-essentially a process
of seeking out the weakest point at which the Arst failure will occur. A typical
spall is shown in Fig. 21.25. On a microscale there wilt probably be a wide dis-
persion in material strength or resistance to fatigue because of inhomogeneities
in the material. Because bearing materials are complex alloys, they are not
homogeneous or equally resistant to failure at all points. Therefore, the fatigue
process can be expected to be one in which a group of supposedly identical
specimens exhibit wide variations in failure time when stressed in the same
way. For this reason it is necessary to treat the fatigue process statistically.

Predicting how long a particular bearing will run under a specific load
requires the following two essential pieces of information:

1. An accurate, quantitative estimate of the life dispersion or scatter

2. The life at a given survival rate or reliability level

This translates into an expression for the "load-carrying capacity," or the ability
of the bearing to endure a given load for a stipulated number of stress cycles or
revolutions. If a group of supposedly identical bearings is tested at a specific
load and speed, the distribution in bearing lives shown in Fig. 21.26 will occur.
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Figure 21.26: Distribution
of bearing fatigue failures.
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21.10.2 WeibuH Distribution

WeibuH (1949) postulates that the fatigue lives of a homogeneous group of
rolling-element bearings are dispersed according to the following relation:

tnln — = ei In —
3 ^

(21.57)

where 3 is the probability of survival, L is the fatigue life, and ei and 4̂ are
constants. The WeibuH distribution results from a statistical theory of strength
based on probability theory, where the dependence of strength on volume is
explained by the dispersion in material strength. This is the "weakest link"
theory.

Consider a volume being stressed that is broken up into m similar volumes

/ 7 / 7 / 7 / 7
,5i = 1 - 32 = 1 - M2 3s = 1 - = 1 -

The Ms represent the probability of failure and the 3s, the probability of
survival. For the entire volume

3 = x 3s x - - - x 3

Then
1 - M = (l - Mi) (l - #2) (l - Ms) ... (l -
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T71,

.3 = II (l - .%) (21.58)
t=i

The probability of a crack starting in the ̂ th volume is

-M; = /M^ (21.59)

where /(a;) is a function of the stress level, the number of stress cycles, and
the depth into the material where the maximum stress occurs and V^ is the
elementary volume. Therefore, substituting Eq. (21.59) into (21.58) gives

-n['-

Now if /(x)̂  <g 1, then In fl - / (x)̂ ] = -/(x)S4 and

m,

-̂ /(x)̂  (21.60)
t=i

Let Vj -̂  0; then

" " * ^7M^ (21.61)
r

E -f(̂  = /
.=i -̂

where /(x) is a volume-average value of / (x).
Lundberg and Palmgren (1947) assumed that /(x) could be expressed as a

power function of shear stress To, number of stress cycles J, and depth of the
maximum shear stress ̂ o^

7M = ̂P (21.62)
ô

They also chose as the stressed volume

V = D̂ ô  (21.63)

Substituting Eqs. (21.61) to (21.63) into (21.60) gives

or

^1 7̂ D̂ , ^̂
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For a specific bearing and load (e.g., stress), 7*0, D̂ , ̂, and 20 are all constant
so that

In I ̂  J'2

Designating J as life L in stress cycles gives

,.î i
or

lnln! = C2ln^ (21.65)

This is the Weibull distribution, which relates probability of survival and life, it
has two principal functions. First, bearing fatigue lives plot as a straight line on
Weibull coordinates (log-log versus log) so that the life at any reliability level
can be determined. Of most interest are the Lio life (S = 0.9) and the Lso life
(S = 0.5). Bearing load ratings are based on the Lso life. Second, Eq. (21.65)
can be used to determine what the Lm life must be to obtain a required life
at any reliability level. The Lio life is calculated, from the load on the bearing
and the bearing dynamic capacity or the load rating given in manufacturers'
catalogs and engineering journals, by using the equation

(21.66)

where
C = basic dynamic capacity or load rating, N
tOe = equivalent bearing load, N
?%%; = load-life exponent; 3 for elliptical contacts and 10/3 for rectan-

gular contacts

A typical Weibull plot is shown in Fig. 21.27.

21.10.3 Lundberg-Palmgren Theory

The Lundberg-Palmgren theory, on which bearing ratings are based, is ex-
pressed by Eq. (21.64). The exponents in this equation are determined experi-
mentally from the dispersion of bearing lives and the dependence of life on load,
geometry, and bearing size. As a standard of reference, all bearing load ratings
are expressed in terms of the specific dynamic capacity C, which, by definition,
is the load that a bearing can carry for 1 million inner-race revolutions with a
90% chance of survival.

Factors on which specific dynamic capacity and bearing life depend are

1 . Size of rolling element

2. Number of rolling elements per row
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Figure 21.27: Typical Weibull plot of bearing fatigue failures. [From

3. Number of rows of rolling elements

4. Conformity between rolling elements and races

5. Contact angle under load

6. Material properties

7. Lubricant properties

8. Operating temperature

9. Operating speed

Only factors 1 to 5 are incorporated in bearing dynamic capacities developed
from the Lundberg-Palmgren theory. The remaining factors must be taken into
account in the life adjustment factors discussed in Sec. 21.10.5.

The formulas for specific dynamic capacity as developed by Lundberg and
Palmgren (1947, 1952) are as follows:

For radial ball bearings with a! < 25 mm:

1.8

0.0254y
(21.67)

where
a! = diameter of rolling element, m
% = number of rows of rolling elements
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n = number of rolling elements per row
/3 = contact angle
/c = coefficient dependent on material and bearing type

For radial ball bearings with d > 25 mm:

C* = /c(̂ cos,3)°̂ n2/3( ) (21.68)

For radial roller bearings:
0.78

d '̂'

where ̂  is roller length in meters.

For thrust ball bearings with ,3/90°:

C* = /c(̂ coŝ )°'̂ (tan/?)n̂ ^ [ —-— ) (21.70)

For thrust roller bearings with /3 / 90°:
0.78

(21.71)

For thrust ball bearings with ,8 = 90°:

For thrust roller bearings with ̂  = 90°:
1.07 / „ \ 0.78

- 0.78 3/4"
\ i.o / .? \
\ / _E^ _ j

0.0254 0.0254 '

For ordinary bearing steels such as SAE 52100 with mineral oil lubrication,
/c can be evaluated by using Tables 21.10 and 21.11, but a more convenient
method is to use tabulated values from the most recent Antifriction Bearing
Manufacturers Association (AFBMA) documents on dynamic load ratings and
life (ISO, 1976). The values of C appear in bearing manufacturers' catalogs,
together with factors ̂  and K used to determine the equivalent load t^e- The
equivalent load can be calculated from the equation

+ VMx (21.74)

In addition to specific dynamic capacity C, every bearing has a specific static
capacity, usually designated as (%. Specific static capacity is defined as the
load that under static conditions will result in a permanent deformation of
0.0001 times the rolling-element diameter. For some bearings Co is less than
C; therefore it is important to avoid exposing a bearing to a static load that
exceeds Co. Values of Co, are also given in bearing manufacturers' catalogs.
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Table 21.10: Capacity formulas for rectangular and elliptical conjunctions,
(units in kilograms and millimeters)

Function

C

A

3.

Q/Co

7,

A
A

/2

/3

/4

Elliptical contact of ball bearings
/cÂ 'V̂ d

P-

^
Radial

(cos/?)"'?
3.7-4.1

, , ̂ d<
^ \ d; - d

l+(̂ )̂ '
^ /i (do - d)

\ do (dj — d)

1.8

f
-0.8

. 0.41

Thrust
/?/ 90°

dcos/?

d^
(cos/?)°-7tan/3

/3 = 90°
d

d.
1

6-10

7°'3(l-7̂ )̂ '̂
(1+̂ )1/3

1.04/4 /4

^ 1 - 7̂  ̂'
\ 1 + ̂ ̂

7°'3

1

Rectangular contact of roller bearings

/c/â /V/4̂ 3̂ .7

9C/1/2

Radial

(cos/3)'*'̂
18-25

l + (§̂ )̂ '

/ ̂-^ \ ̂
\^t,o/

2/9

Thrust
/3/90°

dcos,0

d.
(cos/3)̂ /̂  tan/3

/3 = 90°
d

d^
1

36-60

7̂ (̂1-7̂ )̂ ^

(l+Tnf/3
1.14/4 /4

/ 1 — 7 \ ̂

V 1 + 7r. 7

7?/°

1
/3?

Table 21.11: Capacity formulas for mixed rectangular and elliptical conjunc-

tions. {C = C; [l + (Q/Co)̂ ] ; units in kilograms and millimeters.}

Function

7.

C, or Co

A
/i

/2

Q or Co

A
/I

/2

Radial Thrust bearing
bearing /3 / 90° /? = 90°

Inner race
dcos/3

d.

d

d.
Rectangular conjunction (Ĉ )

/l/2/.̂ /̂ 3/̂ d̂ /̂ ^

(cos/3)̂ ^ (cos/3)̂ t̂an/9 1
18-25 36-60

-yjV9 (1 - T̂ )̂ '̂*'

(1+7̂ )̂ 3 7̂
Point contact (C,)

/2R r, "\"^^ .Qy

^ \ D n - R/
(cos/?) (cos/?) tan/?

^/3dl^

1
3.7-4.1 6-10

7°'3(l-7i)̂
(l + 7,y/3

,̂0.3

Radial
bearing

Thrust bearing
/?/ 90° /? = 90°

Outer race
dcos/3

d,.

d

dr
Elliptical conjunction (Ĉ )

.̂ .̂ .̂ ^2R fo ^"^^ .Qy

^^^^Dro-R/
(cos/?)°-̂
3.5-3.9

(cos/?)°'7tan/?

nW

1
6-10

7°'3(l-7,y'39

(1+̂ )1/3
-.0.3

Line contact (Co)

/l/2/.̂ /̂4,29/27,7/f

(COS/?) 7/°

15-22
(coŝ /̂̂ tan/? 1

36-60

7̂ (l-7n)̂ ^

(1+̂ )1/3 7̂
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21.10.4 AFBMA Methods

Shortly after publication of the Lundberg-Palmgren theory the AFBMA began
efforts to standardize methods for establishing bearing ioad ratings and mak-
ing tife predictions. Standardized methods of establishing ioad ratings for bail
bearings (AFBMA, 1960b) and roller bearings (AFBMA, 1960a) were devised,
based essentially on the Lundberg-Palmgren theory. These early standards are
published in their entirety in Jones (1964). In recent years significant advances
have been made in rolling-element bearing material quality and in our under-
standing of the role of lubrication in bearing life through the development of
elastohydrodynamic theory. Therefore, the original AFBMA standards in AF-
BMA (1960a, b) have been updated with life adjustment factors. These factors
have been incorporated into ISO (1976), which is discussed in the following
section.

21.10.5 Life Adjustment Factors

A comprehensive study of the factors affecting the fatigue life of bearings, which
were not taken into account in the Lundberg-Palmgren theory, is reported in
Bamberger (1971). In that reference it is assumed that the various environmen-
tal or bearing design factors are multiplicative in their effect on bearing life.
The following equation results:

(21.75)

(21.76)

where
D = material factor
F = metallurgical processing factor
F̂  = lubrication factor
(5 = speed effect factor
R?n= misalignment factor
Me = bearing equivalent load
m^ = load-life exponent; 3 for ball bearings or 10/3 for roller bearings

Factors D, F, and F̂  are reviewed briefly here. Refer to Bamberger (1971)
for a complete discussion of all five life adjustment factors.

Materials Factors D and F

For over a century AISI 52100 steel has been the predominant material for
rolling-element bearings. In fact, the basic dynamic capacity as defined by
AFBMA in 1949 is based on an air-melted 52100 steel, hardened to at least
Rockwell C 58. Since that time, as discussed in Sec. 5.5, better control of
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Table 21.12: Material factor for through-hardened bearing materials. [From,

Material

52100
M-l
M-2
M-10
M-SO
T-l
Halmo
M-42
WB49
440C

Material factor,
D
2.0
0.6
0.6
2.0
2.0
0.6
2.0
0.2
0.6

0.6-0.8

air-melting processes and the introduction of vacuum-remelting processes have
resulted in more homogeneous steels with fewer impurities. Such steels have
extended rolling-element bearing fatigue lives to several times the AFBMA (or
catalog) life. Life extensions of three to eight times are not uncommon. Other
steel compositions, such as AISI M-l and AISI M-50, chosen for their higher
temperature capabilities and resistance to corrosion, also have shown greater
resistance to fatigue pitting when vacuum-melting techniques are employed.
Case-hardened materials, such as AISI 4620, AISI 4118, and AISI 8620, used
primarily for rolling-element bearings, have the advantage of a tough, ductile
steel core with a hard, fatigue-resistant surface.

The recommended material factors D for various alloys processed by air
melting are shown in Table 21.12. Insufficient definitive life data were found
for case-hardened materials to recommend values of D for them. Refer to the
bearing manufacturer for the choice of a specific case-hardened material.

The metallurgical processing variables considered in the development of the
metallurgical processing factor E included melting practice (air and vacuum
melting) and metalworking (thermomechanical working). Thermomechanical
working of M-50 has also been shown to lengthen life, but in a practical sense it is
costly and stil! not fully developed as a processing technique. Bamberger (1971)
recommends an .S of 3 for consumable-electrode-vacuum-melted materials.

The translation of these factors into a standard (ISO, 1976) is discussed
later.

Lubrication Factor F̂

Until approximately 1960 the role of the lubricant between surfaces in rolling
contact was not fully appreciated. Metal-to-metal contact was presumed to
occur in all applications with attendant required boundary lubrication. The
development of elastohydrodynamic lubrication theory showed that lubricant
films with thicknesses on the order of microinches and tenths of microinches
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occur in rolling contact. Since surface finishes are of the same order of magni-
tude as the lubricant film thicknesses, the significance of rolling-element bearing
surface roughnesses to bearing performance became apparent. Tallian (1967)
was the first to report on the importance to bearing life of the ratio of etas-
tohydrodynamic lubrication film thickness to surface roughness. Figure 21.28
shows calculated Lio life as a function of the dimensionless Rim parameter A,
which was introduced in Chapter 3, where

A =
1/2

(3.22)

Figure 21.29, from Bamberger (1971), presents a curve of the recommended
F̂  as a function of A. A mean of the curves presented in Tallian (1967) for ball
bearings and in Skurka (1970) for roller bearings is recommended for use. A
formula for calculating the minimum film thickness /̂ m is given in Eq. (19.18).

The results of Bamberger (1971) have not been fully accepted into the cur-
rent AFBMA standard represented by ISO (1976). The standard does, however,
include the following:

1. Life and dynamic toad rating formulas for radial and thrust ball bearings
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and radial and thrust roller bearings

2. Tables of /c for alt cases

3. Tables of Ĵ  and V factors for calculating equivalent loads

4. Load rating formulas for multirow bearings

5. Life correction factors for high-reliability levels .E, materials D, and lu-
brication or operating conditions F̂

Procedures for calculating D and F̂  are unfortunately at present less than
definitive, reflecting the need for additional research, life data, and operating
experience.

21.11 Dynamic Analyses and Computer Codes

As has been stated, roHing-element bearing kinematics, stresses, deflections,
and life can be analyzed precisely only by using a large-scale computer code.
Presented here is a brief discussion of some of the significant analyses that have
led to the formulation of modern bearing analytical computer codes. Refer to
COSMIC, University of Georgia, Athens, GA 30601, for the public availability
of program listings.

21.11.1 Quasi-Static Analyses

Rolling-element bearing analysis began with the work of Jones on ball bearings
(Jones, 1959, 1960). Jones did his work before there was a general awareness of
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elastohydrodynamic lubrication, and he assumed Coulomb friction in the race
contacts. This led to the commonly known "race control" theory, which assumes
that pure rolling (except for Heathcote interfacial slip) can occur at one of the
ball-race contacts. AH the spinning required for dynamic equilibrium of the balls
would then take place at the other, or "noncontrolling," race contact. Jones'
analysis proved to be quite effective for predicting fatigue life but less useful for
predicting cage slip, which usually occurs at high speeds and light loads. Harris
(1971b) extended Jones' analysis, retaining the assumption of Coulomb friction
but allowing a frictional resistance to gyroscopic moments at the noncontrolling
as well as the controlling race contact. Harris' analysis (1971b) is adequate
for predicting bearing performance under conditions of dry-film lubrication or
whenever there is a complete absence of any elastohydrodynamic film.

Harris (1971a) Arst incorporated elastohydrodynamic relationships into a
ball bearing analysis. A revised version of Harris' computer program, called
SHABERTH, was developed that incorporated actual traction data from a disk
machine. The program SHABERTH has been expanded until today it encom-
passes ball, cylindrical roller, and tapered-roller bearings.

Harris (1966) first introduced elastohydrodynamics into a cylindrical roller
bearing analysis. His initial analysis has been augmented with more precise
viscosity-pressure and temperature relationships and traction data for the lu-
bricant. This augmented analysis has evolved into the program CYBEAN and
more recently has been incorporated into SHABERTH. Parallel efforts by Har-
ris' associates have resulted in SPHERBEAN, a program that can be used to
predict the performance of spherical roller bearings. These analyses can range
from relatively simple force balance and life analyses through a complete ther-
mal analysis of a shaft bearing system in several steps of varying complexity.

21.11.2 Dynamic Analyses

The work of Jones and Harris is categorized as quasi-static because it applies
only when steady-state conditions prevail. Under highly transient conditions,
such as accelerations or decelerations, only a true dynamic analysis will suffice.
Walters (1971) made the first attempt at a dynamic analysis to explain cage
dynamics in gyro-spin-axis ball bearings. Gupta (1975) solved the generalized
differential equations of ball motion in an angular-contact ball bearing. Gupta
continued his dynamic analyses for both cylindrical roller bearings (1979a, b)
and ball bearings (1979c, d). Gupta's work is available in the programs DREB
and RAPIDREB. Thus, the development of codes with real-time dynamic sim-
ulations that integrate the classical differential equations of motion for each
bearing element has followed in the wake of the quasi-static codes. Contribu-
tors to dynamic code development are Walters (1971), Gupta (1979a-d, 1984),
Gupta et al. (1985, 1986), Gupta and Tallian (1990), and Meeks and Ng (1985a,
b). They have produced powerful computational tools that are useful in ana-
lyzing transient dynamics.
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21.12 loannides-Harris Theory

loannides and Harris (1985) extended the Lundberg-Palmgren theory on the
basis of an elemental calculation of the risk of fatigue and the use of a material
fatigue limit, akin to an endurance limit below which fatigue will not occur.
They obtained the survival probability AR* to JVc cycles of a volume element
AV of material under known conditions of stress to be

-lnA5 - Â ' (r - -r,y3 (2')*" AV (21.77)

This resembles the classic Lundberg-Palmgren method covered earlier with ex-
ponents ci, eg, and 03, but Eq. (21.77) incorporates a local Weibull endurance
strength or threshold stress 7̂ , and a stress-weighted mean depth z' to replace
the maximum shear stress depth 20. Equation (21.77) is not built on a detailed
model of damage (e.g., the crack propagation and spa.ll formation mechanisms
treated by Tallian et al., 1978). Instead, by considering the stress distribution
throughout the whole material, the need for an asperity model and the problem
of distinguishing competing failure modes originating in the surface and sub-
surface are avoided. The characteristic stress cr may be selected from among
several criteria, such as a single shear stress component, maximum shear stress,
or von Mises.

Integrating Eq. (21.77) over the region in which the shear stress T exceeds
the threshold stress and setting S = 0.9 as appropriate to Lio life, the following
expression for life is obtained:

The coefficient /t,n, contains information on average failure risk that is only
partially accessible, such as local material property variations or lubricant ef-
fects. Fig. 21.30 gives a load-life comparison for the Lundberg-Palmgren and
loannides-Harris theories. The impact of the different theories is easily seen
from this figure.

21.13 Applications

In this section two applications of the film thickness equations developed through-
out this chapter are presented to illustrate how the fluid film lubrication con-
ditions in machine elements can be analyzed. Specifically, a typical roller and
a typical ball bearing problem are considered.

21.13.1 Cylindrical Roller Bearing Example

The equations for elastohydrodynamic film thickness developed in Chapter 19
relate primarily to elliptical conjunctions, but they are sufficiently general to
allow them to be used with adequate accuracy in line-contact problems, as
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Figure 21.30: Dimension-
less load-life comparison
for Lundberg-Palmgren and
loannides-Harris theories.
[Frowt

Fatigue life,

would be found in a cylindrical roller bearing. Therefore, the minimum elas-
tohydrodynamic Rim thicknesses are calculated on the inner and outer races of
a cylindrical roller bearing with the following dimensions-for both the elliptical
conjunction of Chapter 19 and the rectangular conjunction of Chapter 18:

Inner-race diameter a!;, mm 64
Outer-race diameter do, mm 96
Diameter of cylindrical rollers d, mm 16
Axial length of cylindrical rollers ̂ , mm 16
Number of rollers in complete bearing n 9

A bearing of this kind might well experience the following operating conditions:

Radialloadwz,N 10,800

Inner-race angular velocity ô , rad/s 524
Outer-race angular velocity ̂, rad/s 0
Absolute viscosity at p = 0 and bearing effective
operating temperature, %, N-s/m^ 0.01
Viscosity-pressure coefficient $, rn̂ /N 2.2 x 10"̂
Modulus of elasticity for both rollers and races
E, N/m2 2.075 x 10"
Poisson's ratio, M 0.3

Since the diametral clearance ê  is zero, from Eq. (21.47) the most heavily
loaded roller can be expressed as

/ ̂ m cnn W\
f (21.47)

Therefore, the radial load per unit length on the most heavily loaded roller is

. ,. 4800 N . n ,̂  ,
)̂- = = 0.3 MN/m
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.. - r̂  = 8 mm

Outer race

Roller

Inner race

Figure 21.31: Roller bearing example. [Fhw #amroc%;

From Fig. 21.31 the radii of curvature are

Tax = 0.008 m

f6x,! = 0.032 m

3̂;. = -0.048 m

= 00

,, = oo

o = oo

Then

giving R^ ; = 0.0064 m,

1 1 1
" 0.008 0.032 " 0.032

1 1 1
0.008 0.048 0.048

giving A^ = 0.0096 m and

1 1 1 1
— = — = - + —= 0
"tn.t -n-u.o OO OO

(17.4)

(17.4)

(17.5)

giving .%,,; = R,,,o = oo
From the input information the effective modulus of elasticity can be writ-

ten as

= 2.28 x 10̂ (17.17)
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For pure rolling the surface velocity tt relative to the lubricated conjunctions
for a cylindrical roller is

) (21.29)

where d,, is the pitch diameter and d is the roller diameter.

^ = ̂=°'̂ °'064= 0.08m (21.1)

Hence,

6 =̂ -1̂ 1524 -0] = 10.061 m/s (21.28)
4 X U.Uo

The dimensionless speed, materials, and load parameters for the inner- and
outer-race conjunctions thus become, when the velocity is only in the rolling
direction (i) = 0),

_ 7706 _ (0.01)(10.061) _ u , ,
x.i " (2.28 x 10") (0.0064) * ' '

(19.15)

= 5.140 x 10-4 (19 12)
(2.28 x 10") (0.0064)2

(0.01)(10.061) _,^^Q-ii ,1913,
(2.28 x ion) (0.0096) " ̂'̂ ^ " ̂ '̂̂

C. = $E' = 5016 (19.15)

, = 2.284 x lO-^ (19 ig). 2 - - ,
E' (R̂ ,.) (2.28 x 10") (0.0096)3

The appropriate elastohydrodynamic Rim thickness equation for a fully flooded
elliptical conjunction is developed in Chapter 19 and recorded as Eq. (19.18):

In the case of a roller bearing & = oo, and this equation reduces to

"min --orrO. 68.̂ 0. 49TT/-0.073

The dimensionless film thickness for the roller-inner-race conjunction is

Re.min = ̂^ = (3.63) (1.231 x 10*̂ ) (65.04)(1.738) = 50.5 x 10*"
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and hence
/̂ in = (0.0064) (50.5 x 10*6) ̂  Q gg ̂i

The dimensionless Rim thickness for the roller-outer-race conjunction is

Re.min = -5̂  = (3.63) (9.343 x 10"S) (65.04)(1.844) = 40.7 x 10̂

and hence
An,in = (0.0096) (40.7 X 10*6) _ Q gg ̂^

It is clear from these calculations that the smaller minimum Rim thickness in
the bearing occurs at the roller-inner-race conjunction, where the geometri-
cal conformity is less favorable. It was found that if the ratio of minimum
Rim thickness to composite surface roughness is greater than 3, an adequate
elastohydrodynamic Rim is maintained. This implies that a composite surface
roughness of less than 0.1 ̂im is needed to ensure that an elastohydrodynamic
Rim is maintained.

Now using, instead of the elliptical conjunction results of Chapter 19, the
rectangular conjunction results of Chapter 18 gives

*s /i a 70̂^lo. < zj

where

For the roller-inner-race conjunction

E'Rx (2.28 x 10") (0.0064)

în = (1.714) (2.056 x 10̂ )*°'̂ '(6.895 x 10-")°'̂  (5016)°''6S

= 56.98 x 10"6

A^in = Re.minAr.t = (56.98 x 10̂ ) (0.064) = 0.365 /im

For the roller-outer-race conjunction

n/ (1 1 v 1f)6
tV' = ^ = "̂3 * ̂  = 1 371 x lO*^

E'A; (2.28 x 10") (0.0096)

R,,min = (1.714) (1.371 x 10-')*°'̂  (4.597 x 10-")°'"'(5016)°''6s

= 45.29 x 10'6

Ami,, = (45.29 x 10"6) (0.0096) = 0.4348 ̂m
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The Rim thickness obtained from Chapter 18, the rectangular conjunction re-
sults, produces approximately a 12% increase from the elliptical conjunction
results obtained from Chapter 19. Recall from Chapter 19 that the theoretical
results for the elliptical conjunction were 23% smaller than the Koye and Winer
(1977) experimental results. The Koye and Winer (1980) experimental results
appear to be in better agreement with the rectangular conjunction results pre-
sented in Chapter 18. Therefore, it is recommended that the results of Chapter
18 [Eq. (18.72)] be used to evaluate the minimum film thickness for a roller
bearing.

21.13.2 Radial Ball Bearing Example

Consider a single-row, radial, deep-groove ball bearing with the following di-
mensions:

Inner-race diameter dj, m 0.052291
Outer-race diameter do, m 0.077706
Ball diameter c!, m 0.012700
Number of balls in complete bearing n 9
Inner-groove radius r^, m 0.006604
Outer-groove radius fo, m 0.006604
Contact angle /?, deg 0
rms surface finish of balls R̂ ,̂ /̂ m 0.0625
rms surface finish of races .Rq,a, ̂m 0.175

A bearing of this kind might well experience the following operating conditions:

Radial load w^, N 8900

Inner-race angular velocity ̂ ;, rad/s 400
Outer-race angular velocity &?„, rad/s 0
Absolute viscosity at p = 0 and bearing

effective operating temperature %, N-s/m^ 0.04
Viscosity-pressure coefficient ̂ , m^/N 2.3 x 10*̂
Modulus of elasticity for both balls and races E, N/m^ 2 x 10̂
Poisson's ratio for both balls and races t/ 0.3

The essential features of the geometry of the inner and outer conjunctions (Figs.
21.1 and 21.6) can be ascertained as follows:

d. = (6f. + c!;) = 0.065m (21.1)

clearance;

ĉ  = d. -a*,- 2<; = 1.5x10-5 m (21.2)

Race con/orm̂ y;

R;=.R,.,- = !I = 0.52 (2L3)a
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**'* Q ]̂ gg ̂

- — — — 0 1B5 m

^̂ -̂ "7

(21.19)

f21 ?!n

The curvature sum of inner-ring and ball contact

-̂ - = -̂ - + -̂ -m"' = 201.76m"' (17.2)

gives ,% = 4.956 x 10"3 m, and the curvature sum of outer-ring and ball contact

-L = -̂ — + — m"' = 137.81 m*' (17.2)

gives Ro = 7.256 x 10*3 ̂  ^^gQ^ ̂  . ̂  R̂ /A,; = 32.35 and â ,. =

The nature of the Hertzian contact conditions can now be assessed:

= ay = 9.15

= â  = 7.09 (17.29)

1 + —= 1.0176

,̂ = 1 + — = 1.0263 (17.30)
ar.o

^ = ̂  + 9ama^ = 3.555

ô = ̂  + 9 Jn â ,. = 3.3284 (17.32)

The effective elastic modulus .E' is given by

= 2.198 x
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To determine the load carried by the most heavily loaded ball in the bearing,
it is necessary to adopt an iterative procedure based on the calculation of local
static compression and the analysis presented in Sec. 21.7.2. Stribeck (1901)
found that the value of Ẑ , was about 4.37 in the expression

where
("̂ max = ̂3̂  °R most heavily loaded ball
Wx = radial load on bearing
n = number of balls

However, it is customary to adopt a value of Ẑ  = 5 in simple calculations to
produce a conservative design, and this value will be used to begin the iterative
procedure.

.̂ Assume Ẑ  = 5. Then,

= * 8900 = 4944 N (21.45)

The maximum local elastic compression is

21 i ^
= 2.832 xlO-Sm (17.16)

The sum of the local compressions on the inner and outer races is

,5 = g; + ,$„ = 5.738 x 10"= m

A better value for Ẑ  can now be obtained from

since ĉ /2J = (1.5 x lQ-3)/(5.779 x 10"̂ ) = 0.1298. Thus, from Eq. (21.46)

Ẑ  = 4.551

, = 4.551
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4.551 x 8900
(Ws) ,̂ = = 4500 m^max g

f̂ = 2 725 x 10"̂  tyt

J. = 2.702 x 10-3 ̂

J = 5.427 x 10-3 ̂

Thus
Z,,, = 4.565

^^^= 4514 N

Ẑ , = 4.565
. . 4.565x8900
(̂ )ma* = - 9 -

<5; = 2.731 x 10*3 m

<$o = 2.708 x 10*5 m

<5 = 5.439 x 10*5 m

and hence
Ẑ  = 4.564

This value is close to the previous value from stage 2 of 4.565, and a further
iteration confirms its accuracy.

= 4513 N

Ẑ , = 4.564
_ 4.564 x 8900

(5; = 2.731 x 10*3 ̂

^ = 2.707 x lO*^ ̂

<S = 5.438 x 10*3 m

g= 0.1379

and hence
Ẑ , = 4.564

The load on the most heavily loaded ball is thus 4513 N.
The elastohydrodynamic minimum Rim thickness is calculated as follows:

For pure rolling,

The dimensionless speed, materials, and load parameters for the inner- and
outer-race conjunctions thus become, when the velocity is only in the rolling
direction (v = 0),

w" 0.04 x 6.252 ^ 3 227 x 10*1° f!9 13)- 2.227 x 10 (19.13)
(2.198 x 10") (5.11 x 10-3)
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G; = ̂E' = (2.3 x 10"S) (2.198 x 10") = 5055 (19.15)

,̂ 4513
(2.198 x 105.113 , 10-

0.04x6.252

= ̂63

'R,,. " (2.198 x ion) (7 59 ̂  io-3) - - '

G. = ̂F' = (2.3 x 10"S) (2.198 x 10̂ ) = 5055 (19.15)

° E' (r., o)' (2.198 x 10") (7.59̂  x 10-6) ' ^ - ^

The dimensionless minimum elastohydrodynamic film thickness in a fully flooded
elliptical conjunction is again obtained from Eq. (19.18).

fr _ "min _ q corr0.6Sr<0.49iT/-0.073 /i

e.min). = (3.63) (2.732 x 10"?) (65.29)(1.685)(0.9983) = 1.09 x 10̂

(19.18)
Thus,

^min = (L09 x ID"") ̂ . = 0.557 /̂ m

The dimensionless film parameter A discussed in Sec. 3.9 was found to play a
significant role in determining the fatigue life of rolling-element bearings. In
this case

A = — - = - ' - = 3.00 (3.22)
' -e[(0.175)' + (0.0625)

on:

'

= (3.63)(2.087 x 10"̂ )(65.29)(1.785)(0.9919)

= 0.876 x ID""

Thus,
(̂ min). = 0.876 x 10-4Rx,. = 0.665 /urn

In this case the dimensionless film parameter is given by

(0.0625
(,33,
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It is evident that the smaller minimum film thickness occurs between the
most heavily loaded ball and the inner race. However, in this case the min-
imum elastohydrodynamic Aim thickness is about three times the composite
surface roughness, and the bearing lubrication can be deemed to be entirety
satisfactory. Indeed, it is clear from Fig. 21.29 that Httle improvement in the
lubrication factor F̂  and thus in the fatigue life of the bearing could be achieved
by further improving the minimum film thickness and hence the dimensionless
Aim parameter.

21.14 Closure

Rolling-element bearings are precise, yet simple machine elements of great util-
ity. This chapter drew together the current understanding of rolling-element
bearings and attempted to present it in a concise manner. The material pre-
sented the operation of rolling-element bearings; the detailed precise calcula-
tions of bearing performance were only summarized and appropriate references
given. The history of rolling-element bearings was briefly reviewed, and subse-
quent sections described the types of rolling-element bearing, their geometry,
and their kinematics. Having deAned conditions of a ball bearing under un-
loaded and unlubricated conditions, the chapter then focused on static loading
of rolling-element bearings. Most rolling-element bearing applications involve
steady-state rotation of either the inner or outer race or both; however, the
rotational speeds are usually not so great as to cause ball or roller centrifugal
forces or gyroscopic moments of signiAcant magnitudes. Thus, these were ne-
glected. Radial, thrust, and preloaded bearings that are statically loaded were
considered. Rolling friction and friction in bearings concluded the second ma-
jor thrust of the chapter, which was on loaded but unlubricated rolling element
bearings.

The last major thrust of the chapter dealt with loaded and lubricated
rolling-element bearings. Topics covered were lubrication systems, fatigue life,
dynamic analyses, and computer codes. The chapter concluded by applying
the knowledge of this and previous chapters to roller and ball bearing applica-
tions. The use of the elastohydrodynamic lubrication Aim thickness developed
in Chapters 18 and 19 was integrated with the rolling-clement bearing ideas
developed in this chapter. It was found that the most critical conjunctions of
both ball and roller bearings occurred between the rolling elements and the
inner races.

21.15 Problems

21.1 Outline the considerations that govern the following aspects of the per-
formance of rolling-element bearings:

(a) Load capacity
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(b) Rotationa] speed

(c)Life

(d) Lubrication requirements

21.2 The geometry of the rolling surfaces in rolling-element bearings is deter-
mined from the load-carrying capacity of the elements and the type of
motion. The load in ball bearings is carried by the balls. Depending on
the geometry of the races, either radial, axial, or moment loads can be
transmitted through a ball bearing.

Describe which ball bearing type should be used for

(a) Pure radial load

(b) Pure axial load

(c) Bending moment load

(d) High radial stiffness

(e) High axial stiffness

21.3 A single-row, deep-groove ball bearing, shown in Fig. 21.1, has a pitch
diameter of 100 mm, an inner-race diameter of 80 mm, and a ball diameter
of 19.9 mm. The outer-race radius is 10.5 mm, and the inner-race radius
is 10.2 mm. The shoulder height angle is 30°. Determine

(a) Diametral clearance

(b) Inner- and outer-race conformities as well as total conformity

(c) Free contact angle and endplay

(d) Shoulder heights for the inner and outer races

(e) Ellipticity parameter and the curvature sum and difference of the
contacts

21.4 As shown in Fig. 21.12 the motion of the balls can be guided by the
inner-race contact or by the outer-race contact or by both. This event
is dependent on both the surface roughness and the surface geometry of
angular-contact bearings. At extremely high speeds the centrifugal forces
acting on the balls change both the contact angle of the outer race and
the friction forces between the ball and the outer race. The outer-race
contact angle is 20° and the inner-race contact angle is 31°. The ball
diameter is 14 mm and the pitch diameter is 134 mm.

Find the angular speed of the balls and the separator in an angular
contact ball bearing at an inner race speed of 10,000 rpm when

(a) The balls are outer-race guided

(b) They are inner-race guided
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21.5 A lightly loaded lubricated roller rolls on a flat surface. The minimum
oil film thickness is directly proportional to the roller radius. The cage
pocket for a cylindrical roller bearing can be made with straight sides or
with sides having a radius 5% larger than the roller radius. Find how
much thicker the oil film between the roller and the pockets will be with
a radius than with the straight pockets.

21.6 A single-row, angular contact ball bearing is loaded with a static load
having an axial component of 1000 N and a radial component of 500 N.
The static load rating is 1500 N. Find the contact angle between 20 and
40° that produces the largest safety factor.

21.7 A deep-groove ball bearing has 12 balls radially loaded with 12,000 N. The
groove and the ball radii are matched to give an ellipticity ratio of 10. The
lubricant viscosity is 0.075 N-s/m^, and its pressure-viscosity coefficient
is 1.6 x 10**s m^/N. The rotational speed is 1500 rpm, the mean surface
velocity is 3 m/s, and the effective radius in the ̂ -direction is 8 mm. The
modulus of elasticity for the ball and races is 207 GPa and Poisson's ratio
is 0.3. Find the minimum oil film thickness in the bearing.

21.8 A ball bearing is having problems with an oil film that is too thin. The
geometries are such that the ellipticity parameter is 2. By decreasing the
race radius of curvature in the axial direction, the balls fit more tightly
with the races and thus the ellipticity parameter increases from 2 to 10.
Find how much thicker the oil film becomes in changing the ellipticity
parameter from 2 to 10. Assume that all the other operating parameters
remain constant.

21.9 A deep-groove 6304 ball bearing has a load rating of 15,900 N. It is radially
loaded with 4000 N and axially loaded with 2000 N. The rotational speed
is 3000 rpm. Find how many hours the bearing will survive with 90%
probability.

21.10 A machine manufacturer has dimensioned the roller bearings in a paper-
making machine containing 400 bearings such that the Lie for each bear-
ing is 40 years. Use Fig. 21.27 to calculate the Lso life in years. Also,
determine the mean time between failures in the steady state for an old
paper-making machine where bearings are replaced when they fail.
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Chapter 22

Additional Lubrication
Applications

Symbols

E'

G

constants
diameter of contact ellipse
along :r-axis, m
diameter of contact ellipse
along y-axts, m
complete elliptic integral of se-
cond kind
modulus of elasticity, Pa
effective modulus of elasticity,

L

, Pa

complete elliptic integral of
first kind
dimensionless materials para-
meter, $E'
dimensionless elasticity para-
meter, Ŵ /̂

dimensionless viscosity para-
meter, ĉ /̂
curve-fit dimensionless mini-
mum film thickness for
ellipticalcontacts
film thickness (distance be-
tween centerlines of
surfaces), m
lubricant thermal conductivity,
W/(m.°C)

A; ellipticity parameter, D̂ /D̂
^ widthofgear, m
p pressure, Pa
Rq root-mean-square (rms)

surface roughness, m
Ar, Rt/ effective radii in 2 and y

directions, respectively, m
r radius, m
,S distance from pitch line, m
f/ dimensionless speed parameter,

7?oM/-E"Rx
M velocity in 3; direction, m/s
M mean surface velocity in x

direction, m/s
IV dimensionless load parameter,

tÛ R'Ai;

U!i normalload, N
u;̂  normal load per unit width,

N/m
T,y, z Cartesian coordinates, m
i5 elastic deformation, m
?? absolute viscosity, Pa-s
?̂ o absolute viscosity at p = 0 and

constant temperature, Pa-s

A dimensionless film parameter,
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Poisson's ratio Subscripts
angular velocity, rad/s
pressure angle for involute a solid a
gears, deg b solid 5

T, y, z coordinates

22.1 Introduction

In this chapter the Him thickness equations for elliptical and rectangular con-
junctions developed throughout the text are applied to specific machine ele-
ments, other than the rolling-element bearings covered in Chapter 21, to illus-
trate how the fluid Him lubrication conditions can be analyzed. First, a simple
involute gear is analyzed, and the film thickness predictions based on the ellip-
tical conjunction equations developed in Chapter 19 are compared with those
for a rectangular conjunction presented in Chapter 18. Next, the application
to gears is extended to a simplified form of the continuously variable-speed
drives being introduced into road vehicles and aircraft equipment. Then, the
case of a railway wheel rolling on a wet or oily rail introduces an interesting
and slightly more complicated problem in contact mechanics. Finally, the film
thickness equations for highly deformable or "soft" materials are applied to
synovial joints. The analysis of elastohydrodynamic lubrication in these load-
bearing human joints is a more speculative example because understanding of
their tribological behavior is incomplete.

22.2 Involute Cears

It is well known that the contact between gear teeth at a distance 5 from the
pitch line in a pair of involute gear wheels having radii r̂  and ?*b and a pres-
sure angle ̂  can be represented by two circular cylinders of radii 7*b sin ̂ + <§
and ?"o sin ̂  — ̂  rotating with the same angular velocities uja and t̂  as the
wheels themselves. Indeed, this observation forms the basis of the two-disk ma-
chine that has been used so extensively and effectively in experimental studies
of gear lubrication in general and of elastohydrodynamic lubrication in par-
ticular. The problem has been considered by Dowson and Higginson (1964,
1966). The present case demonstrates how the elastohydrodynamic minimum-
film-thickness equation for elliptical conjunctions can be applied to a rectangu-
lar conjunction problem. The general geometry of the configuration is shown
in Fig. 22.1.

Consider a pair of involute gear wheels having radii of 50 and 75 mm and a
pressure angle of 20°. Let the angular velocity of the larger wheel be 210 rad/s
(̂  2000 r/min); the width of the gear teeth, 15 mm; the surface roughness .%?,
0.3 /nm; and the load transmitted between the teeth, 22,500 N. Let the essential
properties of the lubricant and the wheel materials adopt the following values:
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'- r, sin v - S

Figure 22.1: Involute spur gears and representation by equivalent cylinders.
A'om RamrocA;

?;o = 0.075 Pa - s

^ = 2.2 x 10*̂  m^/N

E = 207 GPa

y = 0.3

Calculate the minimum Him thickness on the pitch line (.

n, = 0.075 m

ra = 0.050 m

r-. ^ ^ *̂ " 1 rGear rate = — = — = 1.5
?"a ĥ

Radii of cylinders = ?*h sin i/< + ̂ = r& sin ̂

r̂  = 0.075 sin 20° = 0.02565 m

= 0). Then,

and
— ,§ = r̂  sin -̂
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rax = 0.050 sin 20° = 0.01710 m

ra9 = 00

Hence,

— = -- 1 -- = 38.99 + 58.48
Rx 0.02565 0.01710

giving Rx = 0.01026 m.

2

E' = ^ = 2.275 x 10" Pa

Thus
%M (0.075)(5.387)

^ ̂10)(0.02565) = 5.387 m/s

" E'R, (2.275 x 10H)(0.01026) ^

G = ̂E' = 5005

H— ̂  - 22,500 -9395x10-4
" E'R2 * (2.275 x 1QH)(0.01026)2 "

and
A; = oo

Now

^e.min = (3.63)(1.731 x 10 ) ' (5005) ' (9.395 x 10" )" ' (1)

Re.min = (3.63)(2.302 x 10*7)(64.97)(1.663)

Re.min = 0.903 X 10̂

The minimum Aim thickness is thus

T̂ in = R,̂ in-Rx = (0.903 x 10*4)(Q.01026) = 0.93̂ m

The rectangular conjunction formula for minimum elastohydrodynamic Aim
thickness from Chapter 18 [Eq. (18.72)] is

R^^ = ̂ RiR = i 7i4(ty')-0.128y0.694(,0.568 (13.72)

where

- ^ "'SO" =6.426x10-
(2.275 x 10̂ )(0.01026)(0.015)
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Hence,

= (1.174)(6.426
= 0.638 x 10*4

^min = Re.minR^ = (0.638 X 10*̂ )(0.01026) = 0.655 /̂ m

Just as for cylindrical roller bearings in Chapter 21, here too the rectangular
conjunction formulation is less than that for elliptical conjunctions. It is felt
that the rectangular conjunction formulation is more accurate, since a much
greater range of operating parameters was used in obtaining the results. Also
the rectangular conjunction results agree better with the experimental work of
Kunz and Winer (1977).

The dimensionless Him parameter A is defined from Chapter 3 as

(322)

It is thus clear, from Chapter 21, that rolling-element bearings and also the
pair of involute gears considered in this example should enjoy the benefits of
some elastohydrodynamic minimum film thickness. However. Chapter 21 indi-
cates that considerable improvement in gear life could be anticipated if A could
be increased to about 3. In practical situations such an improvement would
probably be achieved by increasing the lubricant absolute viscosity ?7 at p = 0
and constant temperature or by decreasing the rms surface roughness Rq of the
gears.

22.3 Continuously Variable-Speed Drives

Interest in rolling friction drives for power transmission equipment dates back
to the 19th century. A patent application for a variable-speed drive that used a
disk with toroidal surfaces and rollers which could be tilted to change the speed
ratio was filed in 1899. Since that time, many different configurations have
been designed, and several were included in a survey published by Cahn-Speyer
(1957). A particular and more recent form of this type of drive, known as the
"Perbury gear," has been described by Fellows et al. (1964).

Consider the double toroidal layout shown in Fig. 22.2 in which three sym-
metrically arranged rollers that can be tilted to change the ratio of input to
output speeds are located on each side of the central disk. Power is deliv-
ered to the end disks, which either incorporate a mechanical end-loading device
sensitive to input torque or, in an improved version, a hydraulic loading cylin-
der applying a load proportional to the sum of the input and output torques
(i.e., proportional to the forces to be transmitted through the lubricant Him).
A roller control mechanism automatically ensures that the power transmitted
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^-Rollers-'

Figure 22.2: Continuously variable-speed drive. [.F̂ om #amroc%;

through the unit is distributed equally between the six rollers. Such continu-
ously variable-speed drives provide a smooth transmission of power, typically
over a speed ratio range of about 5:1, in a jerk-free manner.

The life and efficiency of continuously variable-speed drives of this nature
depend on the characteristics of the lubricating Alms between the rollers and the
toroidal surfaces. The traction characteristics are beyond the scope of this book,
but it is possible to show how the lubricant film thickness can be calculated.

The radii at the inner and outer conjunctions between a single roller and
the toroidal surfaces on the driving and driven disks are shown in Fig. 22.3. If
subscripts a and & are used to identify the roller and toroidal disks, respectively,
it can be seen that for the inner conjunction

Hence,

_
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Figure 22.3: Geometry of crowned roller and toroidal surfaces in a continuously
variable-speed drive. [̂ }*om J7amroc%: and Dcwson

giving Ax,; = r[l - (r/Z) sin̂ ], and

_ 1 1 _ 1 1

giving R^^; = ["/(I ** n.)]r. For the outer conjunction

Z + r sin <

Hence,

giving R^_o = r[l +

giving

1 1 _ 1

]̂, and

sm<

Z + r sin <

1 1 _ 1 1

22.3.1 Elasticity Calculations

If the end load carried by each roller is Wg , the normal load at each of the inner
and outer conjunctions (tt̂ )̂  is given by
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Consider a continuously variable-speed drive of the form shown in Figs. 22.2
and 22.3 in which

w.s = 16,000 N n = 0.7

,̂ = 30° E = 2.075 x 10" Pa

r = 50 mm M = 0.3

Z = 62.5 mm

Then

For the inner conjunction

Rx,i = 0.05(1 -0.8 sin 30°) = 0.03 m

1 1 1
R 0.03 0.1167

giving R = 0.02387 m.

— = 1.1467 (17.30)

^ . (17.32)

^ = â  = 2.375 (17.29)

Pmax —

The Hertzian contact zone is thus represented by a relatively large ellipse in
which the ratio of major to minor axes is about 2.375.

For the outer conjunction

Rx,. = 0.05(1 + 0.8sin30°) = 0.07 m
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°'̂  '(0.05)= 0.1167m
10.7

1 1 1
R 0.07 0.1167

giving R = 0.0438 m.

A,o 0.1167
0.07

= 1.667

= 1 + ̂ = 1.3425 (17.30)
Or

^ = 1.8624 (17.32)

^ = 1.384 (17.29)

m (17.14)

(17.14)

= 1.816 GPa (17.7)

The greater geometrical conformity at the outer conjunction provides a larger,
less-elongated Hertzian contact zone than that developed at the inner conjunc-
tion.

22.3.2 Elastohydrodynamic Film Thickness Calculations

If it is assumed that the input disk rotates at 314 rad/s ( SR3000 r/min) and that
the lubricant has an absolute viscosity % of 0.0045 Pa-s at p = 0 and the effective
operating temperature and a pressure- viscosity coefficient ̂  of 2.2 x 10"̂  m^/N,
then for pure rolling

(0.0045)(0.05)(314) _ ^
*(2.28 x 10")(0.03)

(0.0045)(0.05)(314)
(2.28 x 1QH)(0.07)

C = $F' = 5016

_ 18,457

,
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18,457

(2.28 x
= 0.1652 x 10-4

The minimum Him thickness in elliptical conjunctions under elastohydro-
dynamic conditions is given in dimensionless form by

(19.16)

Hence,

= (3.63)(1.0329 x

= (3.63)(3.385 x 10
= 1.235 x 10*5

)̂(65.04)(1.9740)(0.7827)

and

Similarly,

(̂ min)i = 0.371

= (3.63)(0.4427 x 10"")°'̂ (5016)°'̂ (0.1652 x
X (l-e-0.68xl.3S4)

= (3.63)(1.9026 x 10"S)(65.04)(2.2340)(0.6098)

= 0.6119 x 10*̂

and

= 0.428

The power is thus transmitted through elastohydrodynamic films having min-
imum film thicknesses at the inner and outer conjunctions of 0.371 and 0.428
/L^m, respectively. These are quite acceptable film thicknesses, but for maximum
life of the components and a dimensionless film parameter [Eq. (3.22)] of 3, it
is clear that surface finishes comparable to those achieved in rolling-element
bearings are required.

The large axial loads cause substantial, but not excessive, contact pressures
of the order of 2.52 and 1.82 GPa on the inner and outer conjunctions, respec-
tively. The Hertzian contact ellipses are quite large, having major axes 5761 and
5186 /̂ m long at the inner and outer conjunctions. It has been assumed that
pure rolling occurs, but spin losses will be inevitable in those conjunctions. The
calculation of these losses, which probably account for most of the energy dissi-
pation in such devices, requires a detailed knowledge of the lubricant rheology
and the shape of the elastohydrodynamic Him.
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Figure 22.4: Construction of modern track and locomotive driving wheel.

22.4 Railway Wheels Rolling on Wet or Oily
Rails

The construction of a modern track and locomotive driving wheel presented
by Harwell (1974) is illustrated in Fig. 22.4. High-quality steel tires with a
thickness of about 76 mm (3 in) are shrunk onto forged steel wheel centers.
An important geometrical feature is the slight coning of the tires to facilitate
automatic steering of the wheel sets as they roll along the track. This normally
prevents contact between the wheel flanges and the rail. Studies of the Hertzian
contact conditions for this situation have been presented by Barwell (1979) and
the Engineering Sciences Data Unit (ESDU 1978).

In this example it is assumed that the rail section transverse to the rolling
direction has a radius of 0.3 m, the locomotive wheel has a radius of 0.5 m, and
the coning angle is 2.86° (tan*** 0.05). The essential features of the Hertzian
contact between the wheel and the rail are calculated for the following condi-
tions:

Radiat load carried by each wheel, N
Modulus of elasticity of wheel and rail
Poisson's ratio ̂

, Pa 2.07 x
0.3

For these conditions

2.07 x 1
Ol91

= 2.2747 x 10" Pa
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i -Wheel -

--Rail-'

(a) (b)

Figure 22.5: Contact between wheel and rail.

22.4.1 Initial Calculation

If the coning of the tires is neglected and the contact is deemed to be equivalent
to a wheel in the form of a circular cylinder of radius 0.5 m rolling on a track
with a transverse radius of 0.3 m, as shown in Fig. 22.5, then

7*ax = 0.5 m !"ay = OO

r̂  = 00 ̂  = 0.3 m

1 _ 1 1 _ 1
0.3 m

.'. ̂ = 0.3 m

_ 1 1 _ 1
fax r̂  0.5 ]

.'.̂  = 0.5 m

= 0.1S75 m

Since a,- < 1; it follows that the semimajor axis of the elliptical Hertzian contact
lies in the rolling direction. From Table 17.3 we get

! = 1 + 9sO!7. = 1.3425
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JF= ̂  -g.lnor = 1.8624

and
Ai = â  = 0.7224

Hence

D̂  = 2

(̂6)(0.7224)2(l.3425)(lQ5)(0.1875)

A M(

^^__
= ̂.277 mm

1/3

(2)(1.3425)(0.1875) (7r)(0.7224)(2.2747x

= 0.1630 mm

and

_ 6̂  _ (6)(10̂ ) -
(x)(0.01327)(0.009591)

(177)^̂ '̂

The Him thickness is calculated for two lubricants, one being water and the
other a mineral oil, as a function of speed.

22.4.2 Water

The viscosity of water varies little with pressure, and the fluid is generally
assumed to be isoviscous. However, Hersey and Hopkins (1954) recorded a
7% increase in the viscosity of water over a pressure range of 1000 atm at 38° C
(100°F), and this corresponds to a pressure- viscosity coefficient $ of 6.68 x 10"̂ °
m^/N.

It is thus possible to adopt this value of ̂  and to calculate the minimum
film thickness from the equation used earlier in this chapter:

e.min = = 3.63̂ ° ̂C°'"̂ -°'̂ (l - e'" ̂) (19.16)
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It will be assumed that the absolute viscosity of water % at p = 0 and constant
temperature is 0.001 N-s/m^ and hence that

G = $E' = (6.68 x 10"*°)(2.2747 x 10") = 152

i<; m5
-r = 1.7585 x 10*

E'R2 (2.2747 x

With A; = 0.7224,

^ ^

= (3.63)(8.7924tt x

= (3.63)(2.7669 x 1

or

and
(̂ nin)water = 0.6012̂ )°'̂  X 10̂  m

where tt in the preceding equations is in meters per second.

22.4.3 Oil

If the rail is covered by an oil film having a viscosity at absolute pressure % of
0.1 Pa-s and a pressure- viscosity coefficient $ of 2.2 x 10"̂  m^/N, then

= $E" = (2.2 x 10"S)(2.2747 x 10̂ ) = 5004

E (2.2747

Hence

= (3.63)(8.7924M x 10"̂
x (i-e-o-4912)

= (3.63)(6.3386 x 10

or
(̂ e.min).i) = 1.5261(tt)°'̂  X 10
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Figure 22.6: Variation of mini-
mum Rim thickness with speed
for wheel on raiL (a) Wet rail:
absolute viscosity pf water at p =
0 and constant temperature %,
0.001 Pa-s; viscosity-pressure co-
efficient $, 6.68 X 10-1° ̂ 2/jq
(b) oily rail: ?;o = 0.1 Pa-s; ̂  =
2.2 x 10*8 m^/N.
and Dowson

and

(̂ min).H = 0.7631(M)° 63 X

where M is in meters per second.
How Ttmin varies with locomotive speed in pure rolting is shown for both

wet and oily rails in Fig. 22.6. It is clear from Fig. 22.6a that the elasto-
hydrodynamic films developed by water alone are quite thin, and it is most
unlikely that they will lead to effective hydrodynamic lubrication. The fact
that moisture is known to influence traction quite markedly (Pritchard, 1981)
probably strengthens the view that surface chemistry and boundary lubrication
play important roles in wheel-rail friction.

For an oily track and a relatively high viscosity of 0.1 Pa-s, substantial film
thicknesses are predicted for representative operating speeds. Clearly, traction
will be reduced and skidding can be expected under these conditions. The
results presented in Fig. 22.6b confirm the importance of a clean track. Alter-
native procedures for cleaning the rails in front of locomotive driving wheels
are now being investigated in several countries.
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22.5 Synovial Joints

To conclude this chapter on the applications of Aim thickness equations devel-
oped in the text, a human joint lubrication problem has been selected. This also
allows the introduction of equations developed in Sec. 19.5 for the lubrication of
elastic solids by isoviscous lubricants (soft EHL). It must be stated at the outset
that film thickness calculations for synovia! joints are more speculative than the
other calculations presented in this chapter for engineering components. The
properties of the materials, the magnitude of the applied load, and the motion
and geometry of the contacting solids are all subject to debate. Indeed the
lubrication mechanism of these remarkable bearings has yet to be resolved.

Artificial implants present a number of design challenges, many of which
are tribological in nature. To date, much of the tribological effort has been
directed toward material development and wear prevention, and lubrication
analysis has been less rigorously investigated. Thus, preliminary concepts such
as prevalent regimes of lubrication, lubricant rheology and implant geometry
have not been resolved. This section will attempt to use realistic values of
material and lubricant properties as well as joint loadings, but these should be
recognized as highly probablistic variables.

This section should be recognized as a brief introduction to a very large and
highly developed tribological application. Further information on bio-tribology
can be obtained from Dowson (2001), Fisher (2001), Schey (1996), and Scherge
and Gorb (2001). Indeed, this is a highly developed Held with a rich literature
ranging from clinical to highly technical approaches.

22.5.1 Natural Joints

The essential features of a synovial joint are shown in Fig. 22.7. The bearing
material is known as "articular cartilage" and the lubricant as "synovial fluid."
The articular cartilage is a soft, porous material mounted on a relatively hard
bone backing, or it may be a separate structure such as the meniscus in the
knee. The thickness of the cartilage in a synovial joint varies from joint to joint
and also with age. In young, healthy subjects it may be several millimeters
thick, but in elderly subjects it may be almost nonexistent in some regions.
Although articular cartilage appears to be smooth, measurements suggest that
the surface roughness R varies from about 1 to 3 /̂ m. The effective modulus of
elasticity E' varies with loading time and is difficult to specify with certainty.
The various measurements which have been reported suggest that E' normally
lies in the range 10̂  to 10̂  Pa.

Cartilage serves as a cushion to reduce contact stresses, but it also plays an
important role in lubrication. The mechanism through which articular cartilage
aids in lubrication has been initially described by McCutcheon (1959), and re-
cently by Forster and Fisher (1997). Articular cartilage comprises roughly 80%
water with the remainder being constructed of a type-2 collagen fiber network
and hydrophilic proteoglycan matrix. It is a highly viscoelastic material, with
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Figure 22.7: Illustration of a syn
ovia! joint. [From
Powson

very unique properties (Mow 1986). Its collagen structure is one of a porous
solid, which in an unloaded state, swells with the water and entrained proteins
retained by the proteoglycan. Under load, this synovia! fluid has difficulty flow-
ing out of the cartilage, and it supports load across the joint. Under load, the
fluid is gradually lost from the joint, but at increasingly slower rates, so that
an equilibrium state is reached. When the load is removed, the proteoglycan
matrix attracts water, again swelling the cartilage. This mechanism of lubrica-
tion has been referred to as "self-pressurization lubrication" or "weeping-film
lubrication".

The human knee and hip joints have unique characteristics and loadings.
When walking, load is applied in directional sliding in one direction, but the
return of the joint to the start position is under much lower load, applied only
through tendon and muscle. That is, sliding in the stance phase of walking
is under load, under the swing phase it is under very low (perhaps negligible)
load. However, in natural joints there is an opportunity to develop a fluid film
during the swing stage and then maintain that film during the stance stage of
walking because of the unique characteristics of cartilage.

Synovial fluid is a non-Newtonian fluid in which the effective viscosity falls
markedly as the shear rate increases. Synovial fluid contains proteins of moder-
ate molecular weight, as summarized in Table 22.1. The fluid's viscous proper-
ties appear to be governed by the hyaluronic acid (Dintenfass 1966-1967, Swann
et at. 1984), with the viscosity increasing almost linearly with acid concentra-
tion. It is also known that synovial fluid from normal, healthy joints is more
viscous than pathological synovial fluid from both osteoarthritic and rheuma-
toid arthritic joints. At low shear rates the viscosity of normal synovial fluid
is typically about 10 Pa-s; at the high shear rates encountered in joints, values
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Table 22.1: Composition of Synovial Fluid [Walker (1973)] and Serum [Wright
(1982)]. [From

Sourceof
synovia} fluid
Normatjoint
Hip,cuparthroscopy(4year)
McKee-Farrar prosthesis (2year)
Human serum
Bovine cell serum

Hyaturonicacid
mg/mt
3.5
0.28
0.56
0
0

Proteinmg/ml
Total
17.2
58
32
66
60

Albumin
10.2
39
20

T-GIobulin
0.5
5.4
4.6

between 10 ^ and 10 ^ Pa-s can be expected.

In tests on metal-on-metal hip joints in a simulator, bovine and human
serum albumin protein (both lacking hyaluronic acid) gave the same friction
as bovine synovial fluid (Weightmann 1977). This suggests that the hyaluronic
acid itself does not appear to be an effective boundary lubricant, but the pro-
teins in the synovial fluid can act to reduce friction.

Natural joints experience boundary, mixed or hydrodynamic films at differ-
ent times and loads (Dowson 1998); see also Unsworth et al. (1975) and Smith
et at (2001). The circumstances where boundary or mixed lubrication occur are
beyond the scope of this section, but an interesting illustrative example can be
derived by considering a natural hip joint operating with a hydrodynamic Rim.

The effective radius of curvature of an equivalent sphere or cylinder near a
plane is also difficult to determine but probably ranges from 0.1 to 1.0 m in the
hip and from 0.02 to 0.1 m in the knee. Loads on the joints in the lower limb
vary during walking, and the human bearings are thus subjected to dynamic
conditions in which both loads and sliding speeds vary with time. When the
leg swings freely in the walking cycle, the knee and the hip carry loads in the
range zero to one times body weight; when the leg is in contact with the ground
(stance phase), the peak loads range from three to seven times body weight.

The viscosity of synovial fluid varies negligibly with pressure over the pres-
sure range encountered in a synovial joint. The articular cartilage deforms
readily under physiological loads, and the lubrication regime can thus be re-
garded as isoviscous-elastic. The following expression was developed in Chapter
19 for the minimum film thickness under these conditions:

(19.20)

The hip joint is generally represented as a ball (femoral head)-and-socket
(acetabulum) joint. In the present example it is assumed that the quantities
given in Table 22.2 typify the peak loading periods of the stance phase in
walking.

Then,
7v _ %M _ (2 x 10-3)(0.075) ̂  11
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Table 22.2: Typical conditions and peak loading of the stance phase in normal
walking.

Radius of equivalent sphere near a plane Rx, m

Absolute viscosity of synovia! fluid %, Pa-s

Effective elastic modulus ̂', Pa

Entraining mean velocity, A = (n,, +m)/2, m/s

Applied load utz, N

1
2 x 10*3

10?
0.075
4500

and

4500
= 4.5 x 10*

Hence,

and

= (7.43)(1.5xlO"")
= (7.43) (9.2142 x 10'
= 1.3006 x 10'̂

)̂(5.0446)(0.3766)

The calculation yields a Rim thickness similar to, but perhaps slightly less
than the roughness of articular cartilage. This suggests that prolonged expo-
sure to the listed conditions could not conserve effective elastohydrodynamic
lubrication using conventional theories. This contrasts the experimental inves-
tigations that report friction coefficients with natural joints are so low as to
suggest that full Rim must be the effective regime of lubrication. As discussed
earlier, articular cartilage presents some unique characteristics that are not
present in conventional bearings, and the self-pressurization capability of the
cartilage has not been considered in this analysis, In addition, there are other
potentially important effects, including

1. Dowson and Jin (1992) have suggested a microelastohydrodynamic lubri-
cation mechanism where the asperities of the soft cartilage are flattened
m Mw. The effect is a dynamic smoothening mechanism and results in a
larger film parameter with a given film thickness.

2. Dowson (1981) has discussed the question of lubrication in hip joints in
some detail, and it emerges that if any hydrodynamic films are developed
during the swing phase in walking, they might be preserved by a combi-
nation of entraining and squeeze-film action during the stance phase.

3. Dowson and Yao (1994) analyzed a human knee and hip as a layered
media of a soft cartilage layer on top of a hard bone substrate. This
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(a) (b)

Figure 22.8: Orthopedic implants,
replacement. [Coŵ es?/ o/

(a) Total knee replacement; (b) total hip
inc.

approach is more representative of real joints, since the articular cartilage
thickness is of the same order as the contact patch dimensions. They
reported minimum ftlm thicknesses of 0.59 //m for the hip and 0.43 /̂ m
for the knee.

22.5.2 Artificial Joints

One of the most successful engineering innovations of the twentieth century is
the development of artificial joints, especially replacements for the hip and knee,
modern examples of which are shown in Figure 22.8. This development, dating
back to Charnley's first device in 1962 (Dowson 1998). The techniques, materi-
als and instrumentation have evolved and have been improved since that time,
but the fundamental approach to joint replacement has been left unchanged.

Orthopedic implants must satisfy a number of requirements. They must
have sufficient strength to avoid failure, be constructed of biocompatibie ma-
terials, have a long life without maintenance, allow insertion through reason-
ably straightforward operating procedures, and minimize pain and rehabilita-
tion time. This demanding set of requirements still allows for innovative design
approaches, and useful implant lives are currently near 20 years, a fourfold
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increase over the initial successful designs.
Conventional total joint replacements most commonly use ultra high molec-

ular weight polyethylene (UHMWPE) and steel as the tribopair. UHMWPE
is an exceptional material for wear applications. Recent developments include
development of a high level of cross-linking to improve performance even fur-
ther (Kurtz et al. 1999). Wear is detrimental because small, sub-micron wear
particles can result in an increase in bone resorption which weakens the under-
lying foundation of the implant. This is termed "osteolysis" and can result in
loosening of the implant followed by inflammation, pain and finally by revision
of the joint.

Two problems of interest in the design of artificial joints are considered here
to demonstrate the importance of fluid film lubrication.

Head Size for Hip Replacements

The head of a total hip replacement rubs against a cup placed in the acetabu-
lum, and can be held in place by mechanical interference, but more usually is
maintained in place by the muscles and tendons of the upper leg and hip. The
conventional wisdom for orthopedic implant designers suggested that there are
two conflicting goals for selecting the size of a head for an orthopedic implant:

1. If the head is too small, it can easily dislocate from the cup under normal
motion by the patient.

2. In walking, the sliding distance can be shown to be proportional to the
head diameter since the leg must swing a minimum angular rotation.
Thus, a larger head will have a larger sliding distance under load, and
will therefore lead to higher wear rates. Obviously, there are also limits
to the size of a head that can fit inside a human body.

Recent research suggests that with some patients, an increase in head size
will actually lead to a decrease in wear rate. To understand the reasons for this,
it should be recalled that the wear rate is strongly dependent on the lubrication
regime (see Fig. 1.9). This can be explained by considering the Lancaster wear
equation (1973) that expresses the wear volume as a function of load and sliding
distance as

V = A^x (22.1)

where
V = the wear volume, m^
A; = a wear coefficient m^/N
t<Jz is the load applied, N
2 = the sliding distance, m

Smith et al. (2001) investigated the wear coefficient A; in Eq. (22.1) using a
hip simulator with metal-on-metal tribopairs and found that it would decrease
when the hip head was above a certain critical value, which they interpreted
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Figure 22.9: Wear rate as a function of head diameter in a hip simulator,
ei a2

as the transition from boundary to mixed film lubrication. They demonstrated
that the smaller implant heads always maintained contact with their cups, while
the larger ones sometimes separated, suggesting a hydrodynamic film. Their
experimental wear rates are shown in Fig. 22.9.

Note that the smaller head sizes show an increase in wear rate with head
diameter, which is in agreement with conventional wisdom about the effect of
head size. However, as head size increases further, the wear rate decreases. This
has been explained by the lubrication regime undergoing a transition between
boundary and mixed regimes. It should be noted that Smith et al. (2001) also
demonstrated a direct correlation between the head/cup diametral clearance
and wear rate.

Jin (2002) modified the Lancaster equation as

V = (22.2)

where the Him parameter is incorporated into a function /(A) that should ap-
proach unity as the Rim thickness regime approaches boundary, and is taken as
the proportion of total load that is transferred by direct asperity contact. Jin's
estimate for the function /(A) is shown in Fig. 22.10.

It should be noted that head diameter is only one variable that can have
a profound effect on the Aim thickness and wear rates in orthopedic implants.
Diametral clearance, surface roughness, and material are also important vari-
ables.
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Figure 22.10: Effect of lubrication on implant wear, (a) Film parameter as a
function of femoral head diameter; (b) correction to wear equations as a function
of head diameter. [R-om Jm

Tribopairs and Their Effect on Lubrication Regime

A number of material options exist for surgeons to use in orthopedic implants.
It should be noted that there are a large number of biological and other concerns
in the selection of materials for use m wuo, and only the fluid film formation
properties are considered here. For a large number of reasons, the trends shown
here may yield a benefit that is offset by other drawbacks associated with the
materials. However, an important problem in total joint replacement is the use
of materials and coatings that increase the film parameter A, defined in Eq.
(3.22) as:

A = 1/2 (3.22)

It should be noted that the materials used in artificial joints have much
higher stiffness than in natural joints. Thus, the film thickness needs to be
calculated based on a hard-EHL basis, as described in Chapter 19. However,
the calculation in this section should be seen as illustrative only. Often, the
clearance between the head and cup is small enough that the contact can be
considered conformal, and significant elastic deformations will not occur. The
large effective radius of 1 m given in Table 22.2 is intended to indicate a high
degree of conformity, but is probably too severe for modern implants. Regard-
less, the equations developed in Chapter 19 can give insight into the effects of
different materials in orthopedic tribological contacts.

The Hard-EHL Him thickness is given by Eq. (19.16) as

(l - ê )̂ (19.16)

The properties of synovial fluid vary greatly from person to person, but a value
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Table 22.3: Typical mechanical properties of materials used in artificial joints.
n ana* .

Material

Co-Cr-Mo aiioy
(cobalt-chrome)

AbOs (ceramic)
Potyethytene, ultra-high

molecular weight

Elastic modulus
E, GPa
230

300
0.78

Poisson's ratio
t7

0.3

0.26
0.46

Typical surface
roughness R^, ̂m

0.020

0.005
0.060

of ̂  = 2.75 x 10 8 m^/N is assumed for this section. Also, the data in Table
22.2 will be applied here.

Metal-on-Metal. For metal-on-metal orthopedic applications, the most
popular metal is a cobalt chrome alloy with typical properties as given in Table
22.3. Therefore, the effective elastic modulus can be calculated as

E" = ——;- = 252.7 GPa

Therefore, the following can be obtained:

_^ _ (0.002)(0.075)
E'Rx (252.7 x!Q9)(l) ""—"

C = $E' = (2.75 x 10-S)(252.7 x 10̂ ) = 6949

py = Ĵ i- = 4500 ^_s
ry/ D2 /OK^)'7 --rt^^-^r, ^.<u^^
Î/ /t̂ . ẐOZ. /

So that the film thickness is

Re,min = 3.63(5.936 x 10"̂ )0.

= 0.0222 ̂m

The film parameter for a metal-on-metal implant is therefore

0.0222 x 10-6

-0.68\

A =

(0.020 x Q2Q
1/2 = 0.785

This suggests that a metal-on-metal implant under these conditions would op-
erate in the boundary lubrication regime, since A < 1.

Ceramic-on-Ceramic Ceramic-on-ceramic implants have received consid-
erable attention. Conducting the same calculations as with a metal-on-metal
implant, and using the mechanical properties in Table 22.3, we obtain
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E' = — -ir = 4Q5.4 GPa
1 — y^

(0.002)(0.075)
" E'R, " (405.4 xl09)(l)"

= ̂E' = (2.75 x 10*̂ (405.4 x 10̂ ) = 11, 148

So that the film thickness is:

,̂min = 3.63(3.700 x 10-i6)°'6S(l

= 0.0211 ̂ m

The film parameter for a ceramic-on-ceramic implant is therefore

=2.98_ ^
[(0.005 x 10*6)̂  + (0.005 x 10-6)2]

This shows that even though the film thickness for a ceramic-on-ceramic implant
is comparable to a metal-on-metal implant, the Him parameter is much larger
because of the superior surface Hnish possible with a ceramic head. The regime
of lubrication for this case is mixed lubrication, but it is very close to the
threshold of thin Him lubrication.

Metal-on-Poty. The most common tribopair for orthopedic implants is
a metal head on a polymer cup. The most common polymer is ultra-high
molecular weight polyethylene (UHMWPE), often in highly cross-linked form
for wear resistance. At this point, it may not be obvious which regime of
EHL is appropriate, so the approach of Chapter 20 will be used to obtain an
estimate of the film thickness for this tribopair. The following calculations can
be performed for cobalt-chrome on UHMWPE:

= 1.989 GPa

(0.002)(0.075)
" Ê J " (1.989 x

= $E' = (2.75 x 10"S)(1.989 x 10̂ ) = 54.70

^ 4500 *
" E'R2 " (1.989 x

Therefore, from Eq. (20.2),

(54. 70)(2.262x

(7.541 x 10-
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tVS/3 (2.262x10-6)3/3 mn inn
^ = 17̂  = (7.541 x 10-14)̂  = t̂ ° ̂ 10"

These values are far higher than normally seen in machine element bearings;
however, extrapolation of Figure 20.2b indicates that the appropriate EHL
regime is isoviscous-elastic. This is reasonable since the stiffness of polyethylene
is so low that the viscous effects of the synovia! lubricant will not play a role in
this bearing. Therefore, the film thickness can be calculated from:

ê,min — (7.43)(7.541 x 10 ) ' (2.262 x 10 ) ' (1 *- 0.85e ' )
= (7.43)(2.953 x 10-̂ )(15.33)(0.3766)
= 0.1267 x 10*6

so that ̂ min = 0.1267 //m. Therefore, the film parameter is

^ _ 0.1267 x 10—
I T̂/2 *

(0.020 x 10-6) _)_ (o.060 x 10*6)

This suggests that the metal-on-UHMWPE implant is in a state of mixed lu-
brication.

22.6 Closure

The equation for minimum film thickness in rectangular and elliptical conjunc-
tions under elastohydrodynamic conditions developed in Chapters 18 and 19
was applied to involute gears in Sec. 22.1. The involute gear presents a rect-
angular conjunction and thus represents a limiting condition for applying the
elliptical conjunction equation. The example nevertheless demonstrates the
generality of the film thickness equations presented in Chapter 19 while allow-
ing the accuracies of the formulas developed in Chapter 18 to be compared.
The rectangular conjunction film thickness formula was found to be about 25%
less than that for elliptical conjunctions. It is felt that the rectangular conjunc-
tion film formulation is more accurate, since a much greater range of operating
parameters was used in obtaining the results. Also the rectangular conjunction
results agree better with the experimental work of Kunz and Winer (1977).
The dimensionless film parameter A, which appears to play an important role
in determining the fatigue life of highly stressed, lubricated machine elements
was also given.

Continuously variable-speed drives like the Perbury gear, which present
truly elliptical elastohydrodynamic conjunctions, are favored increasingly in mo-
bile and stationary machinery. A representative elastohydrodynamic condition
for this class of machinery was considered in Sec. 22.2 for power transmission
equipment.

The possibility of elastohydrodynamic films of water or oil forming between
locomotive wheels and rails was examined in Sec. 22.3. The important subject
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of traction on the railways is presently attracting considerable attention in
various countries.

The final example, a synovial joint, introduced the equation developed in
Sec. 22.5 for isoviscous-elastic lubrication regimes. This example is necessarily
more speculative than others in this chapter owing to the varied and uncertain
conditions encountered in human and animal joints. Other applications in the
isoviscous-elastic regime include rubber tires on wet roads and elastomeric seals.
This range of applications serves to demonstrate the utility of the film thickness
equations developed in this text for elastohydrodynamic elliptical conjunctions.
It is hoped that this study of elliptical conjunctions has extended in some mea-
sure the understanding of that recently recognized yet vitally important mode of
lubrication in highly stressed machine elements known as elastohydrodynamic.

22.7 Problems

22.1 For a steel ball rolling on a steel plane, as shown in the following sketch,
and lubricated with a mineral oil determine

(a) Dimensions of the Hertzian contact zone D̂  and D̂

(b) Maximum elastic deformation <$max

(c) Maximum Hertzian pressure p#

(d) Lubrication regime

(e) Minimum film thickness

The steel ball has a diameter of 10 mm and weighs 0.04 N. The ball and
the plane on which it rolls both have a modulus of elasticity of 2 x 10̂
Pa and a Poisson's ratio of 0.3. Consider four loads: 0.04, 0.4, 4, and
40 N. The ball rolls over the flat surface with a mean velocity of 1 m/s
in the presence of a lubricant having an absolute viscosity of 0.05 Pa-s
and a pressure-viscosity coefficient of 2.0 x 10"̂  m^/N. Fully flooded,
isothermal, and smooth surfaces are assumed.

22.2 A manufacturer has difficulty with persistent scuffing of the highly loaded
cam shown in the sketch. One solution suggested is to eliminate metallic
contact between the sliding faces. The cam has a surface finish of 6 ̂ in.
CLA and a minimum radius of 0.75 in. at a distance of 1.7 in. from the
center of rotation. It is 0.8 in. wide and subject to a load of 1250 Ib.
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The cam rotates against a convex stationary follower that has a radius of
2.5 in., a surface finish of 7 /iin CLA, and a sliding speed at the point of
contact of approximately 1 ft/s. The contact zone is flooded with oil that
has a viscosity of 0.86 P and a pressure-viscosity coefficient of 1.4 x 10"̂
in2 /Ib.

The material of both cam and follower has a modulus of elasticity of
30 x 1Q6 lb/in.2 and a Poisson's ratio of 0.30.

The manufacturer states that the surface finishes are the best attain-
able and that the load and overall cam lift would be too costly to change.
The cam's minimum radius of curvature is determined by the camshaft's
rotational speed and is approximately proportional to the sliding speed at
the contact point. Assuming a reasonably free hand with the other vari-
ables, list the courses of action possible, and state the advice you would
give the manufacturer.

22.3 How would the oil film thickness vary along the contact for an involute
gear tooth?

22.4 Two mating gears with involute teeth and a face width of 35 mm have
radii of 60 and 180 mm, respectively and transmit 20 kW of power when
the smaller gear rotates at 1440 r/min. If the pressure angle is 20°, suggest
a suitable surface finish for the gears to avoid pitting. Assume

G (materials parameter) = 5000

E' (effective modulus) = 2.5 x 10" N/m^

?7 (oil viscosity) = 0.015 kg/(m-s)

Is a surface finish of the order you calculate economically feasible?

Copyright © 2004 Marcel Dekker, Inc.



REFERENCES 649

22.5 Calculate the Rim thickness for a metal ball in contact with cartilage in
a partial hip replacement. What advantages and disadvantages exist in
this approach? Repeat your analysis for a ceramic ball in contact with an
ultra high molecular weight polyethylene cup.

22.7 The following conditions are representative for a knee joint:

Effective radius of curvature (Ac = .%,) 0.1 m
Load w; 2500 N
Entraining velocity tt = (û  + M̂ )/2 0.25 m/s
Poisson's ratio for cartilage M 0.4
Modulus of elasticity for cartilage E 8.4 MPa

Calculate the minimum film thickness for a natural joint.
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Chapter 23

Thermohydrodynamic and
Thermoelastohydrodynamic
Lubrication

Symbols

E

c

R*
r/p

/i

slide/roll ratio,
2(Mb-M^)/(Mb + M^)

distance, seeFig. 23.1, m
width of bearing, m
specific heat of material at
constant pressure, J/(kg-°C)
diameter of contact ellipse along
2axis, m
modulus of elasticity, Pa
(or N/m2)
effective elastic modulus,

Pa(orN/m^)
dimensiontess kinetic energy
parameter
dimensionless flow work para-
meter
dimensionless materials para-
meter, ̂ E'
dimensionless film thickness
used in Eq. (23.17)
dimensionless power dissipated
by lubricant
Him thickness, m

A* dimensionless interface conduc-
tivity parameter

/̂ / lubricant thermal conductivity,
W/(m.°C)

L length of pad, m
^ loading parameter
.M thermal loading parameter, see

Eqs. (23.12) to (23.15)
JV thermal resistance ratio, see

Eq. (23.5)
P dimensionless pressure
p pressure, Pa (N/m̂ )
R curvatureradius,m
r radius, m
<S network resistance, see Eqs.

(23.1) to (23.4)
T difference of dimensionless shear

stresses
im temperature, °C
tm,o ambient temperature, °C
!7 dimensionless speed parameter,

velocity in 3 direction, m/s
mean surface velocity in :r
direction, m/s

653
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dimensionless toad parameter,
u4/E'Rx

* load parameter, see Eq. (23.16)
toad, N

?3 normat apptied toad, N
^ normat apptied toad per unit

width, N/m
r dimensiontess T coordinate for

rectangular conjunctions
, y, z Cartesian coordinates, m
i viscosity-pressure index

temperature coefEcient of
viscosity

^i piezothermat-conductivity con-
stant of first kind,
1.73 x 10-9 ̂ 2/̂

)b2 piezothermat-conductivity con-
stant of second kind,
6.91 x 10*"* m^/N

pi piezodensity constant of first
kind, 0.6 x 10"" m^/N

:̂ 2 piezodensity constant of second
kind, 1.7 x 10*"" m^/N

,, temperature-viscosity coefficient,
K-i

p dimensiontess thermodensity
constant

* timiting-shear-strength pro-
portionality constant
absolute viscosity, Pa'S

(or N'S/rn̂ )
absolute viscosity at p = 0
and constant temperature,
Pa*s (or N-s/m^)
thermal diffusivity
coefficient of sliding friction
Poisson's ratio
pressure-viscosity coefficient,
m^/N
density, kg/m^
limiting shear stress, Pa
(or N/m^)
average dimensionless lim-
iting shear strength across
the film

Subscripts

a sotid a
h solid 6
c combined conduction and

convection
<̂  conduction
% lubricant
p pad
r runner
^ convection

23.1 Thermohydrodynamic Lubrication

23.1.1 Introduction

Thermohydrodynamic lubrication (THL) treats the influence of temperature
on the hydrodynamic lubrication process, especially its influence on rheological
properties of the lubricant that affect the ability to generate films. Many re-
searchers have addressed various aspects of THL problems for a wide variety of
applications, so this chapter is intended to introduce key concepts. The inter-
ested reader is referred to the book by Pinkus (1990) or the review papers by
Pinkus and Wilcock (1980) and Khonsari (1987) for a more in-depth treatment.

The first part of this chapter presents a framework for THL problems based
on a lumped parameter approach that considers the wide variety of heat flow
paths that are possible in lubrication problems. This allows a consideration
of regimes wherein certain paths become negligible or dominant, and presents
the results in a form similar to the bearing charts of Chapter 20. A major
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._;,-̂  Heat flow to runner
^ (conduction)

Figure 23.1: Heat How paths in a slider bearing. [From tV:/scn

contribution to this portion of the chapter comes from Wilson (1998).

23.1.2 Thermal Resistances

Recall from Chapter 20 that Johnson (1970) was able to consider the contri-
bution of different effects to EHL and then construct charts describing this
framework (Fig. 20.2). This framework has been extremely useful in under-
standing EHL numerical solutions and in applying them to practical problems.
A recent paper by Wilson (1998) presents a similar useful framework for ther-
mohydrodynamic lubrication, and is the basis for this section.

One of the main problems associated with THL problems is the multiplicity
of heat transfer paths and modes of heat transfer. For example, consider the
linear slider bearing of Fig. 23.1. Note that two heat flow paths have been
neglected; convection across the film was shown by Dowson and Hudson (1964)
to be unimportant compared to convection along the film. Similarly, conduction
through the runner is neglected, since speeds that result in hydrodynamic films
are usually large enough to make convection in the runner dominant. Further
examination of these effects can be found in Carslaw and Jaeger (1959).

The main source of heat generation is viscous shear in the lubricant, as
considered in the quasi-thermal analysis in Section 11.2. The main sources of
heat loss from the system are through three paths, as illustrated in the equiva-
lent resistances in Fig. 23.2. Note that each resistance is denoted by a variable
with two subscripts; the first relates to the medium of heat transfer (lubricant,
pad or runner); the second relates to the type of heat transfer (conduction,
convection, or combined). Thus, heat that remains in the lubricant and carried
away by convection would receive the indices ̂v; that removed through the pad
by conduction receives pd, etc.

The resistances for the network in Fig. 23.2 have been given by Wilson
(1998) as

(23.1)
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s,.

Figure 23.2: Equivalent resistance
network for the bearing system of
Fig. 23.1. [From M̂ son

where

(23.2)

(23.3)

(23.4)

/9; = lubricant density, kg/m^
Cp = specific heat, J/(kg-°C)
/t = Rim thickness, m
M = runner speed, m/s
5 = bearing width, m
L = pad length, m
A*/= thermal conductivity, W/(m-°C)

and the subscripts ^, r, and p refer to the lubricant, runner, and pad, respec-
tively.

23.1.3 Thermal Loading Parameters and Their Relative
Importance

It is important to judge the relative importance of different modes of heat
transfer in order to ascertain under what conditions one or more paths can
be neglected in analysis. A nondimensional measure Â ,-/;̂  can be defined to
judge the importance of mode r? compared to mode %m.. Since the importance
of a heat transfer mechanism is inversely proportional to its thermal resistance,
we can write

A^ c* ̂  (23.5)
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The results are summarized in Table 23.1. As an example, consider the relative
importance of convective heat transfer and conduction across the film in the
lubricant. This is given by

M/̂ Cp, ML / /t \ ̂ , ,
A^/M = — rv; - = — ( y (23.6)

LX/; K; \L/

where K; is the thermal diffusivity for the lubricant. Note that the right side of
Eq. (23.6) is the Peclet number weighted by the quantity (7t/L)̂  to compensate
for thin Him geometry.

The measures shown in Table 23.1 are useful for simplifying the THL prob-
lem in many cases. For example, the parameter .%„/;<% given in Eq. (23.6) is
already known as an important parameter in THL. If .%t,/;d is large, then heat
is retained in the lubricant and removed through convection. If .%u /M is small,
then heat is conducted to the adjacent surfaces. If Â /;d is around unity, then
a full numerical solution is required.

In THL, it is important to understand the change in lubricant Him formation
capability associated with a change in temperature. This can be accomplished
by defining nondimensional loading parameters:

where a is the temperature coefficient of viscosity at some temperature denned
by

1 dn
a = --

??d4n

and Rp is the isothermal viscous power defined by

Wilson (1998) derives the nondimensional loading parameters as

(23.7)

(23.8)

(23.9)

(23.10)

Some of these parameters are well known, others less so. f;̂  is important
in the analysis of bearings where convective heat transfer by lubricant is more
important than conduction. This is referred to as the "first thermal parameter"
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by Fillon and Khonsari (1996) and the "adiabatic constant" by Pinkus (1990).
f;d is important when conduction by the lubricant is more important than
convection, which is the case in many EHL problems (Cheng 1967) as well as
metal forming problems (Wilson and Mahdavian 1974). Fillon and Khonsari
refer to ̂  as the "second thermal parameter." The other parameters are more
obscure.

For isothermal problems, the load and the film thickness are related by

where Cp is a constant that depends on the geometry. Eq. (23.11) can be used
to eliminate /t from Eqs. (23.7) through (23.10) to obtain a new set of thermal
loading problems given by

*

(23.13)

1/2- 1/2

If. ,̂° ̂  (23.15)
'

where the geometry constant Cp has been ignored.

23.1.4 Thermal Hydrodynamic Lubrication Regimes

Wilson (1998) showed that the following equations give the effect of temperature
on film thickness and load:

-2̂ '̂

Figure 23.3 shows the results of Eq. (23.16) as a function of thermal loading
parameters ;̂<; and ̂. The plot has also been subdivided by dashed lines to
show the different regimes of THL. The isothermal line has been drawn where
the reduction in load support is less than 5% (w* > 0.95). At small values of
^id and î,, the problem is isothermal. Increases in either f;̂  or ̂  generally
reduces the load support.

Figure 23.4 shows the effect of thermal loading parameters Af;̂  and Af;̂
on the Aim thickness obtained from Eq. (23.17). Comparing Figs. 23.3 and
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Figure 23.3: Regimes of
thermohydrodynamic lubri-
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23.4, it should be noted that Af̂  has a larger effect on Rim thickness than A/M,
whereas ̂  and f;̂  have roughly the same effect on load support. This can be
seen by the rough symmetry in Fig. 23.3 and the smaller horizontal spacing of
film thickness contours for large Af;̂  in Fig. 23.4.

It is interesting to compare Fig. 23.4 with Fig. 23.2. Figure 23.2 has Him
thickness contours that are greater than unity, whereas Fig. 23.4 has contours
that are less than unity. This represents a fundamental difference between
EHL and THL problems: EHL effects tend to increase Him thickness, while
THL effects reduce film thickness.

The loading parameters ,̂j and Aftj are extremely useful for determining
the important physical effects, and it would be beneficial to designers if re-
searches used this framework in the presentation of numerical results.

23.2 Thermoelastohydrodynamic Lubrication

23.2.1 Introduction
An example of a complete solution is then obtained in this chapter for elasto-
hydrodynamically lubricated conjunctions in line contacts when the effects of
temperature and the non-Newtonian characteristics of lubricants with limiting
shear strength are considered. The fast approach developed in Chapter 18 is
used to solve the thermal Reynolds equation by using the complete circular
non-Newtonian fluid model and considering both velocity and stress bound-
ary conditions. The reason and the occasion for incorporating stress boundary
conditions in the circular model are discussed. A conservative form of the
energy equation is developed by using the finite control volume approach. An-
alytical solutions for solid surface temperatures that take into consideration
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two-dimensional heat flow within the solids are used. A straightforward finite
difference method called "successive overrelaxation by lines" is employed to
solve the energy equation. Results of thermal effects on film shape, pressure
profile, streamlines, and friction coefficient are presented.

Lubrication analysis that uses isothermal Newtonian fluid models has been
well developed. The Aim shape and the pressure distribution have been reason-
ably well predicted. However, the traction could not be anticipated correctly.
The need to incorporate the thermal effect, the non-Newtonian effect, or both
was recognized long ago (e.g., by Cheng, 1965). Since then, many numeri-
cal analyses that considered either thermal effects on EHL with Newtonian
lubricants or the effects of non-Newtonian lubricants on isothermal EHL con-
junctions have been performed (e.g., by Dowson and Whitaker, 1965-1966; Zhu
and Wen. 1984; Ghosh and Hamrock, 1985; Sadeghi and Dow, 1987; and Lee
and Hamrock, 1990). Some preliminary studies on both the effects of tempera-
ture rises and the characteristics of non-Newtonian fluids were conducted with
various levels of numerical convergence difficulty (e.g., by Conry, 1981; Wang
and Zhang, 1987; and Wang et al., 1991). With the discovery of the limiting
shear strength of lubricants by Smith (1958, 1959), different rheological models
have been proposed to characterize the behavior of the non-Newtonian fluids
with limiting shear strength by Jacobson (1070), Gecim and Winer (1980) and
Lee and Hamrock (1990).

The traditional thermal EHL models used the nonconservative form of the
energy equation. This is believed to be the major cause of the difficulty in solv-
ing the numerical convergence problem that has been encountered, for example,
by Cheng (1967), Conry (1981), Zhu and Wen (1984), and Wang et al. (1991).
It meant that some delicate numerical procedures needed to be implemented to
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obtain a converged solution, especially when the reverse-flow zones were ana-
lyzed. The work presented in this chapter represents a conservative form of the
energy equation that was solved by using a straightforward scheme of successive
overrelaxation by lines, a popular finite difference method. No extra, effort is
needed to obtain a convergence solution for the entire conjunction including the
inlet, Hertzian contact, and outlet zones.

23.2.2 Theoretical and Numerical Schemes

In solving the Reynolds equation for EHL problems, Okamura (1982) introduced
the Newton-Raphson scheme to solve the highly nonlinear system equation.
Houpert and Hamrock (1986) successfully developed a systematic approach for
solving the elastic deformation and Reynolds equations simultaneously. This
is the well-known "fast approach" covered in Chapter 19. Lee and Hamrock
(1990) improved the fast approach by solving for the outlet location instead of
the dimensionless ftow rate as one of the system unknowns. This improvement
further automated the fast approach. In deriving the Jacobian factors for the
new system unknown, however, Lee and Hamrock neglected the effect of pres-
sure distribution on the deformation at the exit. This is amended in Hsiao and
Hamrock (1992) and in this chapter to fully expedite the solution scheme.

Lee and Hamrock (1990) have successfully used the circular model in ana-
lyzing isothermal EHL problems. Their work established the general procedure
of using the circular model. However, its implementation was not completed
in two senses. First, the derivation of the Jacobian factors was not complete,
especially the effects of the non-Newtonian viscosity variable on the dimension-
less offset film thickness, one of the system unknowns. This incompleteness
slowed down the convergence of the calculation and probably prevented a com-
pletely convergent solution. The formulation presented in this chapter as well
as in Hsiao and Hamrock (1992) gives the derivation of the Jacobian factors and
eliminates the potential difficulty of convergence. Second, as mentioned by Wil-
son and Huang (1990), stress boundary conditions may have to be substituted
for the velocity boundary condition to continue the computation and obtain a
converged solution. However, in contradiction to Wilson and Huang, the need
to switch boundary conditions is not due to the circular model theory but to the
inexact representation of a real number by a digital computer. When the prod-
uct of the viscosity and the shear strain rate is greater than a certain amount,
the value of the boundary shear stress calculated by the digital computer may
reach or exceed the limiting shear strength even though the theoretical value of
the shear stress is still less than the limiting shear strength. Numerical proce-
dures are developed in the current work to remedy this shortcoming of digital
computation.

Interest in Aim collapse in an EHL conjunction was raised by Shieh and
Hamrock (1991). How temperature rises in the flow field affect film collapse
has been pondered since then. This chapter attempts to answer this question.
A major contribution to this chapter comes from Hsiao and Hamrock (1992).
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In solving a thermal EHL problem, two systems of equations that depend
on each other must be solved (i.e., the thermal Reynolds equation and the en-
ergy equation). The coupling of these two systems of equations results from
the pressure-temperature dependence of the lubricant properties. The resul-
tant film thickness of the conjunction involves the elastic deformation of the
bounding solids. The elastic deformation and the field pressure also depend
on each other. A systematic approach has been developed by Houpert and
Hamrock (1986) for solving for the elastic deformation and the field pressure
simultaneously (see Chapter 21). The use of an asymptotic limiting-shear-stress
model such as the circular model occasionally requires imposing various stress
boundary conditions. Different Reynolds equations result from this considera-
tion. Moreover, the resultant field temperature and the surface temperature of
the bounding solids also depend on each other. A systematic approach devel-
oped by Hsiao and Hamrock (1992) is used in this chapter to solve for the field
temperature and the temperatures of the solid surfaces simultaneously. The fol-
lowing sections summarize the use of equations for the lubricant properties, the
development of the thermal Reynolds equations that consider various boundary
conditions, the derivation of a conservative form of the energy equation with a
two-dimensional heat How model for calculating solid surface temperatures, and
the evolution of the systematic approach that solves for the field temperature
and the surface temperature simultaneously. The numerical methods used to
solve the individual equations and the coupling of the systems of equations are
also described.

23.2.3 Outline of Approach

The circular non-Newtonian fluid model introduced by Lee and Hamrock (1990)
and covered in Chapter 4 is used as the basic rheology model in the thermal EHL
analysis results presented here. Some of the key components of the analysis are
the following:

1. The properties of any existing lubricant vary with pressure and temper-
ature, some weakly, some strongly. Continuous functions are favored to
describe these relationships in numerical models that simulate lubricant
behavior.

2. Line contact is assumed (i.e., side leakage is neglected).

3. The film thickness is much smaller than the equivalent radius of the con-
tact. This may further imply

(a) That the pressure gradient across the Rim thickness is negligible (that
is, dp/32 = 0)

(b) That the velocity component in the 2 direction, which is the direc-
tion across the film thickness, is much smaller than that in the T
direction, which is the main-stream direction (that is, w <̂  M and
then dw/dx <
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(c) That the shear stress acting on the 3/2 plane is negligible

4. The inertia effect is negligible relative to the viscous effect.

5. The fluid How and the heat Row are in steady state within the lubricant
body.

6. The inlet conditions are ambient (i.e., the temperature is the given ambi-
ent temperature and the pressure is the zero gage pressure).

7. The pressure at the exit is the Reynolds boundary pressure (i.e., the
pressure is the zero gage pressure and the gradient of the pressure is zero
also). The thermal condition is adiabatic (and ambient) at a location
infinitely far away from the exit. Practically, it is assumed to be adiabatic
at the outlet, a location with a finite distance away from the exit.

8. The solid surface temperatures are calculated for the moving distributed
heat sources that are generated by the temperature gradients of the lu-
bricant adjacent to the liquid-solid interfaces. Only the start transient
period is taken into account in lieu of the heat sink characteristic of the
fluid beyond the outlet. The frictional heat generated at the liquid-solid
interfaces is considered when the stress boundary condition is imposed.

9. The numerical scheme is described by Hsiao and Hamrock (1992), includ-
ing derivation of all components of the Jacobian matrix to obtain fast and
complete convergence of solutions.

Lee and Hamrock (1990) and Hamrock (1994) summarize the key rheolog-
ical equations.

23.2.4 Results and Discussion

Two series of computations, referred to as the "case-1" and "case-2" series,
have operating conditions listed in Tables 23.2 to 23.5. Table 23.2 shows the
dimensional operating factors. Table 23.3 gives the properties of the bounding
solids. The properties of the lubricants at ambient and atmospheric conditions
are summarized in Table 23.4, while the pressure-temperature influencing fac-
tors on the properties of the lubricants are shown in Table 23.5. In addition,
Table 23.6 gives the dimensionless operating parameters.

Note that case-2 series uses operating parameters identical to those that
Shieh and Hamrock (1991) used in their isothermal study of non-Newtonian
effects on film collapse. Using these parameters allows direct comparison be-
tween the thermal and isothermal results. The case-1 series uses operating
parameters identical to those that Lee and Hamrock (1990) used in their study
of circular non-Newtonian behavior in EHL conjunctions, in which the reach
of the limiting shear strength at a low slide/roll ratio was encountered. This
series of calculations demonstrates the numerical behavior of the asymptotically
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Table 23.2: Operating parameters for two cases.

Case
Parameters
Mean surface velocity in 3?-direction i/, m/s
Load per unit width u/, N/m
Radius of curvature sum R, m
Ambient temperature tm.o, °C

1
0.59634

0.147 x ID"
0.01114
40

2
1.84843

0.147 x 10"
0.01114
40

Table 23.3: Properties of bounding solids.

Effective elastic modulus E', Pa 2.2 X
Density of sotids p^ and pb, kg/m^ 7850
Thermal conductivity of soiids Ky^ and JV/b; W/(m-K) 52
Specific heat of solids Cp^ and Cp^, J/(kg-K) 460

approached limiting-shear-strength model and shows the computational scheme
that makes the convergent solution achievable.

Figures 23.5 to 23.11 give the results of case-2 computations. Figures 23.5a
to c shows the three-dimensional temperature distributions for slide/roll ratios
ĉ of 1, 2, and 10. The temperature rises in the inlet zone are generally negligi-

ble relative to those in the Hertzian zone. In cases of pure rolling the maximum
temperature rise in the whole conjunction is less than 1°C. The temperature
distribution is completely Hat in a scale such as that used in Fig. 23.5 and
therefore is not shown. At low slide/roll ratios (that is, 4̂̂  < 2) the tempera-
ture distribution in the entire inlet zone is also flat. At greater slide/roll ratios,
at which the solid surfaces are moving in opposite directions, the convective
flows raise the downstream temperatures while maintaining low temperatures
upstream in both the inlet and outlet zones.

Figure 23.6 gives a closer look at the temperature profiles at the lower
solid-liquid interface (Z = 0), the midfilm (Z = 0.5), and the upper solid-liquid
interface (Z = 1). It shows that at a lower slide/roll ratio (Fig. 23.6a) the
temperature difference between the central Aim and the solid-liquid boundaries,
as well as the magnitude of the temperature rises, is less than that at a higher
slide/roll ratio. At low slide/roll ratios the midfilm temperature is higher than
the solid surface temperatures in both the inlet and Hertzian contact zones,
whereas at slide/roll ratios higher than 2 it is higher only at the central part of
the Hertzian contact zone.

Comparing Fig. 23.7b with Fig. 23.7a, which duplicates the results of Shieh
and Hamrock (1991), shows the thermal effects on the formation of Him shape,
pressure profile, and streamlines at a slide/roll ratio of 10. With temperature
effects not considered, Fig. 23.7a predicts the possibility of film collapse in
an EHL conjunction lubricated with a non-Newtonian lubricant and operated
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Dimensionless
coordinate

Dimensionless coordinate, X, =

Figure 23.5: Temperature distribution for case 2 at various slide/roll ratios: (a)
/lc =1, (b) /ic = 2, and (c) ̂  =10. [Rwn Rgmo and #amroc&
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Dimensionless
coordinate 0-6

,.,, 0.4

-4.0 -3.0 -2.0 -1.0 0.0

Dimensionless coordinate, X, = 2x / D,

Figure 23.5: ConMntteti
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Dimensionless coordinate, X, = 2x / Dx

Figure 23.5:
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Table 23.4: Ambient-atmosphere properties of lubricant

Property
Density of lubricant at
atmospheric conditions po, kg/m^

Thermal conductivity of lubricant at
atmospheric conditions R*/,o, W/(m-K)

Specific heat of lubricant at
atmospheric conditions Cp,o, J/(kg-K)

Absolute viscosity at
p = 0 and î , = 40°C, ?;o, Pa-s

Limiting shear strength at
p = 0 and t,n = 40°C, -r̂ ,, Pa-s

Case
1

866

0.124

2000

0.04110

1.98 x 10? 1

2

866

0.124

2000

0.01326

.98 x 10?

at an extremely high slide/roll ratio. However. Fig. 23. 7b shows that the
temperature rises in the flow field prevent a sharp decrease in film thickness
near the center of the Hertzian contact zone. Furthermore, the pressure profile
seems to be more Hertzian. It implies that at extremely high slide/roll ratios,
two separate lubricant Hows moving in opposite directions, instead of metal- to-
metal contact, may develop in the Hertzian contact zone.

Figure 23.8 shows the viscosity profiles at slide/roll ratios of 0, 1, 2, and 10
for isothermal and thermal results. The viscosity profiles from the isothermal
analysis reflect pressure distributions such as that shown in Fig. 23. 7a. It also
shows that the viscosity profiles remain almost unchanged when the bounding
solid surfaces move in the same direction or one of the surfaces is stationary.
When the bounding surfaces start to move in opposite directions, the magnitude
of viscosity (influenced by pressure) clearly decreases, and the center of viscosity
(pressure) shifts toward the starting point of the Hertzian contact zone.

On the other hand, the viscosity profiles from the thermal analysis indicate
the synergistic effects of pressure and temperature. The decrease in viscosity
with increasing slide/ roll ratio is continuous and dramatic. The centers of these
profiles remain almost unchanged. This lack of change reflects the fact that the
pressure profiles are more Hertzian and that the temperature profiles follow
more or less the same shape as the pressure profiles in the Hertzian contact
zone.

The profiles in T, the difference of dimensionless boundary shear stresses,
for various slide/roll ratios from isothermal and thermal analyses are given in
Fig. 23.9. The profile of T depicts the film shape and the slope of the pressure
profile as can be seen in the definition of the stress difference, T = 7% — fa =

From the results of isothermal analyses the profiles of stress differences
remain almost the same at slide/roll ratios less than 2. As the slide/roll ratio
becomes larger, the stress difference becomes greater at the starting point and
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Table 23.5: Pressure-temperature influence factors on properties of lubricant

Case
Factor 1 2
Viscosity-pressure index Zi, dimensioniess

Pressure-viscosity coefficient ̂ , m^/N

Viscosity-temperature index so, dimensioniess

Temperature-viscosity coefficient /3̂ , 1/K

Limiting-shear-strength proportionality
constant 'y*, Pa-

Temperature-limiting shear-strength
coefficient /?T-L? 1/K

Piezodensity constant, first kind, ctp,2 m^/N

Piezodensity constant, second kind, ap,2 m^/N

Thermodensity constant /3p, dimensioniess

Piezothermal-conductivity constant,
first kind, ajt,i, m^/N

Piezothermal-conductivity constant,
second kind, <x^ 2, m^/N

0.689
2.276 x 10-s

1.5
0.0216

0.036

0.580
1.582 x 10"

1.5
0.0162

0.078

585 585
0.6 X 10-9 Q g ̂  iQ-9

1.7x10-9 1.7x10-9
6.5 x 10-4 g 5 ̂  iQ-4

1.73 x 10-9 i 73 x iQ-9

6.91 x 10*1° g 91 x 10-1°

less at the exit location of the Hertzian contact zone, with the peaks shifting
toward the ends. The isothermal analysis confirms the formation of nips in the
film thickness profile, as shown in Fig. 23.7a. It is believed that the double nips
near the two ends create the circulating subflows within the Hertzian contact
zone and prevent the lubricant from flowing through the conjunction.

However, the increase in stress differences at the starting point of the
Hertzian contact zone means that more shear energy is created in this region.
The increased shear energy increases the temperature by a significant amount
and decreases the viscosity. The decrease in viscosity in turn decreases the
pressure buildup. It may also prevent the formation of the nip in this region
and allow more fluid to How through the conjunction, as Fig. 23.7b shows.

Table 23.6: Dimensioniess operating parameters.

Case
Parameter
Speed parameter f/
Load parameter tV
Materials parameter C
Peclet number of lubricant fef
Kinetic energy parameter ^KE
Flow work parameter i*wK
Interface conductivity parameter R*a and A*t

1
1.0 x 10*11
6.0 x IQ-s

5007
1147

0.652 x 10-3
0.466 x 1Q6
0.01535

2
1.0 x IQ-ii
6.0 x 10-s

3480
3555

19.41 x 10*3
1.433 x 1Q6
0.01535
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1600

1200
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o
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Isothermal, ̂  = 1

Isothermal, ̂  = 2

Isothermal, ̂ =

Isothermal, /Ŝ  = 0

Thermal, /Ŝ  = 0

-1.0 -0.5 0.0 0.5
Dimensionless coordinate X, = 2x / D̂

Figure 23.8: Viscosity profiles for case 2 at various sHde/roll ratios for isother-
mal and thermal results. [From #S!ao awe! FamrocA

One of the major objectives of the tribologist is to investigate the effects of
both temperature and non-Newtonian characteristics on the traction generated
in an EHL conjunction. Figure 23.10 gives one of the results, showing that
the friction coefficient may be only one-half of that predicted by an isother-
mal non-Newtonian analysis for a high-slide-roll-ratio EHL conjunction if the
temperature effect is considered.

Figure 23.11 shows the results of case-1 simulations. Figure 23.1 la ex-
hibits the three-dimensional temperature distribution at a slide/roll ratio of
0.1. Figure 23.lib records the distribution of stress boundaries at which the
local limiting shear strength is imposed. Zone 1 used in Fig. 23.lib is the
ordinary flow zone with velocity boundaries. Zone 2 is the flow zone with the
limiting shear strength reached at the surface of solid a. Zone 3 is the flow zone
with the limiting shear strength reached at the surface of solid 5.

Figure 23.He details the temperature profiles at the solid-liquid interfaces
and the midfilm and shows the film shape and the pressure profile. Temperature
spikes follow the pressure spike in the results of case-1 simulations, as depicted
in Figs. 23.Ha and c. The causes of these temperatures spikes are not well
understood, but the fluctuation of the boundary shear stress differences in these
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Slide-roll ratio

-1.5 -1.0 -0.5 0.0 0.5
Dimensionless coordinate X, = 2x / D̂

(a)

1.0 1.5

-1.5 -1.0 -0.5 0.0 0.5
Dimensionless coordinate X, = 2x / D̂

(b)

1.0 1.5

Figure 23.9: Stress-difference profiles for case 2 for various slide/roll ratios, (a)
Isothermal results; (b) thermal results. [Fh?m Rsmo and RamrocA;
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0.12r

4 5 6

Slide-rotl ratio/4..

10

Figure 23.10: Effect of friction coefficient on slide/roll ratios for isothermal and
thermal considerations. FVcm Rsmo an<% Jifamroc/:

regions may explain them [Fig. 23.lid]. That is, when the stress difference
sharply increases or decreases, the temperature increases or decreases in the
same manner.

23.3 Closure

In this chapter the fast approach was completed and used to solve the thermal
Reynolds equations for EHL conjunctions with circular non-Newtonian fluids.
It fully automates and expedites the solution scheme.

The use of fictitious Reynolds equations ensured the validity of the solutions
obtained and helped identify the Bow zones with the boundary shear stresses
that reached the local limiting shear strength of the lubricant. Imposing shear-
stress boundary conditions enabled the simulation of an EHL conjunction lubri-
cated by a circular non-Newtonian lubricant when the limiting shear strength
of the lubricant is reached.

Using the thermal influence coefficients and embedding the solid-liquid in-
terface temperatures into the discrete energy equations enabled the application
of a straightforward success!ve-overrelaxation-by-lines finite difference method.
This method solved for the field temperatures and the interface temperatures
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1.0
0.8

Dimensionless 0.6
coordinate 0.4

z-/i 0.2

Dimensionless coordinate X, = !
(a)

Figure 23.11: Results for case 1 at slide/roll ratio of 0.1. (a) Temperature
distribution; (b) velocity contours indicating flow distribution; (c) surface and
midfilm temperature as well as film thickness and pressure; (d) stress difference
profile, [̂ -o
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0.4

0.0

-0.4

-0.8

^ -1.2

-1.6
-1.5 -1.0 -0.5 0.0 0.5

Dimensionless coordinate X, = 2x, /

(d)

1.0 1.5

Figure 23.11:

simultaneously. Using a conservative energy equation avoided the need for a
delicate numerical procedure to obtain a converged solution for a thermal EHL
conjunction that includes strong reverse Hows. Applying a two-dimensional heat
How model validated the evaluation of the solid-liquid interface temperatures
for an EHL conjunction with a near-stationary solid surface. Film collapse due
to a high slide/roll ratio, which is predicted by the isothermal circular non-
Newtonian Huid model, does not seem to happen when the thermal effect is
considered. Two separate streams Howing in opposite directions may develop
instead.

The strong effect of temperature rises on the traction developed in an EHL
conjunction was confirmed. When the thermal effect is considered at a high
slide/roll ratio, the friction coefficient may be only one-half of that predicted
by the isothermal model.

23.4 Problems

23.1 The moving face of a parallel-surface slider bearing has a velocity of Mo
a temperature of ̂ ;̂ while the stationary surface, which is at a distance
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A, has a temperature ̂  i- The lubricant is pressure fed so that a uniform
pressure gradient (—f?) is established in the direction of motion. If it is
assumed that steady-state conditions exist, the bearing is of infinite width
and the lubricant properties are invariant with temperature, show that the
velocity profile across the film is parabolic. Also derive an expression for
the temperature profile. Comment on the effect on energy dissipation and
on the temperature profile if viscosity is taken to vary with temperature.

23.2 An incompressible, viscous fluid flows symmetrically in laminar flow along
a circular-section tube of radius r̂ . Flow is fully developed, and the
velocity M at radius r is given by M = 2u(l — R̂ ), where v is the mean
velocity and R = r/r̂ .

The temperature profile in the fluid is fully developed, with no tem-
perature gradient in the axial direction. The inner surface of the tube is
maintained at a constant temperature. Show that the temperature ̂  of
the fluid at radius r is given by

; -; -!̂ fi ô
**m *-tn,w ** ̂  ^ /

where
î f = thermal conductivity of fluid
77 = viscosity of fluid

Explain the importance of the energy equation in the fundamental design
of the bearings.
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